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On a Class of Cubic Surfaces with Curves of the 
Same Species. 


Bv Jonn BIESLAND. 


I. 


“In Raume (a, y, z)” says Lie,* “kennen wir noch einige Flächen, die 
unendlich viele Scharen von Curven gleicher Gattung enthalten, allerdings nicht 
so viele wie die oben besprochene Flüchenart." By "die oben besprochene 
Flàchenart"' he refers to the tetrahedral symmetrical surfaces 

zy — p 
which contain œ? families of curves of the same species.T He then mentions 
two kinds of surfaces having the same property, viz.: the planes 


o he EES pin 
and the o»? quadric surfaces 
Aya + Buz + Cry + Læ + My + Nz — 0, 


the latter having 4 families, namely the rectilinear generators and two families 
of twisted cubics. In the following I have used an indirect method of obtaining 
other surfaces of the same kind, no direct method being obvious. The 
method consists in first finding translation-surfaces of a certain form that 
correspond to a unicursal quartic, irreducible. or not, in the plane at infinity, 
and then transforming these to the so-called rm space by means of the 
transformation 

A = log a, Y= log y, Z= log z, (1) 
the space (X, Y, Z) being the space of the translation-surface. This transforma- 
tion has been used by Lie for this and other purposes. 


* Lie-Scheilers, “Geometrie der Berührungstransformationen," >. 363. 
t For definition of the term +‘ species" in the sense here used, sce ibid., pp. 338, 334, 
} Lie-Scheffers, **Berührungstransformationen," p. 356. 
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Lie has shown that to all reducible quartic curves in the plane at infinity 
consisting of two intersecting conics there correspond translation-surfaces of the 
i AeY* 4 BeP*X 4. QeX^Y 4 Leë + Me* + Ne — 0, * (2) 
and all their transforms by a linear projective transformation. ‘The points P and 
P', wheré the two tangents at the points of intersection of the two conjugate 
translation-curves pierce the plane at infinity, mast be taken on different conics 
if the surface shall have a fourfold mode of generation. lf P and P' are taken 
on the same conic we get surfaces that can be generated in o number of ways. 

By means of the logarithmie transformation a) the surface (2) is trans- 
formed into a quadric M | 

Any + Bes 4+ Cey + Læ + My + Ne= 0, | (3): 
which has four families of curves of the same species," corresponding to the four 
families of translation-curves. (See Lie-Scheffers, '! Berührungstransformationeri," 
p. 347)., These curves consist of two sets of rectilinear generators and two families 
of twisted cubics which pass through the vertices of the tetrahedron of reference. 

Since the surface (3) contains no edge of the LT there exists an 
involutory transformation 


_ A 
T= 


, yu, a= (4) 
for which the surface remains invariant; the two families of cubic curves are 
transformed into the two sets of twisted cubics and vice versa. For proof of this 
and other theorems we refer the reader to the Lie-Scheffers volume on contact 
transformations. 

In a paper published in Vol. XXX of Am. Jour, OF Mars. , I have extended 
the theory of translation-surfaces to the more general case in which the curve in 
the plane at infinity is an irreducible unicursal quartic. It was found that to 
such a curve, having real double points with distinct v there corresponds 
a translation-surface of the form ` ' MEME 


A + BE -- Ce + De? 4 Eet 4. FeX*Y 4. TEM Her+¥+2 = 9 (5) 
‘with the following fundamental relation between the coefficients: 
EGAF-HDOB, © (6) 


*To a translation in the space (X, Y, Z) thors corresponds a transformation of the form z, = Az, yy — ny, 
z — vz; hence, to the translation-curves belonging to any one family there corresponds a family of curves of 


the same species, using Lie's definition in ** Theorie der Berührungstransformationen," p. 330. 
1 On Translation-Surfaces Connected with a Unicursal Quarti," Vol. XXX, pp. 170-208. 
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which expresses the property that all surfaces (5) have a center of symmetry. 
Moreover, since there are o? unicursal quarties (projectively non-equivalent), 
there will be «c? types of translation-surfaces (5) that have a fourfold mode of 
. generation. -We shall repeat here a few of the’ formulas obtained in the above- 
mentioned paper. 
If ihe origin be taken as center of symmetry, the surface takes the form _ 
0 4A (1 — eEtY*2) + B'(eY47 —. eX) I Q'(eX*2— eY) + D'(eX*Y— e) =0. (5') 
The parametric representatioņ of (5) is . : 
= (pi — a4)(ps — Gy)” = (p1 == Oty) (p2 — a4) 
= logy (p; — Bp — 21)" PUE (pı — 83)(gs — Be)’ (5!) 
Z = log (p — &)(ps — 4), 
where a, 8,; G5, D, are the roots of the equations 


p + 26p + 1 — 0, 
+ (45 +- 2me)p, + m? + 40? + Abme = 0 
m ORE + me) 
—m o 
nm? + 2am --1-—0;, 
a, b, c are the parameters of the quartic curve | | 
a? + 3? — azy + y — 253 — Icy’ = (7) 
The coefficients A, B,...., H have the pages values iis Jour., Vol. XXX, 
p. 175): 
| A= (y— ask — a4) (I — ae), B = (a, — Bk — x — Bi), 
Ide a3) (I — u4)(& — 83), D-—a,—20,. E-8 — a, (8) 
= (81—89)(k — 8)(&— 8$), - O= a — Pr, H= 8; — B. °, 


If now we apply the transformation (1) to the surface (5) we obtain a cubic 


surface, A+ Bz E Cy + Dz + Exz + Fay + Gyz +- Heyz = 0, (9) 
which is analogous to the surface (3) obtained by Lie. We propose to study 
these surfaces and their characteristic properties. | | 
TuzoREM I. Given any surface (9) with the identical relation AEG.F-— BCDH 
between the coefficients, there exists an involutory transformation (4) which will leave 
the surface invariant. | 
Proof. Transforming we have ; 


Axyz + Bayz + Cuxz + Dvyx + EAvy + Fauz + Grux + d LE == 0, 


respectively, and % = , m being any one root of the equation 


j 
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which will be identical with (9), if we put 
AG | EA. _ FA ec 
A= "EH? &= CH? Y— Dm (10) 
taking also account of the relation (6). Q. E. D. 

The point (V/A, Vu, Vy) we shall call the center of involution ; in sb to 
an involution in space a, y, z there corresponds in (X, Y, Z) an inversion 
(Spieglung) and, since the center of symmetry is midway between the points 
X, Y, Z and — X, —Y, —Z, in the space a, y, z, the corresponding center of 
involution must be (V/A, Vu, Vv). : 

Consider the transformation | 
ena, y-—yuwwy, z= vz. o (11) 


All — that are transforms of (9) by this transformation we shall call 
equivalent. In particular, it is possible to find an equivalent surface whose 
center of involution is (— 1, — 1, — 1), in which case it is of the form 
A(1 + xyz) + B'(yz + x) + Cl (xe + y) + Day + i = 0; (12) 
in fact, if we perform the transformation, we have . | 
A + Bra, + Cu'y; + Doley + Bv lay + Ewe + Ou yg 
+ HXuveyz= 0, (18) 
and "t A= HXywv, BV= Gvyw, Cu — Eav, Dy = FAy, we have, 
using the identity (6), prag 
AG HA FA 
BH? “SNTE? SNDE: oe 


Substituting these values in (13) we have . 


A(1 + xyz) + B'(yg + x) + C'(xz + y) + Di(ay +z) — 0, (12) 
where | 
Ny. NEN 
B'= B BH? CEE a ; pan fA 


This equation might also have been obtained fram (9) by putting 


mr ye ee 
arr i y = y xA me 


Hence, to the inyolutory center (— 1, — 1, — 1) of (12) corresponds the center 
(4/2, Vu, ^/v) of (9) as found above. 


i p 


ExESLAND: Cubic Surfaces with Curves of the Same Species. Ə 


If we transform (9) to the form X 
A(1 — xyz) + B'(ys — æ) + C (az — yi + Day — g) — 0, 
which has the center of involution (1, 1, 1), the involutory transformation is 


NL E Vue Vv 
Wm Ta UM cM y ERE NL 
We have thus proved: | 

TurogEM II. Jt is always possible by means of a transformation (11) to trans- 


‘form the surface (9) into an equivalent surface of the form. 
A(1 + zyz) + B(yz + æ) + Olaz + y) + Day +2) — 0. 


iison I and II are true for any surface of the form (9) provided the 
identical relation EGAF = HDCB holds. On account of some unimportant 
but special assumptions made in deriving the surface (5) it appears from the 
equations (8) that two other identical relations exist. One of these is D+ E 
+ G + H= 0, the second, also homogeneous, is easily found but may be omitted 
here. Both are accidental and have no specia. geometric significance. The 
relation EG AF = BCDH, on the other hand, is fundamental, as was observed 
before, p. 2. If we assume, à priori, the coefficients A, B, ...., H arbitrary 
and real, we can not say that the parametric representation of (5) is expressed 
by the equations (5"). It will be shown later how to obtain the parametric 
representation of (9) when only (6) is true. 

Let us consider the surface (9), whose coefficients have the values given 
by (8). The parametric representation is obtained from (5") as follows: 


_ (6; = a )( pe — a) (pı — he, 2a — as — ag) l 
~ (pi — Bi)(p2 — 80)" 9 (61 — Bal (ps — Bs)’ (16) 


z = (p — E (ps — B). 


If now we use the transformation 








imi cu M , a? | (4) 
where A, u, v have the values 


AG EA FA | 
we pH "— oH» *= pH» (10) 
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we obtain the same surface (16) but with a different mode of representation, viz.: 


-:A(ps— Bp Br) _ (ps — Bu — b) 
f (gs — o3)(p. — a)’ A (ps — te) (Pa — Ge)? 


o y | 

^ (p —E)(p,— E) 
Pis P2» ps and p, are the four families of twisted cubics corresponding to the four 
translation-curves on (8). The involutory transformation (4) has transformed 
p; and p, into p3’and p,, and, if we start with (18), pa and p, into p, and p,. It 
may also be observed that the parametric represertation of (12) may be obtained 
by putting Và, Wu, Vy for ^, u, v in (16^) s 30 that (12) may be put in either 
one of the forms 


(16) 


= M 81g» — 81) V ilps — Bp. — Be) 

(ps—e)(g,—oa) ' 7? — (fa o9 (g.— ae) (12) 
oOo 
(£s — k)(g, — hi? 
" - (e: E 04) (ps — a) te (pı a a) (go — ag) 
vV Alp — Ps) (ps —1)' dni vV (px — Os (ps — Be) (19!) 
_G@—Ve—B C : 
Mv 


Let there be given a unicursal quartic in the plane at infinity, and let the 
tangents at the double points be real and distinct. We write the equation, as 


To it there corresponds the translation-surface (5). To the œ? values of the 
parameters a, 6,¢ correspond o? types of surfeces (5), since the coefficients. 
A,...., H are functions of these three parameters. Using the logarithmic trans- 
forsan: we obtain the cubie surface (9). We may now extend the term type 
also to these transforms of the œ? translation-surfaces and we shall say that they - 
correspond logarithmically to the o? non- equivalent quartics in the plane at 
infinity of the a Y, Z) space, so that we may say: 
To the œ? projectively non-equivalent unicursal quartics with double points 
having distinct tangents there correspond in the logarithmic space o»? types of cubic 
surfaces A+ But Cy + Ds + Exz 4+ Fay + Gyz + Hays — 0. | (9) 


! 


| By employing the o»? transformations 


v= Mw, yy -uy, £s, (11) 


/ 


ExgsLAND: Cubic Surfaces with Curves of the Same Spectes. T 


we obtain oo? surfaces corresponding to the oo? translation-surfaces. Therefore, 
to any given quartic, (a, b, c being fixed parameters) there corresponds in the 
logarithmic space o? cubic surfaces. Hence the 
TuHronEM III. .To all the oo? non-equivalent unicursal quartics in the plane at 
infinity there correspond in the. K space oo? cubic surfaces (9). - These 
arrange themselves $n œ? types, coo? surfaces belonging to the same type. The 
family of œ? surfaces belonging to each type is invariant for the .oo ? transforma- 
tions (11). For each surface there exists an involutory transformation 
m=, A= a=, , (4) 
for which the surface remains invariant ; the surface contains 4 families of twisted 
cubics which group themselves in pairs such that each pair belongs to the same 
species and one pair is by the transformation (4) transformed into the second pair 
and vice versa. 
l II. 
- We shall now, resume the study of the surfaces (9), assuming that the 
coefficients A, B,...., H satisfy the single identical relation EGAF = HDCB. 
_In the first place we notice that it'has three nodes at the three vertices of the 
tetrahedron of reference that are situated in the plane at infinity. In order to 
begin with the most general case we shall assume these to be ordinary nodes. 
The three edges joining the nodes will lie on the surface, each counting-as four, 
and will-account for 12 of the 27 straight lines on the surface. The surface 
is of the sixth class, since it has three nodes (Salmon, “Geometry of Three 
Dimensions," pp. 488, 489, fourth ed.). l 
Let there now bo given a surface ' 
_ (apr + by) (aips + b) .— (asp; + 55) (dap, + bz) 
~ (a P1 + d) rps + d)’ = (C201 + d (ss “+ d)? 
__ (aapi + Ds) (aps + bo), 
~~ (e391 + ds)(Cape F de) dy)’ 


introducing new parameters pi, pa defined by the equations 


i t 


this surface may be put into the, form 


_ (—B8Xp—8) Mbebe) —,.- | 
| (nf a à (yas = m ài) í J — (Y2P1 = Os (72 po — às) J uam p1p2; (17) 
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from which, by eliminating p; and p,, we get the surface 


| A+ Ba + Cy + Dz 4+ Exz + Fey + Gyz + Haye = 0, (18) 
where A, B,...., H have the following values: 
"4A 2.848. — 8). B=8,8(By1— 0), C= 84 EOS Pry2), 
| D=8,— By, | l E = yb, — Py), F = 6,60(dy72 — y1), + (19) 
G = yhy: — à), H= yyyol7¥152— 6172) | 


From these equations we easily see that the relation AEG = HBCD is 
identically satisfied. The surface (17) therefore belongs to the class of surfaces we 
. are discussing. The curves p, and f» are the twisted cubics of a pair of families 
belonging to the same species, the second pair, p; and p,, also of the same 
species, being obtained by taking the reciprocals of x, y and z and multiplying 
each by the quantities A a LL respectively. (See pp. 5 and 6.) 
Conversely, given a surface (18) with real non-vanishing coe ficients satisfying the 
identical relation (6), a parametric representation cf the form (17) may be found. 

In the first place, it is clear, that if in (17) 3), Be, Yis Y2, 64,8, are all real, 
the coefficients of (18) will all be real. If, however, (18) be given with real 
coefficients, it is not to be expected that these quantities will always be real in 
the parametric representation ; but this point will be made clearlater. We shall 
show how to determine (17) when. (18) is given. We must have | 


pA = Bb: — ße), pB = E B (Bo — dy), pc = 2,8,(d, — YB), 
pD = 8— ĝo ` pE = yi(ðı — Bay), pF m 630, (0,/ ES 221); (20) 
pG —y APiy2— e), pE =yolyid,— diye), | 
where p is a factor of e 
This system contains seven independent equations and seven unknowns. 
We shall show how to solve it." We obtain bv division the following simple 
equations | a 
Da Obs p= yte G=— Plo B= Pp) 
of which only three are independent owing to the relation (6). We also find 
from (20) and (21) 


p 5*8 a 70-88 (A+ ana 
B amy C770 a(o ya)’ 
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from which we obtain . 





"Nu ! 
(FS +6) iR i 
j= — Te as diee Ame PENI (22) 
from the same equations we have also . 
EA po E 
2. BDD Ad ps e(a + Bt) 
d RC UT TE oo 0n 
gi i 8; + 
From (20) - we have again | 
| F/A 
D pt ` p(o +E) 
Foy o/ AG p) = IG Hoa (24) 
ial DU t B Do t Be 


Combining (22) » € we have the quadratic ui determining 63, .. 
GB+HC— FD — AH AGB . 
Bt ep (ear or =, (25) 
82 being found from this equation, 54, y2, 6?, 62 may be determined from equa- 
tions (21), (22) and (23). We obtain no new parametric representation if we 
‘choose B, = —a/ 62; in fact, substituting — Pay — fe for p, and p, in (17) we 
obtain the same surface. If g is negative, 2. e., (9, = + ib, we still obtain real 


curvés p; and p,; in fact, it is easily seen from (21) that Bi, A n x are also pure - 
2 B ; 


imaginaries. If then we put (17) in the form 


yı F 


and put p; = ip! , Pe = ip}, the imaginary unit a Cisappear un the equations. 
We have therefore only to consider the two roots or (25), this equation being a 
quadratic in 92. The discriminant is 
| m _(GB+4+HC— FD— AHF  4EG | l (26) 

u (CB — AF) CB ? ue | 
and we have the three cases : E | 

1". A70. The roots are real and the curves p,, po are real twisted cubics,’ 

2°. A<0. The roots are imaginary and the curves gy and p, are imaginary 
cubics; it should be noticed that the surface is nevertheless real. 
3°. A=o. The roots are equal, This limiting case we shall discuss later. 


2 
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The two roots of (25) will give a double E TA of the surface, and the 
second is obtained from the first pu as before on pp. 5 and 6. We found that, 
given a surface 


(p; — &3(ps — 8:1) | (i S Bp — Ba) 
= r — x mm — A EN = 17 
AE (7191 — $0049: — ày 7 (Y2 Pı — 93) (vss — 92) " s—p (17) 
we may obtain the same surface using the transformation 
| (AG aia FA i1  — AP 1. 
“a= BH ' s' ^À-— 0H" y: ^— DH’ a? 





amely, | | o 
— QR — d) Z 2: (spa — yp — 8) 
| BH (ps — Bp. — Bi)’ (ps — Be) pa — B3). 7 ^ (1T) 
AF- 1 | 
= DH ` Paps” 


which we shall prove may be deduced from (17), if in this set of equations 
we substitute for 67 the second root of (25); let us callit 8. We have then 
from (25) 


AGB 
«BBP = qom : RS (27). 
and from the first of equations (21), | | 
i ?gn— AEC (28) 
iPr = TSEG' ME 49: 
From the same equations and from (20) and (23) we have 
. G'AH , , BAH 
vy = pog > Yiyi = PBG ’ E 
BF ^ xu OF | e 





xo po S = Ep 
Introducing now in (17) the conjugate roots (1, B3, yi, 72, ôi, 6$, we have the 


surface i 8) ar & 
d E 81) p— 7 | (p. — Qs)y(gs — Be) ! 
ga cel us queso i E Bios. TU 

— (05 191 — 03) (yip — ài Y (y»f1 — Öp) (Yape — 03)’ s Pips ( ) 
Substitutie for Bi, Bi, Yis yz, 61, 9s their values in terms of 9i, 62,41, Y» 9, Óz, 
obtained from (27), (28) and (29), and putting 
PZN FA 
DH DH 
Ps’ P p 


f 








p-—- j 
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we obtain the surface (17') which was to be proven. We may now state ‘the 
. results obtained as follows: | | 


THroreu IV. Given a cubic surface 
A+ Bn 4 Cy + Dz + Bua + Fey + — 


with the identical relation AEGF = BCDH between the coefficients, tt is always 
possible to find a parametric representation of the surjaoe of the form 


= be BGR a= oo bon a)? aa . (17) 


where (53, B3, Yi, Y3, 91, 03 are the roots of certain quadratic equations. A second. ` 
mode of representation is obtained by taking for B3, 32, y2, v3, 0%, 63 their respective 
conjugate values, so that the surface is also represented by the equations 


— AG (yapa — &) (spa — ài) E EA (Yaps — sp. — ô) 
. BH (ps — Bip. — 9) d — CH (Ps FE Bsp. Ex Be) j 
AP 1 ! 2". 3 





transforms the curves p, = C, p, = C into the curves p= C, | Qi = =C. These curves 
form two distinct pairs of families of the same species. 

We shall now discuss the special case where A= 0. The two Sd of 
families are identical, We shall prove that in this case the surface has four 
double points; that is, the surface is of the fourth class and is a tetrahedral 
symmetrical surface. 

There are 15 right lines on the surface (17) in the finite pus of space, the 
remaining 12 being the three edges of the tetrahedron in the plane at infinity, 
each counted 4 times, since they join the double points of the surfaces. Of. 
these 15 lines 12 consist of 6 double lines. We shall prove that when A=0 
these 6 pairs become. three quadruple lines joining a fourth double point to the three 
already existing. 
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| Putting z = k in (18), the resulting conic will represent two straight lines, 
if the determinant | | 


0. 0 hH+F kE -+ B 
hH + F 0 m+ c 
hE + B kG--C 2(%&D-+A) 
which — us the following values for k: | 
k= — =>, (GE — — HDy& 3- (CE + BG—-AH—FD)k,+ BC— AF - Q0. (80) 
In the same way, putting y = kg, and x = kez Ì in succession we find that k, and kz 


are — by the following equations: 


s ly — qp (GF—CH) + (BG + DF— CE—AH)s + BD—EH-— 0, (31). 


PT S (p —Bmya- (CE 4- FD —BG — — AB 4 6D — AG — =0. (82) 


If the roots of the second of equations (30) are equal, we have 
A, =(£C+ BG— AH— FDY — xd a GE — HD) = 0, 
from which it follows that also i 
A = (BG + DF — CE — pup A(BD — Bay or — CH)= 0. 
In fact; we have 
OF + BG? + APH? + FPD 9 ECOBG — 9ECAH-—2ECFD — 2B GAH 
— 9BGFD + 24 HFD = = 4(B GCE + AFDH — AFGE — BCHD); 
adding t to each. side of. this equation 4CEAH — ACEBG + AGBDF — 4DFAH 


wehave — (GB.- DP— OE — AHy = 4(BD— BA)(GF — CH). 
Hence A, = 0 whenever A, = 0; : hm same way it may be proved that A= 0. 
But A, — A, since GE — HD = rd “(0B = AF), so that when A=0 the three 


T degenerate into three double lines which all meet in a Sourth double point 
whose ċoordinates are E. 


CE + FD—BG—ÀH | | 
ER, 


a ae 2(BH — EF) 
| BG -- DF — CE— AH _ | En 
Y -WOH-GF) Ss Q9 
EC + BG—AH—XD _, i | 
E e T. 


-= (D-E) 
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We have thus proved the following | | 
THEOREM : V. A cubic surface of the died 
A 4 Ba + Cy + Dz + Exz + Fay + Gyz + Hxyz = 0; 9) 
whose coefficients satisfy the relation. ; 
(GB + EC— FD — AH) —4(BC — AF)(GE— HD), 


has 4 double points ; three of these are situated at the three vertices of the tetrahedron 

of reference tn the plane at infinity, while the fourth is the point x = kg, y = kz, z=: 
If the surface has a center of involution (5e, AHGF= BCDH), the 

coordinates of the fourth double point are: EE B 


CDN ` BD Ni BON: | 
v a= (FF io = GF y es yE) (34) — 


Transforming the origin to point the surface is thrown into the well-known 
form ` 


J 


Pay as Quz + Ryz + Says = 0, : (35) 


a surface belonging to the type known as a tetrahedral symmetrical surface. 

It is also evident geometrically that if one line-pair of (9) degenerates into a — 
double line the surface must have a fourth double point; in fact, each one is a 
double line, since it passes through one of the double points at infinity ; hence, 
when they coincide we have a quadruple line, which means that there must be a 


` fourth double point. The surface i is therefore redtcible to the form (35). 


The most general form of a tetrahedral symmetrical ELSE is 3 


Ao 4+ By? + Cz^ + D=0, (36) 
- which, when m = — 1 reduces to ( 35). We may therefore generalize our result 
as follows: : e P 
^ ; The —' | 


| transforms the surface (9) into the form 
\ A + By" + Cy" + D2™ + Hea” + Fary” + Gye” 4 Haye” = 0; . j 


which has the same characteristic properties as (9) viZ.: 
1°. It contains a fourfold family of CUTVES Qi, Poy Pay Pa such. that the pair 
p and pz belong to the same species, and likewise y and p,. 
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"d ` . * a < . : * 
~ 2°. The œ" surfaces (38) remain invariant for the transformation 


z= a YSE, £— Ver. 


9^. Any one of the surfaces (38) remains invariant for the invalutory trans- 
formation | | "RT 
1. AG 1. , EA 1 S, , fA 1 


vC BH W I —OHC yr 2 = DH a (er) 


49. By this transformation ihe curves A= C 9, = C are transformed: into 
p= €, g, — C. 

D^. Tt is always possible to find. à uparamstrio representation of the ee 
(38) of the form 


a (p: — &(gs — EY Poss a Bo) LT (a! 
qESWp|.ore. voa pe ae LE LU M d. URS AN (38 

N Gaps: =e 7 Noa. — &)ysp: — 82)" ae : 
where "a. B3, Yis Y2, 01, 63 are roots of certain quadratic equations. A second mode 
of representation is obtained. by taking for Bi, ...., 05 their respective conjugate 
values, so that the same surface (38) is represented by the equations 


=” (p — 8X — Bi) y= =X (ps — exp — Pa) Big. — Da)... E (38) 
SY Gigs — GA pi mes à1) i (y: 2ps — 2910217 Bi (yb es — &z) (yàp, — 92) IN 0sf4 S 
A = 0 ds the condition that these surfaces shall be tetrahedral symmetrical. 

It should be noticed that or. all the surfaces (19) and (38) there exist two 
special asymptotic curves p; = s and $37 pı When A=0 the asymtotic lines 
may be determined by quadratures according to a theorem proved by Lie.* More- 
over, in this case there can be drawn through any point of the surface 1 curves 
of the same species, so that, instead of a fourfold family, we obtain 1 families: 
of curves of the same species. In fact, if we transform the origin to the fourth 
double point the surface takes the form 





f 


Pay + Quz + Ryz T "M —0, >- (39) 
to which corresponds. in the (X, Y, Z) space a translation-surface | 
pe 4 Qez + Re¥ +2 Tm gereren — = 0, 
or, putting e= — g, y= — Y z= gy E 007 


|. Pe? + Qef + RE + 8 — 0, E i (40) 





* Lie—Scheffers, '* Geometrie der Berührungstransformationen," pP. 841. 
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. a translation-surface connected with a degenerate quartie consisting of two inter- 
secting conics; this translation-surface has, moreover,» ! families of — 
curves, as was proved by Lie.* Since, therefore, (40) can be generated in o! 
different ways, the surface (39) has c! families of curves of the same species. 
We thus see that the families of surfaces (9) and (38) are, from our standpoint, 
the most natural generalization of the tetrahedral symmetrical surfaces. — 


| : MI. EE 
We proved above that A=0 is the condition that the surface (19) shall 
reduce to the form (39). It is well known that the dualistic of this surface is 
the so-called Steiner's surface of the fourth order and third class, viz.: 


M Ru + v Qv 4 ~ Pu + JS=00 ^ | (39') 


If, therefore, we form the dualistic of (9), we shal obtain the generalization of 
Steiner’s surface. This new surface will be of the sixth order. 
In order to find its equation we proceed as follows: We transform the origin 


to the point — j = T: , 80 that the surface takes the form 


GB EC FD EGF BH — FE CH — GF 
4—H-H H* pt H ** H "v 





40) 
DH — EG 
T SEN: DIESE + Hxyz= 0, 
which we write | E 
A, + Bæ + Gy + Dis + Hag — 0. | 
The tangential coordinates are now © | 
p^ rad nU B 
po = = (+ Has, XD T 
i 41). 


P = 34 + 2B» + 20,y + 2D = A, — da 
from which we have Hayz = = At. From the first three equations (41) we get 
A P (A, — př = u — By )(vp — C)(wp — uu: m (43). | 


* See «*Geometrie der Beriihrungstransformationen,” p. 407. 
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$ 


buit the equations (41) and | | 
Haya = — (A, + By: c Cy + Dj) = = SLE. 
we get, after some reductions, : 
Bu — € (wp = D) 2 Ci(up ux B) (w= = D) + D, (up m B) (vp — C) 
48 
aA S ee ). ( ) 
Equations (41) and (43) being Malis a cukic and a quadratic in p, we may 
eliminate p by Sylvester 8 dialytic method. We write the equations 
ap’ + bp" + p+ d — 0, 

















44) » 
pp’ + qp +7 = 0, P 
where the coefficients have the following values: 
a = wu, b= — (Bow + Guw d Duv + =) ; 
ez 
? : 2 oT 
= — (B, COD, + A > | poo | 
| H . (45) 
dnm Bww + a ae | 
A,H 
q= —2( GB + DB Z), 
r=3(B, 0,D, + ae), : 
wiüd show that the following relations exist between the coefficients l 
l p=— b, q = — 2e, r = — 3d, 
Eliminating p from (44), we have 
| a b . c . d 0 
0 a b c >- d 
—b —% — 8d 0 0 |—90, (46) 
0 —bh —2e — 8d 0 
0 GO =b Scd 


which, developed, gives us 
21 a^d? — 18abed rs 4ac? — BE- 405d = 0, 


. a surface of the sixth degree in u, v, w 
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If d= 0, the surface (46) reduces to 
(4ac — b) = 0. 
=0 represents a double point, while the factor 
4ac — b? = 0 
we" Steiner's surface.. In fact, if we write 
o d= ee FE) CH— GF)(DH— EG) i 
+ [(4H — GB — EC— FD)H + 2EGF F, 


it will Piu be seen to vanish whenever A= 0. A little calculation will 
show that d= H?A. We get for Steiner’s surface 


e 





4uvw (Dn d- B Dw + B Oyo +- 


(47) 
Je Cuan. 1 my = 0, 


which is somewhat different in form from the one usually given, owing to the 
. different method of obtaining the equation. (For the regular form see Salmon, 
S Geometry of Three Dimensions," p. 491, note.) 
Returning to the surface (46), we shall prove that it has one triple point, 
three double edges, and a cuspidal curve of order 6. 
We shall use Salmon’s equations connecting the singularities of a surface, 
viz.:* , 
a(n — 2)— k+ p 4-2c, 
b'(n'— 2) — p! + 28'-- 3y! 4- 3t, 
ce'(n'— 2) = 20! + AQ'-- y, | 
| a! + 20 4- 3c! = w(n'— 1), 
where the letters have the meaning explained or pp. 580 and 581 of Salmon’s 
treatise. | 
The points o'are the intersections of an arbitrary plane with the curve 
UH, where U is the cubic surface and H the Hessian. Ordinarily there are 12 
of these, but if we form the Hessian of the surface (19), we find that it inter- 
sects the cubic in a curve of the sixth order; hence g' = 6. kk’ is the number 
of cuspidal edges on the tangent cone proper, and equals 9. a’ is the class of a 
plane section of the cubic, hence o/ = 6. y’ is zero, as always in the case of the 
dualistic of a cubic surface. Substituting these values in the above equations 


(48) 


* Salmon, ‘Analytical Geometry of Three Dimensions,” third ed., p. 580. 
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and putting n’ = 6, we find p = 3, 8'— 3, b = 3, t/—-1 and d = 6, ¢ being the 
order of the Bur dal cubic, b' that of the doable line, and / the number of 
triple points. When A= 0 the cuspidal edge vanishes; in fact, if we form the 
Hessian of a-cubic surface with four double points, we find that it is tangent to 
the surface and does not intersect it. Hence ¢ = 0; the triple point and the ` 
double edges remain: the surface (19) has degenerated into a Steiner surface. 
TuronEM VI. The curves Qi, Qs, Qa, p, constitute a fourfold family of éubics 
on (46). These arrange themselves into two parra which, when A = 0, reduce: to a 
single pair. 
' Proof. The tangential coordinates of (18) are 
pu = B+ E + Fy + Hyz, 
pv = (0 + Fe + Gat Hus, a , 
"gw D+ Ex + Gy+ Hay, P 
1 p — 94-4 Bx + Cy + Ds — Hays. 
Introducing in these equations the values of z, y, z from (17), we obtain the 
parametric representation of the dualistic surfaces and it is easily seen that the . 
curves p, and p, are still twisted cubics; the same will also hold if we sub- 
stitute the values of x, y and z obtained from equations (17").. When A= 0, 
these two representations are identical; it should be noticed that these curves 
are not of the same species.” | 
The relation AEGF = BODH which we assumed to hold is a — 
metricalone. Given any surface of the form 
A+ Bh + Cy + Da + Exo Fay + Gye + Haya — 0, | (49) 
we may by a simple translation throw it into & similar form and stich that the . 
new coefficients satisfy this relation; there exist oo? such translations, since the 
coordinates of the new origin must satisfy one relation. | 
To find this we put «= iz + E, y=y ta, z= +. in (49). The new 
equation may be written 
A, + Bæ + Cy + Dia + Eg + Fwy + CRA T Hity, . (49) 
where the coefficients have the following values: 


A, — A 4 BE + Os + DE + BE + Fin + Gat + Heng, 

Bi B + EÇ + Fat Ha, C= CHEE + Go + HEG, 

D =D + Et + Ga + Hén, E =E + Hn, 

F.=F+H0,  GQ—G-- HE  BQ—H. | 


A 
*On Steiner's surface the curves of the same species are cuartic curves according to Lie. See Lie- 
Scheffers, ** Geometrie der Berührungstransformationen," p. 333. : 


) 
X 7003 
H 
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Forming the identity A,#,G,F,= B,C,D,H,, we find that E, 7, ¢ must be a' 


‘point on the cubic surface . 


f= AEGF — BODH + (BEFG + AEFH— BDHF — ECBH)E 

+ (EFGC 4 AFGH— CDFH — BGCH)y 

-F(DEFG-- AGHH— ECDH — BDGH)Z 

+ (AFH? + EGF? — HDF? — CBH?)£s 

+ (AHH? + FGE? — DBH? — CHE’) 

+ (HFG? + AGE” — BHG? — CDH*yE | 

+ (AH + AHEGF + DFH? + CEH? — GBH*)E«G = 0. - 

If then £, n, č lies on this surface and if the values of these coordinates do not cause 
any of the coefficients Ay, B,,...., H, to vanish, the resulting transform of (49) will 
have a center of involution. By proceeding with (49) as we did with (18), the 
CUIVES Pi, Pz, ps and p, may be obtained by solving a quadratic equation. Now 


any cubic surface having three double points may by a projective transformation : 


be put in the form (49); hence the 

THEOREM VII. A cubic surface having three double points of which none are 
biplanar, may by a translation be put in the form 

A+ Bat+ Cy + Dz + ,Exz + Fey + Gyz + Haya = 0, 
- where the coefficients satisfy the identical relation 
AEGF-- BODH. 
The center of involution, which is 
VAG | VEA WSFA 
! VBH? CH’ NDE’ 

may be chosen. in œ? ways. The surface having been thrown into the form (18), 
the fourfold family of curves of the same species may be determined by solving a 
quadratic equation. 

The following example will show how the theory works. Let the surface be 


3(ayz— 1) * 2(x — - y2) + 2(y — az) + 2(2— ay) = 0. .. (80) 


^. We have here, 


AB = — 6, ED = — 4, GB - —4, EC = — 4, FD — —4, AH = — 9, 
and the equation (25), p. 9, becomes 


Solving, we find 


¢ 


20 . ErssrtaAND: Cubic Surfaces with Curves of the Same Species. 


Using the first value, we find, by substituting in equations (21) and (23), 


Since 5 is negative @, and 9, must have like signs; thus, if we put 9; = § v8, 
we have 9, —4/3. rA being also negative and 8, positive, it follows from the 
second of equations (21) that à, and y, must have like signs. We put y, = 


and å = 4. yand à, must also have like signs; so. we put y, =~ 3 and dy == 2. 
The parametric representation of the surface (50) is therefore 


a on 14), ind 2 47 a 1 ur 4 a 
— (4/39; — $)(4 V 3p — $)? Y= (3g, — IV 8p, — 2) — Pipes 


Suppose now we take the second value 8? = $; we find 





gy ) yr = 3, p = 4, 
pai, 4-4 W-L 
Following the same rules for signs, we get the second representation 
O = V3) —3)  — (m—iVS(n—33) ——— - 
— (3p — 2)( (4/39, — 2)? duit 3 03 — $1($ 3p, — ^30, — 1)! — Psp: ( } 
which is identical with ` 
_ (F 4/393 — 38 v3p— i) (4/393 — 2)(/ 3p, — 2) 1 


2 me 


(re el S IT 


if we put X = p, and T= p,- This surface has been modeled. (See plate.) 
- 3 4 


/ 
For the purpose of modeling it was found convenient to put z — = in (50), 


so that the equation of the surface becomes 
oqyz — 2yz — 2xz— Bry + 62 + " -+ 25 — 9 = 0, 
which has for parametric representation 


($3) (9 — 3 V3) _ (p 3p: — 4/3) — 
«— G43p —DG V3 — 4)’ I= (Sp — 3( Sp — 2)! OPP ad 





Hi 





ES 
Ta 


Sn 


EuxgESLAND: Cubic Surfaces with Curves of the Same Species. 


putting 4/30; — pi, V 3p = 2, this may be written 
E: (p; — 3/2)(p, — 3/2) Bm (p; — 3)(gy — 3) 


375 (g—1—1D ' !73 (23s: 47h 


The curves pi, ps, pa, pa have been shown on the model. 


IV. 


It remains to consider the case where the unicursal quartie, which was the 
starting-point of the preceding theory, degenerates. into a unicursal cubic and 
a straight line.* 

Let the cubic have a double point. By means of a projective transformation 
it may be thrown into the form y(1— 2°) = 2?, while the straight line may be 
written y = mæ +b. The quartic now is 


F(zy) = [y(1 — 29) — a] [y — mz — 5] = 0, (51) 
from which we obtain . 
Fi =. æi— (ma +b(1— ñ) = (1+ m)a} + baf — mx, — b, 
F! = — aj + (ma, + b)(1 — 2) = —[(1 + m) + bad — ma,— b]. 
Forming the Abelian integrals of the first kind, according to Lie’s theorem,f w we 
have the translation-surface | 


(52) 


= yA m vua, ——- 

e J (xı — a)(m — Ea — y) E (259) (25— B (2s—») ' 
_ aida. u xed, 

Y= Sa — x5)(x%, — a)(24 — B)(a,—y) J Gy ae EX —7) , (53) 
dx, | p da; 

d "o — a)(z, — 8) =) Iu um | 

where a, B, y are the roots of the cubic equation P 


(1 + mj + ba? — mz — b = 0; 


we shall assume these roots real and different, thet is to say, the straight line 





*The theory of translation-surfaces connected, with a enbic amd a straight line has been treated by 
Georg Wiegner in his thesis: Ueber eine besondere Classe von Tranalationsflachen. Inaugural dissertation. Leipzig, 
(1893). See also my paper in Am. Jour. or Matu., Vol. XXIX, p. 370. Wiegner does not treat the case of 
unicursal eubies separately; in fact, the róle that unicursality plays in this theory was not known to him 
although very important, as is'seen from a theorem proved by me in a paper published in Am. Jour. or MATH., 
Vol. XXX, p. 179. : - 

tSee Lie-Scheffers, “Theorie der Beriihrungstransformationen,” p.411. A complete statement of the 
theorem is given in my paper, Am. Jour. or MATE., Vol. XXX, p. 171. l 


pe} oY 
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uts the cubic in three distinct points. Transforming (53) by means of a linear 
projective transformation | | 
X-—Z7,Z-—X,mX—Frd4-bZ-Y, 


we get a EDDIE form, viz.: 


d day 
7 fas e Mice E sey) 
pf. F 


| dæ £ TY? | 
i mm m—À 0 a See poe tt mA 
E Ja = a)(z; — g)u — — y) S Xo — a (2 — D) —y) 
Integrating and putting X" = (a — 8)(B — y) (y — a)X'!, Y" — 2Y! and 
"= p= B) da y) (y — a)Z, we obtain (dropping primes), 
a (n — e) — Byte — »y7 
(22. — a)" "(zs — B) (e —»* 7 
i+ g À 
y (25 o a, *7 8g. Eus By e-?(a, iom y ye-2 
ics cuis ao (ag — Bye», — yy 6-9 1 


2 








By using a proper linear transformation of the coordinates X, Y and Z, which 
is not difficult to find, we may bring the surface (54) into the equivalent sori 
ox — ma — By — e) y l ltt az. (a -—2a(x-—»). | 
= ea. 5 
: ~ (%— ¥)(%— B)’ oT.” (æ — ¥)(&_— a) (55) 
N x and z,, we have the surface s 
(a — B) — ye***** + (1 + yXB — a)e** + (1 By — ae” 
+ (1—2)(8 — y)e*** + (1+ Bla — ye? + (1 + a)y — lje? —0. (557) 
Since a, 8 and y depend on the two parameters m and b, we may say: 
To a, unicursal cubic' and a straight line in the plane at in finaly dese corre- 
spond co? tynes of translation-surfaces of the form (55%). 
It now remains to find the second pair of translation-curves on (55), 
Since now we can not fall back on the principle of symmetry, which holds only 
in the case of irreducible quartics, we have to begin ab initio. We write- the 


> quartic as before, | 
Flay) = [y(1 — 2”) — #*)[y — mx — 5] = 0, 
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but now we choose the two intersections of the variable line with F(æy) = 0 or 
the cubic, since before we took one point on the ee and one on the EUR 
line y = ma T 6. We have 7 i 

Fi = “3 (ma, + b)(1 — 2g) = (1 + m)s$ + bx — ma, — b 

F. = af (ma, + a = (1 + mj + ba? — ma, — b. 


Forming the Abelian integrals as before, we get 


y= f ayes xf ada, ` 
(3 — a)(zs — (xs — y) (a, — a(z, — B)(z. — y)’ 
T ada ada, 
"ar 0 — B7») * cuc cmt Dee aay °° 
) a das ; | da, 
a "fu = a (2s — (zs — y) +f li es B ec Y) 


which we shall transform, putting s 
(0 =X, Y—mX-4Y-—44 ps 
so that (56) reduces to | 


SR | 
H 


| | da: mde, | 
Y= T3005 4 3 
Je — «(zs — Bza — y) ` +S te — u)(a — 8)(x. — y) 
l E dac da, f , 
im l— 2; $1 (56) 
np c5 dn 0 de, V | 
Je — a )(xs — &)(zs =) ia — a) (a, — 8m —»)' 
Integrating and transforming as before we have | | 


e* = (zs — a)(x, — a)]^7* - — 8)y(z, — 8)] (3s — Y)(2— »)] 777, 
1-4 lt 1-rz, ; Ed 
er mr E s; 3587 
e^ = [(2s — o). — a) P "Ls — Be — 8)]" 7 L(s — ye — y) 
Performing eertain linear transformations on the variables X and Z and putting 
Y = — Y, we reduce - to the form | RE 
__ (z — y)\(%—Y, a l — ag 1— 2, cathode (57) 
= oe 1 + £3 1+ m4’ (2s — B)(% — E 
^ Eliminating a, and æ, we obtain the surface 


(B.— a)( + 1)(B + 1)eX***Z + (y — 8)(B + ly + Dettt | 
+ (a — Ba + 1)(y + 1)e** . + (a — BYa— 1Y(8 — 1)e**? (97) | 
-(8—yX8—1Xy—1e* + (y —@)(a — 1)(y — 1e? = 0. 





eY 


- 
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Ir now we translate this surface to a point £, «, ¢, it must be possible to deter- - 
mine these coordinates in such a way that the surface becomes identical with .. 
(55. Putting therefore X = X' + 6, Y= Y' +n, Z= Z -++ č in (57^) and 
putting the new coefficients equal to const. X Ts corresponding coefficients of 
(55^), we find, after « easy calculations, 


d Fall a By Ly) "EE 
B —1' . Q—» —2 — 8)' ' 








ESI 
The second mode of — is therefore | 
| wine cu (2s— y)(24— gk — (t+a) (1-8) 1-9) 1—z)(1—ay) 
9-1 E DeD "Tür B) Fala g 


Miei mm y Xa — y) 


"m y^ — 1 (25 —2)(z,— a) ` 


Hence the 

Turoggw VIII. To a cubic with a double point and a straight line there . 
correspond: œ * types of. translation- “surfaces that can be generated in four different 
ways. These surfaces are of, the form 


AgX*Y42 4. BeXtZ 4. QeY*2 4+ DeX** + Bež 4 Fe? = 0. (60) 


"The converse will follow from a theorem which we shall prove later. If we. 
transform (60), putting X —— X, Y —— Y, Z——4, we obtain a somewhat 
simpler form 
A+ Be* + Ce* + De? + He’? + Fe**Y = 0; | (60) 
which is represented parametrically by the two sets of equations | 
(x — y (xs — 8) Py re l— x, | e? — (x; — y Xx» — a) (60) 
i (2, — 8)(*s— y)? 1 + ag? (zı —a)(xs— y) . 
emi. Bee) roU), Lin, Ln 
G—1 ^ (e—y)(x.— yy (1-Fa)(13-B)( ry)  1—2, ^ 1—2, ? 
2n ' | y^ — 1 (x; — a)(2 — a) “(60 ) 
| a? — 1 (my — y)(x. — y) 


We shall now introduce the: logarithmic transformation that we have used 


e* = 








ef = 


© before, viz.: 
ter = y, e£ = 


and we shall introduce the parameters pi, Ps, ps, p, instead of Q^, We, Lgs Uy 
respectively. The surface (60) is thereby transformed into a cubic having three 


i 
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double points, and passing through all four vertices of the (cteshedron and’ 
through the edge «=0,2=0. This surface is 


Axyz + Buz + Cyz + Day + Ex + Fz =0, ` (61) 


which contains 4 families of curves that group themselves in pairs, each pair 
belonging to the same species; one pair, pı = C, pp — c, are plane conics; while 
the second pair, p= 0e, p= c, are twisted cubics. It should be noticed that 
now there ts no involutory transformation (4) which will transform fi and p, into ps 
and p,, since the corresponding translation-surface has mo center of symmetry. 
The parametric equations are | 











np—8. Pe — I+ 9; | (1—9 py ory 
= p» [uU E mE IT 61! 
| d = y $—B BS Tp ""p—y' g—a' (51) 
or, / | | 
SE dian, 8—1 »(&—»X»—» - = (it+a)(1+6)(1+y) 1—p . l= Pe | 
TS i - (ps— &)(p.— =f) 9 (1—a)(1—B)(1—y) : 1p 14+p a 
pee (ps — ¥)(pe— y). | i 
RE Yy5—1 (pa—a)(pı— a) 
If we use the second form (60), we obtain the surface 
A+ By + €x + De+ Eyz + Fay = 0, | (62) 
which may be obtained from (61) by the involutory transformation 7 
1.1 Ex 1 
wy PR Y y? 21 Ux 


This surface likewise has 4 sets of curves; both pairs are conic sections, each pair 
being curves of the same species. The parametric equations are 








—nh—Y gp—6 _1— 9, Pe TY po d 
”— p8: Pe— Y' IIF p S Cj Pe — y v TN 
or 
25551 0s— b 9e— 68 MEET (1—a)(1—8)—y) 1p | lp 














= Pi 9—» pa” os (Fa) EB) 1— s | 1— —p.' 





uu pm as ial 
z= 5 ae NE. CREME: 
(4 —1 py fa 
We shall now prove the following | 
THEOREM IX. Given any cubic surface of t the form. | 
| Axyz + Buz-+- Cyz + Doy + Ex + I= = 0 (63) | 


4 
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Wo non- vanishing coefficients, it is always "— to find a double parametric 
representation of the form (61') and (61^). : 
Proof. Let the surface (63) be transformed bs meáns of the transformation 


SAK, YU, = vA. 
The new surface, 


| AA gs F BAvayag + Cury H Diac), 4 Eia; + Fon = —0, (64) 
| will be identical with (61) if we put . | 
AwA-(i—y(«—B),  B— (4-8 a) 
uve As (1 —p)(y m a), Au D = (1 — a) — y) (65) 
| AE =(1 +a)(y—b) +F =(1+8)(a—y). 
. If these equations can be solved for A, u, v, a, B, yy we shall have a parametric 
representation of (63) by putting | 











pesa Gee, enr. dus fien vba) 
(e — 8)(gs — 7y) i | ST T gs (e; — a) (Pe — y)! 
or else o 
Tae im m - oo Don 1—fa. 1—p. 
C^ F=1 (p—B)yp.— 5 I— © —a)(1—8)(—») Fps ^ 1-9 p, 
puo i iu Y Xp, y) 





S y —1 (ps— ap — a) 
, We get from (65) | | 


A _y—l1 D _a—1 C  8—1 


“By “Rati? UF-BII! 
B-r uA F# u? + uD 











Y= Bo pd? p= Fue? a= a 
Substituting the values of a, 8 and y in the two equations 

AA. 1—y a— .yÀ, 1—y a—8 

Cire yoo Dig. Gy’ 
obtained from (65), we get. 


|. EC—DF . ^ E£O—DF 
C BD— EA’ "~~ APF— BC 








while u is a root of the cubic equation | ; 
l | ED — EA AF — BC} 
(F— uC)(B— uA)(E — uD) = 4u -r AX DF  » 
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obtained from the first of equations (65). Q. E. D. To the above theorem mays 
pu be added ` 
TuEOREM X. Given a quadric dur Rios of the form 


A+ By 4- Cx + Dz + Eyz + Fay = 0 (62) 


. with non-vanishing coefficients, it is always possible to find a double parametric 
representation (62') and (63"). The two pairs .of families of conic sections belong 
each to the same species. | | 

The surfaces (62) bear therefore the same relation. to Lie's guadrics (3) that the 
cubic surfaces (61) do to the cubic surfaces (9). There. is an essential difference 
between the two categories: There exists an involutory transformation that will 
transform the surfaces (3) and (9) into themselves, while the surfaces (61) and (62) 
do not admit of such a transformation, but are transformed into each other by the 
-same transformation. ` 

These theorems are also true, as regards tke property in question, for 
surfaces derived from (61) and (62) by means of the transformation | 
dnd y—y, s 
that i is, for the TONS | 
Aa nn + Barer + Oy? a + Defy? + EpL Fz = 0, . . (66) 

A+ Byt + Cap + Da + Hype + Fupyp — 0, (67) 


the par uictis representations of which are easily deduced from odios 
(55) and (57). There exists a one-to-one correspondence between the surfaces 
(66) and (67) by virtue of the involutory transformation. | 
qi? Ty’ EZ 

To the four families of curves of the same species on (66) correspond 4 families - 
on (67); in fact, if in (66) we put m =— m we obtain the surfaces (67). 

If A= CE — DF —90, these surfaces also become tetrahedral symmetrical, 
in which case there exist o»! families of curves of the same species. | 


CONCLUSION. 


The preceding investigations have thus revealed an extensive class of 
surfaces on which there exist at least 4 families of curves of the same species. 
In case the determinant A vanishes we have o! such families. The surfaces 
naturally group themselves in three categories: 


ErgsLAND: Cube Surfaces with Curves of the Same Species. 
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1°. Lie’ s quadrics: 
Ayz + Bex + Cey + Læ + My + Ne = 0. 
2°. The cubic surfaces : 
A+ Ba + Oy + Da Ren + Poy + Cys Haya = 0. 
~ The cubic and quadric surfaces : 


Aays + Baa + Cyz + Day + Ex + Fs -—0, 
A+ By + Cx + Dz d Eys ¥ Fey =0. 


To thesé should also be added the surfaces obtained by Pees these 
three types by the transformation (37). - 
| The first two categories admit of an involutory transformation | 


A | v 
=—, y= È TE 2 
Br, 4 (4 
which leaves any given surface invariant. They have also a center of invo- 
lution. The third category admits of no such transformation, and no center of 


involution exists. The determinant A has the following values: | 


1°. Ar—(AL-« BM — ON y —4LMAB. 
2°, A = (GB + EC— FD — AHy —A4(BC — "aem HD) 
(AEGE= BCDH). 

35. A= (DF— CEY. 
The vanishing of these invariants will be the necessary and sufficient conditions 
that the respective surfaces shall possess c families of curves of the same 
` species. | | 

We note finally that any translation- surface of the form 

l fle”, e”, e") zx 0 

gives rise to an algebraic surface having at least two families of curves of the 


same species. We note also all the algebraic surfaces conjugate to a tetrahedral 
complex. Such surfaces could be constructed if we knew how to find all the 


' algebraic curves conjugate to such a complex, but only a few cases are known. 


(See S. Lie, ** Berührungstransformationen," pp. 393, 394.) They contain two 
families of curves of the same species. 


' WzsT VIRGINIA UNIVERSITY, November 1, 1909, 


The Automorphic Transformations of the Binary Quartic. 
| By A. H. WILSON. | 


s 


| The transformations which are the subject of this paper have been discussed 
'^ from several points of view. ‘They form groups which are holohedrically iso- 
morphic with certain substitution groups of four letters; and they have been 
given a picturesque geometric interpretation by use of the regular polyhedrons. . 
When, however, the analytieal expressions of these transformations have been 
obtained, it has always been by a specialization of the system of coordinates, 
which reduces the quartic to a canonical form. It is the object here to derive ’ 
them for the general quartic. I E 2 | 
1. Substitution groups. If, as usual, we let [ABCD] denote a definite _ 
double ratio of four distinct points on a lins. then the. following esos 
will in every case have the same value; 


^ 


[ABCD],  [BADO),  [CDAB| . [DOB4]. 


If the four points have the harmonic position, so that [ABCD] = —1, there are 
eight permutations which have the same value: 


[ABCD],  [BADC], [op 4B), [DCBA], 
[BACD], [4BDC],  [ODBA], . [DCAB]. 


For the equianharmonic position the letters may be permuted . in twelve ways 
without changing the value of the double ratio: 


[ABCD], -[BADC],. [CODAE], [DCBA], 
[ACAD], [CBDA], [ADBC], [DACB], 
 LCABD], [AC DB], [BDCA], [DBAC]. 

The three sets of permutations just given correspond to the substitution 


groups of four letters denoted; respectively, by G4, the ** Vierergruppe" ; Gg, 
' a dihedron group; and G,, the tetrahedron group. 


` 
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In the symbolism of these groups we have: 

© (€: i (AB(OD) (AC)(BD), '(AD)(BC); 

Ge: i1 (AB(OD, (A0)(BD). (AD)(BO), 
(AB), (CD), (ACBD) . (ADBC); 


Gy: 1, (4B)(CD), (40)(BD) (AD)(BC), 
(ABC), (ACD), ` (BDO), (ADB), © 
(ACB), (BOD); (ABD), (ADO). - 


If the substitutions of G, be denoted by 4, 4, &, &, respectively, then G, 
is obtained by adjoining to G, the transposition c = (AB), and G,, is obtained 
by adjoining to G, the circular substitution c = (4B). This composition of 
the groups will be useful in the fóllowing discussion: 


Gr: boy liy logy ` t3, : (2) 
r Oly, Ou, O bo Olg: ' 
Gi: Loy by; boy . t3, 


i j ; +- : E 
Ti, Th, Thy, Thy, (3) 
rans | T? is tu, Tt, 4^6. : 


| 92. The decomposition of the quartic into factors. The transformations are 
considered here as those which carry a binary quartic into a multiple of itself. 
In a paper published in the AwERICAN JounNAL, Vol. XVII, page 185,. Professor 
Srupy has discussed fully the irrational covariants of the quartic, and has inci- 
dentally derived the expressions of the transformations of G,. ` His further 
results enable us to write the transformations of G, and G,. For the sake of 
clearness I quote as much of the invariant theory of the quartic and of Professor 
Srupy’s paper as is necessary for the purpose, adopting throughout the notation 
of the latter. 
The rational ovd and invariant system of the quartic: 


| f= (az) = (a'a)! =... = (qx — aan, 
h = (hay = Wa) = .... = 4 (aa)? (axy.(a'z) ) 
4 = (toy — (fa? =... = 2 (an) (aj ha)’, 1 (4) 


g = Flaa, ^ gg = $ (Gh) = kia! (aa" (a/a^y. "4 
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The discriminant takes the form 
S$ 2 | 
| g-8-0 5, EO 
and the cubic resolvent, | l 
mE am 4€ — ge — s = 0, (6) 
with roots denoted by &,6,,e,. The forms À-F- ef, ht+e,f and & 4- e, f axe 


perfect squares, and they are factors of #. The quadratic factors of ¢ are, 
however, given the following form for the sake of certain invariant properties: 





k i "PE, =a YAAR, 
m= (via)? = EV BaF D^ wi Qu 
: Me OR 
NEN Te CE d EM ENS : 
n = (nx) = N h -8 f; 
: where LLL 
| = — NW e, — e6 . NV €) — x, : 
== e —é, . ^/ &, — €, , l l l B (8) 
(8, az — M e, — 6, : M e — e. | 
Then is EE 
i= (e, — e,) (e, eui i tee Mns lini. (9) 


For ihe invariants and covariants of the quadratics, /, m, n, we have 
. (mn), = (mn) (ma) (ng) = — (Ix, E 
(nl), = (l) (na) (la) (may, Ek Q0). 


Im), = (m) (læ) (ma) = — (na; 
(UWY = $ (mm Y = 3 (nw? = 1, | 
(mny — = (nl)? = (lm) = 0. } (11) 


The decomposition-of f into quadratic factors is derived from equations (7), 
and in fact in three forms — to the three ways of pairing the linear 
factors: 





fme : Wr — 
€y — €, i . 





=— (sn-cs)(en—sa) . | (12) 
€, — €x . : N 





T NE (s, 0 -+ s, m) (s, 0 — s, m). 
^ 6,— 6€, 
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i 


The decomposition of f into linear factors is given as follows. We set. 
f = 4 (rox) (rix) (rax) (750), 0 (18) 
and have for the squares of these nager factors {see the paper cited, p. 210): 


— 2 (ng? = Joce — e, E EE E EEN E 


— $(rmy— [~ e—e,.l— V e,— e. m — N e, — e.n, 
pc EE Men . (14) 

v — 3(r, ay = —  e,— e, QUAM ei e. m — Ne —e,.m, 

— 2 (r,s = ITAL / e, — e.m HN e —e,.n. 

The simultaneous invariants of these forms are given by the formule 
(ron) (tere) = — (ae); (nnY = (n ge, y 
(rur AE rA TA = (1270) ot Tar) = VW G, - (15) 


(0514) (05.70) rm) = (rr) (r7) er) =— VE. 
In the formulæ (14) the signs of the radicals may be arbitrarily chosen, While 
that of  G is then determined by | 


v G — e, a Ve, — oN Gy — Bs 


3.. Transformations expressed in symbolic notation. The binary bilinear 
form in cogredient variables, (dæ) (dy), set equal to zero, will, if the discriminant 
does not vanish, establish a projective correspondence between the points of the 
binary domain. To a point « (that is, æ% : æ), there corresponds a point a/, the 
vanishing point of (dw) (dy).= (wy) =0. The linear invariant, of the form is 
i = (dò), and the discriminant, j = 4 (dd) (5’). The identity transformation is 
given by (zy) = 0. If s,=(d,x) (d,y) — 0 and s, = (dx) (&y) = = Q are two non- | 
degenerate transformations, then their product is given by 

81 8 = (d,x) (d,6,) (6 y) = = 0. l 
‘The condition that a transformation is invclutory.or of period 2, is i=0; 
of period 3, i? — j — 0; of period 4, i* — 27 — 0; and so on. | 

4. The transfor mations of the general case are, as stated above, derived in the 
paper from which I have quoted. It is a well-known property of the covariant ¢. 
of the quartic that the vanishing points of each of the quadratic factors are the 
double’ points of an involution, of which every form. of the pencil xf + Ah 
furnishes two pairs of points. In particular, to zach of the three ways of pairing 
. the points of f correspond in this manner, as double. points of an involution, the 

root points of a quadratic factor of t. : | 


3 
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. The polar form (am) (ay), set equal to zero, is, if the discriminant $ (aa’) 
. does not vanish, a transformation pairing the points of the line according to an 
involution whose double points are given by the equation (ax)' — 0. -We have 
in this way for the bilinear forms representing the transformations of the group 
leaving the general quartic unaltered: 


(Gu sm (ey), u=) (y), = (ma) (my), , = (na) (ny). — (6) 


5. .The transformations for the harmonic case may be derived from the con- 
sideration of the quadratic factors of f, (12). ‘If the points of f form a harmonic 
` quadruple, the invariant gj vanishes, and conversely. The cubic resolvent (6) 


then becomes 
— Iz e = 0, z 


with roots 0, 5/9, g, and — 3 M ga. donde to the naming of the roots, we 
have different forms of the transformations. Setting 


6,70, Bd, e, = — 1 A gs, 


the decomposition ü 2) TS | 


f= Ivg m)(L— m) 





E sn v) -7 —1) - (17) 
| = §Vq(l+V—im)(I—-V—am); ^ "| 
where now 
| M 
1 m———X —h, 
^/ gs d. ` i 
(00 e E Eg. f, op (18) 
b f ve l poo | 
| n m—AM Riv. 
g» 


The second arid third decompos:tions of f in (17) represent a pairing of the linear 

factors corresponding to the double ratio & or 2. ` In the first this double ratio 

is —1, and from this we derive the desired transformations. The involutory 

transformation, namely, whose double points are given by m+n=0, as well 

“as that whose double points are given by àin — n =)D, will interchange one pair 
5 


SM 


T 
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Ber the harmonic points, leaving the other points unaltered. For the group Ge 
we have then, by (2), only to adjoin to -G, the transformation | 
o= (me) (my) + (næ) (ny). 
G,: w= (ay), u= (læ) (ly), = (mæ) (my), i = (næ) (ny) - 
Oy = (ma) (my) + (nz) (ny), cu = (mz) (my) — (nx) (ny), p (19) 
— Ol, = (læ) (ly) + (ay), — o = — (læ) (ly) + (ay). | 
. The transformations ci, and c«'are involutory, the linear invariant 7 
vanishing by virtue of (11); c« and c are of period 4, as for each i =—2 and 
j — 2, and hence « 7 29 = 0. 
5. Thé transformations of the equianharmonic case are derived Bon the 
" decomposition of f into linear factors. "We know that for this case there exist 
trànsformations which permute cyclically any three of the points, leaving the 
fourth unaltered. | C 
We first derive a general formula for the transformation which takes the 
points z,, %, 25, Mto yi, ys, ya." This is given Y the elimination of the 
coefficients d, 9, from the equations EAE | 
(dx) (dy) =0, (da) (dy1)=0, (das) (à) = = 0, (d) (dys) = 0; 


which gives as a result the transformation 


` (daz) (dy) = = (x wa) (41 Ys) (os a) (yay) — (2x29) (Y1 ys) (xs 2) (y. y)=0. (20) 

This is a statement of the equality of the double ratios [2; 25,252] and [1929s y]; 

"and as such may be given other, equivalent forms, — DOW Yi == Xa, y; = n 
Ys =x, we have for the cyclic transformation, 


(da) (dy) = (o, 29)? (xa) (xy) — (25201) (£a s) i æ) (xy). 
This may þe given a symmetric form. Permnting cyoncaly the letters a, a, 23 
and adding the results, we obtain . 


3 (da) (dy) = (a org)? (x 8) (xy) + (823) (222) (2s y) + (x a, (zaw) (arg y) 
; — (2521) (2 Lo) (a5 8) (a Y) — (21 s) (295) (a w) (xy) 
e — (z Xg) (La 21) (aX) (2 y). 
The last three terms may be easily reduced in pairs by use of the fundamental 
identity of binary forms. Thus, for example, 
Te — (i s) (2 25) (2; z) (255 3/) — (sp 23) (arg x) (x2) (e. y) | 
- 4 7 = =v a)" (x) (s Y) + (2223) e 2) (232) . (zy). 


x 
By 2,, *,, %31 Wy» Yar y, BTE meant zy: Mgr Y op* Zaga Tg? TH va: Yiz: Yn: Yan ic 35 - 


- 
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Substbutins these results, we have finally: 


2 (dæ) (dy) = (a, ay (2, æ) (xy) + (x2) (x a) (2s "E E ) l (21) 
| + c," en x) (vs y) + (ae ag) Es a) (o, 2) . (xy ). 


This is the general form of a transformation determined " the passing of 
91, Voy rA into z, , Xe» 23, respectively. E 

Writing in this formula 7, Ta, T, [see (13)] for e, a, a5, we have rm 
transformation sought: i 


2 (en) (oy) = = (rur, (rax) (ray) + (ry (0,2) (THY) 
+ (rum, (r,a) (rg) + (n0) (0) (Pry) « (ay) j e» 


By use of (14) and (15) this may be written in 1 terms of 7, m,n, er, &,¢@- From 
these formule we have 


— & (nin (n.a) (ng) = | 
(e, — €) [V e, —e, . (læ) (ly) — Ve, — & sm. (ma) (my) — Ve, — e, . (nz) (ny) ], 
ite.) = | a 
(e, — e) [— Ve, — e, . (lx) (ly) + M e, — e, : (max) (my) — V e, — e, (næ) (ny)], 
-— (r æ) (r, Zu = 
— e)[— V e, — e, - (lc) (ly) — v e, — e, . (me (my) +v e, —6, - (na) (ny)], 
E. rm n) T.) esca eue —e, . 6, — €, - Mer a (ey); 








whence, by an easy reduction, (23) becomes | 


— 2 (da) (Sy) = (Ve — e . (ix) (ly) + (We, — 2). (max) (my) — . | (23) 
+ (V —&. (nz) (ny) — e, —e e, —6 e 6 (wy) J” 


The equianharmonie case is characterized by the vanishing of the invariant - 
. gg. The cubie resolvent becomes then. 


4e? —9g,—0,. 


scii 1 aan el ] (24) ` 


* This transformation will hold r, unaltered if (rrj)* + Ear "(rtu =0; or by (14), if A ~ ‘ey? ` 
+ (ey — eA)? + (ex —e,)? = 0. In the equianharmonie case [see (24)], this condition becomes (E, =E) + (56 — 6)? 
+ (e, — &Y = 0, and this is a numerical identity. 


and its roots, 


t 
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"where £j, &, & are the cube roots of unity, named arbitrarily. The radical 
expressions in (23), 


(Ve, —e —e&), (ve, e—a), (Ve —e,Y, A 2,—e,.^ e —e,. Me —e,, (25) 
take now; except for sign, the same value, and indeed each is equal to. 
-- 4$ ^ (/ — 3 95, or each is equal to + 4 — (~ —3)g,. From the trans- 
formation (23) we may omit then a common factor, the common value of the 
expressions (25). We shall have different transformations according to the 
‘choice of signs of the radicals in (14), which was arbitrary ; there will in fact 
be exactly eight which are essentially different, each of which will transform 


the quartic into a multiple of itself. These may also be derived by (3); we 
have in fact, diis 
— (Tx) (ly) — (ma) (my) — (na) (ny) + (xy), 
Gs: = (ay), ac (m), y= (me) (my), = (a) (ry), 
T bg = — (læ) (ly) — (mes) (my) — (næ) (ny) + (xy), 
Ty == = (la) (ly) — (ma) (me) + (n2) (ny) + (ay), 
| T ly == — (le) (Ly) + (ma) (my) — (n2) (ny) + (ay), | 
Tig = — (læ) (ly) + (mà) (my) + (næ) (ny) + (ay), (26) 
— HT" ty = (læ) (ly) + (ma) (my) + (no) (ny) + (xy), 
— $0" u = — (læ) (ly) — (ma) (my) + (næ) (ny) + (xy), 
— èT’ = (lc) (ly) — (ma) (my) — (nz) (ny) + (ey), 
— $t’ ts = — (læ) (ly) + (mz) (my) — (n2) (ny) + (vy). 
The respective invariants of the last eight of these transformations have the 
same value. Writing 


(dæ) (Sy) = = (læ) (ly) + (max) (my) + (nx) (ny) + (xy), 


i = (dò) = 2, . 
J = 3 (ad^) (88) | | 
= 4 {= (al) (97) = (dm) (Sm) + (dn) (9n) + (29)1. 
= dU + (mmy + (nn + 21 = 4. 
Hence, in every instance ?— j = 0; that is, the anes vi, are all 
. of period 3. 


we have 
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Theorems on the Simple Finite Polygon and Polyhedro n.* 
By N. J. Lennes. 


| INTRODUCTION. | 
In his ^ Foundations of Geometry," + Professor Hilbert defines the measure 
of area of a polygon as the sum of the measures of area of all the triangles into . 


which a polygon - be decomposed by a definite Hecom positon, This definition ,: 


implies :. 
- 1. The existence of a criterion : as to what corstitutes: a decomposition ofa 
polygon into triangles. l - 

2. That for every polygon there exists a finite decomposition ; that i is, a de- 
composition resulting i in a finite number of triangles. 

8. That any two decompositions into triangles of the same polygon result 
in sets of triangles such that the sum of the measures of area of the triangles is 
. the same for both sets. 

A similar definition of the measure of volume of a. » polyhedron requires 
similar propositions about it. 

The proofs of the theorems here implied require as lemmas the theorems 
that the polygon and polyhedron separate the plane and the three-space respect- 
ively into.two mutually exclusive sets, and these in turn are based upon the 
fundamental theorem that a straight line divides a plane into two such sets. 

Hilbert proves that the measure of area of a polygon as above defined 
is independent of any particular decomposition of the polygon. The corre- 
sponding theorem for the measure of volume of the polyhedron is proved by 
S. O. Schatunovsky.§ That a simple polygon separates the remaining points 


* Read before the Chicago ‘Section of the American Mathematizal Society at its April meeting, 1903. 
Some minor changes and additions haye been mede since that time. 

} «Foundations of Geometry," ty Professor David Hilbert, translated by Professor E. J. Townsend 
(Open Court Pub. Co., Chicago, Ill.). 

t Loc. eit., pp. 57-66. | : ME 

§ Mathematische Annalen, Vol. LVII (1908), p. 496. 
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"in which it lies into two mutually exclusive sets has been proved by O. Veblen* 
and also by Hans Hahn. T But so far as known to me there is in the literature 
no proof that any polygon may be decomposed into a finite number of triangles. 

The fundamental theorem on the polyhedron — viz., that it separates space 
into two sets — has not been proved, nor has tke theorem concerning its decom- 
posability into tetrahedrons. Indeed it does not appedr that à careful definition 
of a polyhedron has been formulated. 

The object of this paper is to "— sua oh a definition and to give proofs 
of the theorems just enumerated. Two new proofs are given of the proposition 
that a simple polygon separates the plane into two sets. The corresponding 
theorem on the polyhedron may be proved in a manner analogous to either of 
these, but only one ofthese proofs is here carried through. | 

The polygon is decomposed into triangles:in such manner that no new 
vertices are-created ; that is, every vertex of the resulting triangles is a vertex 
of the original polygon. It is shown, however, that in general a polyhedron 
. ean not be decomposed into tetrahedrons without creating new vertices. 

In proving these theorems no use bas been made of continuity, congruence 
or the axiom on parallels. 

Axioms I-IX of Professor Veblen { or tne axioms of Professor Hilbert, 
excluding: those just mentioned, are ‘sufficient, as are the Projective Axioms of 
Geometry given by Professor Moore. § 


|. PART I. POLYGONS. pm 


$1. Preliminary Propositions. 


In this section are given a number of simple propositions that are required. 


in the argumentation that follows. Many of these. theorems are proved by 
_ Veblen. || - Each of the others follows by simple argumentation from those that 
precede it, A number of these preliminary a are not needed before 
we reach the A 


* Transactions of the American Mathematical Society, VoL V (1904), "pp. 343-380. 
VT Monatshefte Jür Mathematik und Physik, Vol. XIX, pp. 289-203. 

t Loc. cit. 

§ Transactions of the uii Mathematical Society, Vol. IIT (1908), p. 1423. _ 
| Loe, eit. 
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"Ub For any set of n distinct points on a line a notation A,, Ay, ...., A, 
may be so arranged that the points A,, A;, Å, are in the order A, A, A, for all 
integral values of t, J, k such that 4 ) « k and $51, ken. | 

 DzrmwiTION. The points on a line between two of its points A,B constitute 
the segment AB. The points A and B are the end-points of the "aues. The 
segment is said to connect its end-points. 

2. A point separates the remaining points ofa Eno on idol it. lies. into two 
sets of points such that a segment connecting points of the same set does not contain 
the point, while a segment connecting points of different sets does contain the point. 

3. Any line of a plane separates. the remaming points of the plane into two sets 
such; that a segment connecting two points of the same set contains no point of the line, 
while a segment connecting points of different sets contains a point of the line. 

Derinitions. The points of a line which lie on the same side of a point A 
of the line are called a Aalf-line or ray. The ray is said to proceed from A. If B 
is any point of the ray, then the ray is referréd ta as the ray AB (not BA). 
A is the end-point of the ray. The two parts into which a line separates the 
remaining points of a plane are called Aa/f-planes. i 

A ray lying in the same line as the ray AB and proceeding from y but not 
containing B is the complementary ray of AB. Two non- complementary ` rays 
proceeding from the same point A together with the point A form an angle 
whose verter is A. The two rays together with the vertex are sometimes 
referred to as the boundary of the angle. If the two rays are denoted by A 
and b, the angle formed by them is often denoted by Z (A, k). 

4. An angle separates the remaining points of the plane in which it lies into 
two sets, an interior and an exterior set, such that a segment connecting an interior- 
and an extérior point contains one point, of the angle, a segment connecting two interior - 
points contains no point of the angle, while a segment connecting two exterior points 
and not containing the vertex contains two points or no point of the angle. | 

5. A segment connecting points one on each side of an angle lies entirely within 
the angle. RS 
6. A ray proceeding from the vertex of an angle and containing a point within 
the angle lies entirely within it. If a segment connects points on different sides of the 

angle, it contains a point of this ray.. 
` © 7. A vay proceeding from the vertex of an angle and lying within it forms 
with the sides of the angle two angles which have xo interior point 4n common. 
Every point within the first angle lies within one of ihe new angles or lies on their 
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‘common side, and every point within either of the new angles lies within the original ` 


angle. T S y 
8. lf a finite number of rays proceed from the vertex of an angle and lie 
^ within it, they may be ordered sc as to form a series of angles no two of which have 
| an interior point in common. ng | 

Proor. Let a segment connect points on different sides of the original angle. 
By (6) this segment meets each ray. Order the intersection points by (1) and 
apply (7). — 

Derinitions. If the points A,, Åz, A; are not collinear, the segments A, A,, 
A, As, AA, together with the points A,, Az, As, form a triangle. The segments 
are its sides and the points A,, A,, A; are its vertices. The points on the set 
of all segments whose extremities lie on different sides of a triangle constitute 
the interior poirts of the triangle. Points of the plane not on or within the 
triangle constitute its exterior points. 

9. A triangle sa separates its interior and exterior points that a segment 
connecting an interior and an exterior ‘point of the triangle meets it ir one point, 
a segment connecting two interior points does not meet the triangle, while a segment 
connecting two exterior points and not containing a vertex meets the triangle in two 
points or in no point. E ow a 

Any number of rays proceeding from the same point P may be ordered by 
constructing & triangle of which P is an interior point and noting the order of 
the points on the triangle in which the rays maet it. 

10. The order of a set of distinct rays prose from a point ts independent 
of the triangle used in ordering them. 

Proor. Let a, b, ec, d be half-lines proceeding from a isi P. Suppose 
a does not make a straight line with any other of the half-lines. Then at least 


two of them, as b and c, lie on the. same side of the line determined by a. Then . 


one of the nae half-lines a, b, c lies within the angle formed by the other two. 
Hence in this case the order is definite. If 4 and c form a straight line, then 
if b and d are on the same side of this line the proposition follows as before. 
If they are on opposite sides it likewise follows. 

11. A segment containing a point within an angle (or triangle) meets it in two 
points, or else at east one end-point of the segment lies on or within the angle (triangle). 


12. If two triangles have an interior point in common, then one of the triangles 


is wholly or partly within the other. - . 
13. A HUE conaecting a vertex of a triangle with a point in its apres side 
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hes within the triangle and forms with it two triangles which have no interior points 
in common. The interior points of the new triangles, together with their common side, 
are identical with the interior points of the original triangle. 

14. The interior points of a triangle, and no other pe lie within. each of 
the angles of the triangle. | 

|^ 15. If |.P]* 4s a finite set of points within an angle BAC, and if B as any . 
point on the ray AB, then there is a point O' on the ray AC such that there is no 
point of [P] on or within the triangle A B'C!. 

Proor. Draw segments from B’ through each of the points of [P] which 
are within the triangle A B'O meeting AC in points P/. Then among the rays 
B'Pi there is one ray B'P! such that no ray B'P!, and hence no point of [P], 
lies within the angle AB’P; (8). Let C’ be any point of, AP. Then i is a 
point such as is required (14), (13).. | 

16. If [c] is any finite set of segments and ABC a triangle which has no point 
‘in common with [o] or its end-points, except possibly on BC, and uf there are points 
' of [o] within ABO, then there is an end-point P of a segment of [o] within ABC 
such that there is no point of [0] on or within the triangle ABP, and no end-point 
of [0] on it except the point P. 

Proor. By (11) there are end- E [P]. of pigeon of [c] within the 
triangle ABC. As in the proof of (15) find a point P, of [P] such that there - 
is no point of [P] within the angle ABP,. If P, is the only point of [P] on 
the ray BP,, then P, -is the required point P. If not, let P, be that point 
of [P] on the ray BP, which. 18 nearest B. Then this is the required point P 
(14), (11). 

DEFINITION. A point Pis an interior point of a set of m [P] if dies 
exists a triangle ¢ containing P as an interior point such that every other 
interior point of ¢ is 4 point of [P]. | 

If every point of a set [ P] is an interior point of the set, then [P] is said 
to be an entirely open set. 

17 If [P] ?s a set of points consisting of a finite set of segments [o] together 
with their end-points and any other finite set of points [ P |', then the remaining 
points of the plane constitute an entirely open set. ) 

Proor. Let Q be any point not in [P] and let 7 be a line froud Q not 
containing an end-point of a segment of [c]. Then / contains oy a finite 


* The notation [P] is used to denote a set or class an element of which may be denoted by the symbol 
within the brackets. : 
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7 number of points of [P]. Hence by (1) there is:a segment AD on l containing 

. Q but no point of [P], A and D not being points of [P]. Through D pass a 
line 4, distinet from / and not containing an end-point of [o]. . Then there is a 
segment .B'C' on 1, containing D but no point of [P]. Then by (15) there are 
points B and.C on B'D and DC’, respectively, such that no point of [ P]' and 
no end-point of a segment of [c] lies on or within either of the triangles ABD 
and ACD, and therefore neither on nor within the triangle ABC (13). Hence, 
by (11), there is no point of [c] on or within the "— ABC, and therefore 
no point of | P]. 


$2. Separation of the Plane by a Polygon. 


' Derinitions. The segments A 4s, 4,45, ...., A, 145, together with the 
points A,, 4,, ...., An, form a broken line A,A,. The segments are the sides of 


the broken line and the points A,, A,,...., A, are its vertices. If no two sides 


have a point in common, no vertex lies on a side, and no two vertices coincide, 
except possibly A, and A,, the broken line is said to be simple. If A, and A, 
coincide, and if A, A, is a simple broken line, it is said to form a simple polygon. 

If for any two points P, and P, of an entirely open set | P] there exists 
a broken line P, P, lying in [P], then [P] is said to be an open connected region. 

A. point E is said to be finitely accessible, or simply accessible, from a point Q 
with respect to a set of points [ P], if there exists a broken line A@ containing 
no point of | P], except possibly R-or Q, or both. J& and Q are also said to be 
mutually accessible with respect to [P]. 


18. An angle and a polygon have an even number of points in common pro- 


vided that no vertex of either lies on the other. 

Proor. Ir the polygon Á; 4z, 4,45, ...., A,A, let A; be an exterior 
point of the angle (A, &). Following the sides of the polygon in the order given 
let A, be the first vertex from A, which lies within the angle (A, Æ). Then the 
. broken line 4; A; meets the angle once (4). In this manner we can show that if 4, 
is the next vertex after A; which lies outside the angle, then 4,4, meets the 
- angle once, etc. Since the number of sides of the polygon is finite, this process 
leads to the starting-point’ A, after meeting the angle an even number of times. 
(Zero i$ here regarded as an even number.) 


Derinition. A point P not on a polygon is said to be an interior point 
of the polygon if a ray proceeding from P snd not containing a vertex of the 
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polygon meets it in an odd number of Some The voint P is an exterior point 
of:the polygon if such ray meets it in an even number of points. 

That the external or internal character of the point as here defined depends 
= upon the'point and the polygon only, and not upon what particular ray is used, 
follows from (18). For if À and & are any rays proceeding from the same point 
and not containing vertices, it follows that A meets Me polygon an odd or an. 
even number of times according as Æ does. 

. If two points are both interior or both extericr they are said to lie on the 
same side of the polygon. 

19. Ifa broken line contains no point of a pok ygon, then all its aes lie on 
the same side of the polygon. 

Proor. Consider a broken line AB, BC. — KL which does not meet 
a certain polygon p. If either of the rays AB or . BA contains no vertex of p, 
then þy the definition of interior and exterior points all points of the segment 
AB, together with its end-points, lie on the sàme side of p. . If each of a rays 
contains a vertex of p, proceed as follows: 

From A’, any point in the segment AB or the end-point A, M à ray 
A'K containing no vertex of p and hence not in the line AB. Then, by (1), (15) 
and (11), there is-a point C on A'K, and not on p,.sueh that there is no point of 

p on A'C and BC, and such that the ray BC contains no vertex of p. ‘Then 
. B, C and A’ are on the same side of p. Since A’ is any point of AB, including A, 
it follows that ever y point of the segment AB, including the end-point 4, is on 
the same side of p as the point B. | 
r Continuing in this way, we gem that the whole broken line lies on the 
same side of p. 
| 20. A broken line connecting an interior and an exterior otn of a polygon 

meets ùt at least once. " 

21. Ifa broken line connects two exterior or two interior points of a polygon, 
and if neither contains a vertex of the other, then they have an even Bu of points 
in common. | 

. If a segment AB meets à polygon in > orly one point C which is not a vertex; 
then segments AC and CB tie on opposite sides.of the polygon. 
| 23. A polygon has an exterior and also an interior set of points. 

24. Every point of the plane not on a polygon is either internal or external to it. 

25. f two points are on the same side of a polygon, they are mutually accessible 
with respect to the polygon. `` | 
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Proor. Consider two exterior points A and B of a polygon p. Connect 
these with points C and D, respectively, on p, it being understood that there 
are no points of p on the segments AC and ED. About each vertex A, of p 
construct a triangle ¢; having the following properties: On or within each triangle 
there is no point of another of the triangles or of the polygon p except points 
on the segments 4; , A4;, A;A,,, and the poini A; (17). The segments AC and 
BD also lie entirely outside each triangle.. No triangle 4 has a vertex on the 
polygon. 
| Suppose that C lies on A, A, of the polygon. Let Q be a point on A, A, 
within &. Then, by (15), (11), there is a point Æ on AC such that RQ contains no 
point of p. Let EQ meet /£, in S. Then A and /$j are mutually accessible. In 
precisely the same manner we show there are points on £j and £4, both exterior 
to p, which are mutually accessible.. Denote these by S/ and & respectively. 
But Sj and S, are mutually accessible with respect to p; for, tracing the triangle 

t, from S, to S7, we meet p in two points or in no point (&, and Sj both being 
exterior) and hence one way along t, from S; to Sj fails to meet p. Hence 
A and S, are mutually accessible. Proceeding in this way we finally show that | 
A and B are mutually accessible. In case A and B aré both interior, the argu- 
ment is preciselv the same. 7 | - 

As a summary of (23), (24), (20), (25), (17) we now have: 

, 86. A simple polygon separates the remaining points of the plane in which it 
lies into two entirely open connected sets such that every broken line connecting points 
not in the same set meets the polygon. 

Theorem (26) has a certain form of converse as follows: 

27. If p consists of a finite set of segments [o] together with their end- points, 
and if p separates the remaining points of the plane into two sels while no proper * 
subset of p does thus separate it, then p is a simpe polygon. 

" Proor. (a) Every end-point of a segment cf p must be common to at least two 
segments. For suppose in the segment A, A, the point A, is an end-point of this 
segment only. Then if P and Q are not mutually accessible with respect to p, 
they are not mutually accessible with respect -o a set consisting of p with the 
segment A,A, removed; for if there exists a broken line connecting P and Q 
which contains no point of p except points of 4,.A,, then by suitable use of the 
process employed in the proof of (25) we can find a broken line PQ which goes 
around the end-point 4,, and which therefore zontains no point of p. 


* A set is a proper subset of another set if it consists of some, but not all, the elements of that set. 
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: (b) It follows that in p we may trace a broken line A,A,, A, 43, .... 
without ever coming to a vertex from which we can not proceed without retracing 
the segment.last traced. Since the set of segments in p is finite, we must finally 
reach a point in the broken line already traced. But this gives a simple polygon. 
Since this polygon separates the plane, it follows that it contains every point 
of p; for by hypothesis no proper subset of p separates the plane. | | 


§ 3. Decomposition of the Polygon. 


DEFINITION. A vertex rn of a polygon is said to be projecting if there exists 
a line which contains a point of each of the sides A, A, and Á, Ar, and no 
other point of the polygon. : od 

28. Every polygon has at least one projecting vertex. 

PRoor.. Let p be the given polygon and [c] the set of all segments whose 
end-points are vertices of p. Let Z bea line meeting sides of thé polygon but 
containing none of its vertices. Let P be.a point on Z collinear with no two: 
vertices of p such that all intersection points of 7 with segments of [c] are on 
the same side of P (1). From P construct rays through each of the vertices of p, 
By means of (B) and (8) it follows that there are two of these rays, A and k, one 
on each side of J, each of which forms an angle with ë within which lies no vertex 
of p and hence no point of p (11). Let A and & meet p in the vertices A, and A, 
respectively: Then A, and 4, are projecting vertices; for, let A’ be the ray 
next to A. Then any ray proceeding from P and lying within the angle (A/, A) 
meets p in the sides Áp; An and 4; Any and inno other points (6), (11). 

29. For any polygon there is a line such that the polygon lies — on Me 
same side of tt. i 
| Proor. In the construction. used in the preceding proof extend the segment 
, A, A, to a point Q and draw the line PQ. Now the ray PQ can not meet p, 
since Q is outside the angle (A, 4). Moreover, the point Q and the polygon p lie on 
the same side of the line PA; (with the exception of the point Ap, which lies on 
the line). Hence that part of the line PQ which -ies on the side of the line 
'PÁy opposite to Q can not meet p. That is, ‘PQ is the required line. 

DEFINITION. A.set of triangles [7] is said to constitute a decomposition of 
a polygon p if: (a) no two triangles of [¢] have an interior point in common; 
(b) every interior point of p lies on or within a triangle of [7]; (c) every 
interior point of a triangle of [f] is an interior point of p. 
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30. PmosLEM. To decompose a given polygon into a set of triangles [t] such 
that every vertex of [t] is a vertex of the given polygon. 


Soturion. Let p be the given polygon and A, a projecting vertex. Two . 


cases are possible, viz.: (a) There may be vertices of » within the triangle 
A,_,A,Aj,,; or on the side AA of this triargle; (b) there may be no vertex 
of p within the triangle A; , 4; Ai or on A; ; Aji). | 
In case (a), there is by (16), or by (1), a vertex 4, of p within Á, 1 A; A4, 


or on A, 4 À;,,, such that no vertex of p except A, lies on or within the triangle . 


A; Anı ån. Then p and the segments A; A, and .4,,,.4, form the triangle 
— A, Au, A, and one or two polygons, depending on whether 4,,, Ap is a side of p 
or not. Denote, by [c], p together with the segments 4,4, and 4,,,4,. By 
repeating the above process we obtain another triangle 4, 4,,,.4; such that no 
point of [c] lies within it, and so on. 

In case (b), 4, ,, 4;, Aj, form a triangle such disc no point of p lies 
within it or on the side A, ;, 4,,,. Then this last segment, together with p, 
forms a triangle and a polygon. In either case if the result is a triangle and one 
polygon, one new side is added, and this is common to the triangle and the 


polygon. Hence the new polygon has one side less than the original. If the ` 


result is a triangle and two polygons, two new segments are added and each of 
. these is common to the triangle and one new polygon. Hence the two resulting 
polygons have together one side more than the original polygon. In any case 
this process will-result in n —2 triangles, n being the number of sides of the 
polygon. Denote this set by [¢]. Then: 

, (a) No two triangles of [7] have an interior point in common (12). - 

(b) Every side of p isa side of exactly one triangle of [f]. 

(c) Every side of a triangle of [t] which is not a side of p is a side of 
exactly two triangles of [t]. 

(d) Any two complementary * subsets of [7] are such that there is at least 
one triangle in each set which has a side in common with a triangle of the other 
set. (Such sides are not sides of p.) (b), (c) and (d) follow directly from the 
construetion. 

(e) Any broken line which does not meet p lies abd: on or within 
mnm of b] if a single point of it lies on or within such triangle. This is 





* Two sets are said to be complementary subsets of a given set if, while having no common elements, 
ihe two sets together eonsist of the same elements as the given sat. 
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obvious; for tracing such broken line across a side of one triangle leads into 
another, since each side which this broken line can meet is a common side of 
two triangles having no interior point in common (12). | 

(f) Any-two points within triangles of [t] or on sides of such triangles are 
mutually accessible with respect to p. This is an immediate consequence of (d).* 

(g) Every interior point of p lies om or within a triangle of [¢]. For by. 
construction the interior points of the SEC A; A;,, A; are interior points of p. 
Hence, by (e) and (26), (g) follows. 

It follows therefore that [7] is.a decomposition of p. - 


§ 4. Another Proof that a Polygon Sevarates a Plane. 


We now assume the propositions of $1; propositions (28), (29) and (a)-(f) 
under (30) of 83; but not those of $ 2. We refer to a set of triangles obtained 
from a given polygon as in (30), having the propennes (a)-(f) there enumerated, 
as the set [7] of that polygon. 

— Any two points of a polygon are mutually accessible with respect to the 
ud by means of a broken line lying on or within triangles of [t]. 

Proor. Connect the given points with points within triangles of [5] and 
apply (30, f). | 

32. <A point within a triangle of [t] is -not accesible with respect to p from a 
point not on or within such triangle (30, 2). ! 

33. Any point in the plane and any pou. on.a polygon are mutually accessible 
with respect to the polygon. | 

Proor. If the given point lies on li he putsscn or on or within a triangle 
of [7], this is proposition (30, f). If the point is exterior to every triangle of [7], 
proceed as follows: From the point P obtained in the proof of (28) draw rays 
to each vertex of p. Order these rays and on each of them select points 
B,, B,, ...., B, such that all intersection points of the ray PB, and the set [o] 
of (28) lie Filmen P and B,. Extend A, A, of ( 98) to A! and A", respectively. 
Then the broken line PA’, A'B,, B,B,,..-+, Bn-1; Bn, Bn A", A" P forms a 
simple polygon p, which does not meet p. (onec: two points A and B on PA! 
with points Ó and D on the same segment of p in such wise that the segments 
AC and BD do not meet. Then the polygon p, omitting the segment CD, and 


* Note that in $3, up to this point, no use has been made of $2. 
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the polygon p, omitting the segment AB, plus the segments AC and BD, form 
a simple polygon p,. From this polygon we obtain a set of triangles [£],. It 
may readily be shown that the segment CD is not on or within one of these 
triangles, but that it is accessible from P. Hence, by (32) and (30, f) the 
triangles [7] of the original polygon and the triangles of [f]; have no interior 
point in common. By (31) P is accessible to every point of p, and hence io 
every point of p. We now show that any point Q not in or on a triangle of [1] 
is accessible from P. Construct a segment QA with R on a side A, Á; of p | 
but no point of p on QR. Also connect P with R by means of a broken line 
PP,,...., P, & containing no point of p. Now QE and P, E do not lie within 
a triangle of [t] and hence are on the same side of A,A,,,. Using (15), connect 
these. segments by means of a segment not meeting p. Then we have a broken 
line connecting P and Q which contains no point of p. But every point of p 
is accessible from P and hence from Q. = 

Derinition. A line which does not meet a- polygon, together with all nointe 
. accessible from it with respect to the polygon and not on the polygon, are exterior 
points of the polygon. All the remaining points of the plane not on the. polygon 
are intertor points. 

94. Any point in a plane not on-a gwen p is exterior to tt. or lies on Or 
within a triangle of |t]. 

Proor. Connect the given point Q with a point on p by means of a segment. 
QR. If QR does not lie within a triangle of [1], then by (33), (29) it is accessible 
from an exterior line and hence an exterior point. If QR has points within a 
triangle. of 4, then by (30, e) Q is on or within such triangle. i 

From the propositions (31)-(34) and (30, f) we have: 

35. A simple polygon separates the remaining points uh the plane into two 
entirely open connected sets. | 


. PART IL POLYHEDRONS. 
85. Definition of Polyhedron and Preliminary Propositions. 
Derinition. A simple polyhedron, or simply polyhedron, is a get of poinis . 
consisting of a finite set [7] of triangles, together with their interior points, . 


having the following properties: 
(1) Every side of a triangle of [?] is common to an even number of 
triangles of this set. 
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(2) There exists no finite decomposition of the triangles of [7] into other 
triangles forming a set [7]' such. that (1) is true of a proper subset of [7]'. 

In this definition (2) is to be so understood that [f£]! may be the same set 
as [t]. 

The vertices of the triangles are the vertices of the polyhedron.’ The sides 
of the triangles are the edges of the polyhedron, and the interior of any one 
triangle is one of the faces of the polyhedron. 

We shall refer to the polyhedron as the as p or D as may be 
convenient. 

lt follows at once from the definition that no two triangles of a polyhedron 
lie in the same plane and have an interior point in common; for if this were the 
case, each triangle could be so decomposed that two triangles resulting from the 
decomposition would coincide, which is contrary to (2) of the definition. 

For the purposes of this discussion the triangles of the polyhedron are 
. regarded as decomposed so that (1) no two triangles have an interior point in 
‘common, (2) no edge of one triangle lies within another triangle. Such decom- 


positions ‘are always possible; for (1) if two triangles have an interior point in. 


common, they have a segment in common, and this segment, extended if neces- 
sary, decomposes each of the triangles into two polygons, and these may in turn 
be decomposed into triangles. (2) If a side of one triangle lies within another, 
this side, extended if necessary, may be considered a decomposing segment. 

The process of decomposing the triangles of the. polyhedron in this manner 
may be called the normalizing process. The finitude of the process follows at 
once from the finjtude of the number of triangles in the set we are considering. 

36. A plane separates space into two connected entirely open sets. _ 

37. If two planes have one point in common, they have a second point in common 
and hence a line in common. | 

38. <A plane has in common with a polyhedron at most a finite sét of triangles 
with their interior points, and a finite set of segments, together with a finite set of points. 

"That these include all of the polyhedron which can lie in the plane follows 


directly from the definition. Obyiously any or all of these sets may be non-. 


existent. 

Derinitions. That part of a plane which lies on one side of a line in it 
js called a half-plane and is said to proceed from this line. 

Two non-coincident half-planes proceeding from the same line and not issue 
in the same plane form a dthedral angle. The two ha.f-planes are called the faces 


T 
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of the angle, and the line from which they proceed, its edge. If the two faces 
are œ and ĝ, the angle i is denoted by (a, 8). | 

.89. A dihedral angle separates three-space into two conmected entirely open sets. 

-One is called the interior and the other the exterior set. 

40. If A is a point in.a face a of a dihedral angle (a, 8), and if B is on the 
same side of the plane determined by x as the face P , then the segment AB lies wholly 
or fan within (a, 8).: 


$6. The Separation of Three-Space by a Polyhedron. 


... 41. Jf [t]! and [t]" are complementary subsets of the set |t], then’ there is at 

least one edge which is a side of an odd number af triangles in each set. 

Proor. If every side of a triangle in [t] which is also a side of a triangle 
[¢]” is a side of an even number of triangles in [2], then every side of a triangle 
in [¢]’ is a side of an even number of ndi in it, which is — to (2) of 
the definition. 

42. For any line l and any finite set of points [P] not on l there 18 a pau 
through lnot contáining a point of [P]. 


f 


43° If a plane contains no three non-collinear vertices of a polyhedron, ‘the 
plane has in common with it a finite set of segments with their end-points, together 
with a -finite set of points. 
The finite set of points and also the 8et of segments may of course be non- 
existent. : ' Pg | 
44. A plane which contains no vertex of a polyhedron has a finite set of simple 
polygons in common with it. 
Proor. If the plane contains no point o7 the polyhedron, the theorem is 
verified, the number of polygons being zero. | 
If the plane contains points of the polyhecron, it must meet an edge, and 
the interior of each triangle of which this edge is a side has a segment in common 
with the plane (37). Hence the plane and the polyhedron have in common a set 
of segments such that every end-point is the end-point of an even number of 
segments. Starting with any one of these segments, we can trace a broken line 
until we return to some point in the line already traced. Since every vertex is 
. the end-point of an even number of segments, this process may be repeated until 
the whole set of segmenis is exhausted, ‘thus tracing a finite set of polygons. 
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45. An angle: not ee a vertex or a point in an edge of a polyhedron 
contains an even number of points in it, provided the vertex of the angle does not lee 
on the polyhedron. 

PRoor. (a) Suppose no vertex of the polyhedron Hoe in the plane of the 
angle. Then by (44) the polyhedron and the plane have a finite set of simple 
polygons in common; and since the angle does not contain a vertex of one of 
them (the angle contains no point of an edge of the polyhedron), then by (18) 
the angle contains an even EUST of points in each polygon and herce in the 
set of all of them. 

(b) If the plane of the angle contains a vertex of the T N then by 
(42) obtain a point P such that the planes determined by the point P and each 
side of the given angle contain no such vertex. Let the given angle be (/4, ha) 
and let Æ be to the ray proceeding from the given point through P. Then we 
have two angles, (A,, Æ) and (A,, Æ), such that each contains an even number 
of points of the polyhedron. Hence if there is an even number of points on £, 
there is an even number of points on both A, and à,, and hence on the. angle 
` (fa, Ag). If there is an odd number of points of the polyhedron on £, there is an ` 
odd number of such points on ^, and also he, ee hence an even number on the 
angle (A, he). E m 

Derinition. A point not ona PERTE 18 interior or exterior to it according 
- as a half-line proceeding from it and not meeting an edge or a vertex meets it 
in an odd or even number of points. Two points which are both exterior or both 
interior are said to lie on the same side of the polyhedron. 

It follows from (45) that the interior and exterior quality of a poiat as here 
defined depends upon the point and the polyhedron and not upon the particular 
ray chosen, and also that every point not on the polyhedron is either interior 
or exterior. 

46. | Any two points connected: by a broken line which does not meet a polyhedron 
are both exterior or both interior to it. | 

Proor. Let AB be any segment of the broken line. If at least one of the 
rays AB and BA contains no vertex or point in an edge of the polyhedron, then 
by the definition the points of the segment ai including its end-points, are all 
exterior or all interior. 

If both rays 4B and BA contain-a vertex or a point of an 7 -— 
as follows: 
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Let a be a plane containing the line AB but containing no vertex, of the 
polygon except such às may lie on the line AB. Since the plane a contains no 
three non-collinear vertices of the polyhedron, the plane and. the polyhedron 
have only a finite set of segments in common (43), and hence by (15) we can find 
a point D such that no point of the polyhedren lies within the triangle ABD. 
Within this triangle select any point C such that neither of the rays. ÁC and BC 
contains a vertex or a point of an edge of the polyhedron. Then by the definition 
A and C are on the same side of the polyhedron, as are dlso B and C. Hence 
A and B are on the same side of it. | 

Proceeding in this manner, we can then show that the end-points of the 
broken line are on the same pide of the polyhedron. | 

It is an immediate consequence of the preceding that: 

47. The points of a broken line which does not meet a polyhedron are all 
interior or all exterior points of the polyhedron. 

And also: . | l 

, 48. A broken line connecting an interior and an exterior point meets the poly- 
hedron. | | . 

DEFINITION. Any two points connectible by a broken line exterior to the 
polyhedfon have external accessibility, and if connectible by an interior broken 
line they have internal accessibility. 


3 


49. Two points in the same face of a polyhedron or on the triangle enclosing - 
this face have both internal and external accessibility. ! 

Proor. -Let A and B be the given points lying i in à face t, of a polyhedron p. 
Denote by a the plane determined by 4. Through A and B pass a plane 8 - 
containing no vertex of p except such as may lie in the line AB. In £8 draw 
a line 7 through A meeting no edge or vertex of p. This is possible, since no 
edge lies in ĝ except possibly in the lice AB. Then by (43), (15) and (11) there 
is a point C on 7 such that no point of the segments AC and BC lies on p, and 
further such that the ray BC meets na edge or vertex of p. Then AC and BC 
and the point C are entirely intericr or entire!y exterior. j 

Similarly there is a point D on 7 in the order CAD such that AD and DB 
and D are entirely interior or entirely exterior. But if C is exterior, D is 
interior by the definition of interior and exterior. Hence A and B have both 
internal and external accessibility. If A is a vertex or lies in an edge, it may 
be connected with a point-P in the face Sy P passing a plane y through AP distinet 
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from a, then ordering the segments in y consisting of edges of the polyhedron ` 
òr intersections with its faces, and applying (15) aad (11). . 

50. If B is a point of a face of a polyhedron and AB and CB are — 
both entirely interior or both entirely exterior, then A and C are mutually accessible 
with respect to the polyhedron. | | 

Proor. Let ¢ be the face of the polyhedron in which B lies. Then the 
segments AB and CB are readily shown to lie on the same side of the plane 
determined by 4. In the plane of AB and CB apply successively (38), (15), (11) 
and (12), from which the theorem follows. | 

51. Ifa segment AB meets a face of a polyhedron in a, point C and meets the 
polyhedron in no other point, then AC is entirely interior and CB entirely exterior, 
or AC entirely exterior and BC entirely interior. — 

Proor. This is an immediate consequence of (50). 

. 62. Tf ina polyhedron all faces having a common side are divided into heo | 


‘sets. each containing an odd number of faces, then there are two points, one in a face 


of each set, which are internally accessible, and two points, one in each set, which ave 
externally accessible. — . 

Proor. Let AB be the common side and t) a point in it. Through Q 
pass a plane a not containing a vertex of the palyhedron p. Then the faces 
whose common side is AB will intersect o in' a set of segments radiating from Q. 
Order these segments as in (10) and denote them by o;. In the plane a con- 
truct a triangle ¢ with Q as an interior point which does not meet p except in 
points on the segments c; (17). The triangle ¢ is also to be' such that the lines 


. determined by its sides meet no vertex or edge cf p and no vertex of the 


triangle lies on a segment c;. 
Let the intersection points of £ and c; be 4;, Suppose the segment (or 
broken line) A, 4, is exterior; then A, 4; is interior by the definition of interior 


and exterior. Similarly A, A, i is exterior, ete. 


If now the faces of which AB is a common edge are divided into two sets, 
the segments c; are divided into corresponding sets. Let one of these sets be ci.. 
Then at some point in the ordered sequence of segments c; an odd number of 


' consecutive segments belong to o;, for otherwise 3j could not consist of an odd 


number of segments. Let the segment (or broken line) 4; _,A, which connects 
the first of these with a segment not of o; be exterior; then, since these are 
alternately interior and exterior, it follows that the segment 4, 4,,,, which 
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connects the last of these segments with a segment not of [o]’, is interior; 
and hence the theorem is proved. i 
53. Any two points of a polyhedron have both internal and external mutual 
accessibility. 
| Proor. Let A be any point on the polrhedron. It follows from (49) ind 
(50) that if a single point of a face of the polyhedron is accessible from A, then 
every point of this face is thus accessible. Suppose not all points of the poly- 
hedron accessible from A. Let [4| be the set whose faces are thus accessible, 
and [2] its complementary subset of [¢]. Then by (41) there is at least one 
edge which is a side of an odd number of triangles in each of these sets. "Then 
by (52) points of some face of [2]" are accessible with points of some face of [t] 
by both interior and exterior connection. Hence it follows that every point of 
‘the polyhedron is accessible from A by both interior and exterior connection. 
54. Any two interior points and also any iwo exterior points of a polyhedron 
are mutually accessible with respect to the polyhedron. 
| Proor. Let A and B be any two exterior points of a polyhedron p. Con- 
nect them to points in faces of the polyhedron by segments AC and BD such 
that the rays AC and BD do not contain a vertex or a point.of an edge of p, 
and the segments AC and BD contain no points of p. By (53) C and D are 
mutually accessible by exterior connection, and hence by (50) A and B are 
- thus accessible. ` 
If the given points are both interior, the argument is precisely the same. 
From (48), (54), and from the fact that every point not on a polyhedron 
is either interior or exterior to it, we now have: 
55. A- polyhedron separates the remaining points of a three-space into two 
connected sets. ; 
It is also easy to show that these sets are both entirely open, the definition 
of entirely open set being modified to suit the case of three-dimensional space. 
56. For every polyhedron there ts a complete line which is entirely exterior to it, 
while no line is entirely interior to 4t. 
PRoor. This follows at once from (29) by passing a plane through the 
polyhedron. 
57. Lf an interior pot of a bl yhedron lies within a dihedral angle, then a 
point of the polyhedron lies within the dihedral angle. 
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 Pnoor Let J be the edge of the dihedral angle and P the given point. 


Connect P witha point A on / exterior to the polyhedron (56). .Then the segment . 


AP lies entirely within the dihedral angle and meeté the polyhedron (54). 
$ 7. Hip of the Polyhedron. 


 Devtnition. A finite set 2] of polyhedrons j is said to constitute a VON: 


, sition of a polyhedron p if: 


(a) No two polyhedrons of [7] have an interior point in common. : 

(b) Every interior point of a polyhedron of [ p]i is an interior wt of p. 

(c) Every interior point of p is an interior point of & polyhedron of Lp) or 
lies on one of, these polyhedrons. 

58. If [p] ts a decomposition of a Solved p, and if P.is a point ona 
polyhedron p, of [p], then P 4s an interior point of p cr lies on this polyhedron. 

Proor. Let A be any interior point of p,. Connect A and P by a broken 
line which lies entirely within p, (55). Then by the definition of decomposition 
the broken line AP lies within p and hence contains no point of p. Therefore. 
P can not be an exterior point of p, since every broken line connecting an ` 
interior and exterior point meets the polygon (48). - 
.. 89. Not every polyhedron can be decomposed into tetrahedrons in such manner 
that every vertex of the tetrahedrons is a vertex of the poiyhedron. 

Proor. This proposition is proved by exhibiting a: purum of which . 
no such decomposition exists. 

Let Æ, C, E, (in Fig.1) be any three non-collinear points. S, and S; are pointe 
on CE, and C E, respectively j in the orders CE,S, and CE, &,. Let O be the inter- 


| section point of the segments S, E, and S,E,. (That these segments meet is an 


immediate consequence of the triangle transversal axiom.) V, and V, are points 
on the segments OS, and OS, respectively. Connect S, S. Let the inter- 
sections of S, S, with the lines CV, and CV, be C, and, O, respectively. It 
follows that we have the orders C V10, and CV,O,. A is any point not in the 
plane Æ, CE- Connect O, O, ànd O, with A. On segments AO, and 40, 
select points D, and D, respeciively, and on the line AO select B in the order 


‘AOB. "Then we consider the following points, triangles and segments: : 


t 
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D, E, 


Seven points: l A, B, © Dy, B, 


ABD,, ACD,, CD,E,, BDE, BEE, 


Ten triangles: 
Ras rare d l ABD,, ACD;, OD,E,, BD,E,, CE,Ey. ° 


AB, BD,, CD, 
AO, BD,, CDa, DE, 
AD,, BE, CE, D, Es, 
AD,, BE,, CE,. 


Fifteen segments :- E, E, 


These triangles form a polyhedron; for: 

(1) Every side of a triangle is common to exactly two triangles. 

(2) No subset of these triangles exists such that (1) of the definition of a 
polyhedron holds. This remains true for any finite decomposition of the triangles 
here given, for every such decomposition leaves every edge cominon to exactly 
two triangles. 

, We now show that any triangle not a triangle of this polyhedron but deter- 
mined by three of these points lies wholly or partly outside the polyhedron. 
This is best done by showing that every segment not an edge of this poly- 
hedron but determined by two óf its vertices lies wholly or partly outside the 
polyhedron. These segments are: 


l AE,, D, Ez, 


BC. DD 
AE, DE. 7 v" 


All vertices of the polyhedron except A, C, Æ, lie on the same side of the 
plane determined by these points. Hence there is no interior point of the poly- 
ledron in this plane, and the only points of the polyhedron in this plane are 
A; €, E, and those of the segments AC and CE. Hence the segment AZ, is 
entirely exterior to the polyhedron. In the same manner 4 Z,, BC and D, D, 
may be shown to be entirely exterior to the polyhedron. | 

'We now notice that there are no points of the polyhedron within the dihedral 
angle whose edge is AO and whose faces contain the points O, and O,. Hence 
by (57) there is no interior point of the polyhedron within this dihedral angle. 
Further, Æ, and D, lie on the same side of the plane AOD,. Hence by (40) 
part of the segment D, Æ, lies partly with the dihedral angle O,.4 O O,. But 
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this nd of D, E, is exterior to the polyhedrà on. In the same manner we may 
show: that :D, E, is partly exterior to the polyhedron. | 


We now observé that every triangle determined, by three of the — 
A, B, C/ Dy; D,; E, E, which is not a triangle of the given polyhedron has one. 


of these segments as a side. Hence by (58) no such zriangle can belong to a set 
of triangles which constitute: a. get of polyhedrons that form a decomposition of 
the given: polyhedron. | Í | 


DEFINITION. .À polyhedron is convex if all its interior points lie on the same 
side of every pus Beteenned by its faces. | 


4 
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60.: A ray proceeding from a vertex A of a tetrahedron and containing an 7 


interior. point P meets the face opposite the given vertex in a point B in the order APB: j 


61. - PROBLEM. -To decompose any convex polyhedron into a set of tetrahedrons. 
"^ Sonotion.’ Let A be any vertex of a given convex polyhedron p. Consider 
all triangles of p which do not lie in the same plane with a-triangle of p of which 


A is a vertex. Any one: of these triangles, together with the three. triangles 
determined by its sides and the point A, form a tetrahedron. : The set [r] of all 


such tetrahedrons form a decomposition of p; for: | 
(a) No two of these tetrahedrons have an. interior poini in common. 


‘Suppose there’is' such common interior point P; Then the ray AP must 
meet p in two different faces (60). -Since no two faces have a point in common, 
it would follow by (53): that not all interior points of the is eee i lie on the 
same side of each of the planes determined by these faces. | Le 
8 V 
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(b) Every interior point of p lies on or within a tetrahedron of [T]. 

Let P.be any interior point of p. Then the ray AP meets p in a point 
not in a plane with triangles of which A is a vertex, and hence it meets a face, 
an edge or vertex of a tetrahedron of [v]. That is, P is on or within one of 
these tetrahedrons. i 

(c) Every point within a tetrahedron of [v] lies within p. 

Let P be any point within a tetrahedron of [v]. Then the ray AP meets 
a face of p in a point B in the order APB (60), and in no other point.. Hence, 
by the definition of interior and exterior points P is an interior point of p. 


62. Ifa plane a contains an interior point of a polyhedron p, then there exists 
a set of triangles, [^], ., such that every interior point of p which lies in a is on or 
within a triangle of [t], a, while no exterior point lies within one of these triangles. 

Proor. If a contains a face of p, then an interior point of p can be con- 
nected with a point in this face only by crossing a vertex or edge of p (9), 
provided the connecting broken line lies in a. Denote by [o] the set of seg- 
ments, and their end-points, consisting of all edges of p in æ and all inter- 
sections of a with faces of p. / 

Let P be any interior point of p ina and [P] all interior points of p ina 
accessible from P with respect to [c]. By (56) this set does not include the 
whole plane, Hence there is a subset of [c] which fulfils the conditions of (27), 
and hence forms a simple polygon p,. All points or this poreon are points of P, 
and all its interior points are interior points of p. 

If ther e is an interior point P, of p ina not within p,, then in the same 
manner as above we obtain another polygon p, having similar properties, and 
so on. These polygons can not have an interior.point in common, and hence 
a segment can be a side common to not more than two of them: Hence the 
process exhausts the segments of [c] and we obtain a finite set of polygons such 
that every interior point of p ina lies within one of them. A decomposition of 
these polygons into triangles gives the set of triangles specified in the theorem. 

63. Ifa plane a, contains an interior point of a polyhedron p, then [t], a, 
together with [t] of p as decomposed by a, form a decomposition of p. 

Proor. Consider those triangles of p which lie on one side of the plane a 
together with [¢],,, and their interior ‘points. Denote this set by [£]'. If a 
‘side of a triangle in this set does not lie in a, then by the definition of p every 
such segment is a side of an even number of triangles. 
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If a side of a ‘triangle is an intersection of a with a face of p, then it is 
common to exactly two triangles, one of p and one.of [¢],,,; and if the side 
lies in'a but not in p, it is also common to two triangles. . 

"it remains to consider the case when an edge of p lies in a. Denote the 
segment by o,. We need to consider two cases: when.o, is a side of a triangle 
in [¢],,., and when it is not. In éither case it follows. directly from the con- 
struction used in the proof of (52) har 9, is a.side of an even | number of 
triangles in [1]. TN 

Obviously no two triangles of rey have an interior point in common, and 
no one contains an interior point of another. Since the set [¢]’ is finite, it follows 
that there must be some subset of it^ of which no proper subset satisfies the con- 
dition that every side of a triangle is. common to an even number of triangles. 
‘Hence the set [¢]’ constitutes a set of o UT: such that no two of them 
have a face in common. Then: 

(a) No two polyhedrons of [p]! have an eror point in common. To 
show this, note first that every polyhedron of [p] has at least one face in a, 
and that each triangle of [7], is used only once in [p]'. From a point Q 
within a triangle of [#],,. pass ¢ half-line which con-ains no edge or vertex of p 
and which lies on the same side of a as the interior points of [p]’. Then there 
is a point R on this half-line such that there is no point of p on QR. Then QR 
lies within exactly one polyhedron of [p]. It now follows at once that no point 
on this:ray lies within more than one polyhedron of [p]. 

(b) It follows at once also that every interior point of p on the same side 
of a as E lies within a polyhedron of [ p]', and A 

: (c) That every interior point of a polyhedron of [p]';is an interior point 
of p. | 

_ If we now consider that part of p which lies on the opposite side of a from ' 
R, we obtain a similar set of [ p]" of polyhedrons, Now all interior points of p 
iot] in a lie within polyhedrons of the sets [ p]' and [p], and all interior points 
of p not within these lie on or within the set of triangles [/]5,,; that is, they are 
on the polyhedrons of Lp and [p]/". -Hence these two sets form a decompo- 
sition ‘of p. mE D 

64. ProsLem. To decompose any polyhedron into a set of tetrahedrons. — 

. - Sozution. If the polyhedron is convex, the problem is solved in (61). 
the polyhedron i is not convex, the solution is made by. vee how to td 
pose it into a set of convex polyhedrons. 
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Let. be a plane determined by a face of the polyhedron p such: that not all 
of the interior points of p lie on the same side of a. Then by (63) [#],, .' decom- 
pose p into a set of polyhedrons such that all interior points of each polyhedron 
lie on the same side of a. If some of the resulting. polyhedrons are not convex, 
we decompose each as before, etc. That tkis will result in a.set of convex 
v follows from the: finitude of the number of edges of p. 


S 8. Reniarks on the Definition of the ‘Polyhedron. 


DEFINITION. A polyhedron consists of a finite set [7] of triangles, together 
with their interior points, such that "E 
(1) Every side of a triangle is common toa an even inier of triangles. | 
(2) There exists. no finite decomposition of the triangles of [7] into. other 
triangles forming a set [7]' such that (1) is true of a proper subset of er 
65. .This definition. is not redundant. 


(1) is independent of (2), because (2) is satisfied by.a single trancis wits 
-(1):is not. 

(2) 1s independent of (1), bonis (1) is satisfied by the "E of T 
forming two distinct tetrahedrons, while (2) is not. 

66. (1) of the definition is not provable from (2) and. the following alind 
“Every side of a triangle is common to at least two triangles.” 

Proor. (2) of.the definition and the statement ‘‘Hvery side of a tr angles is 
common to'at least two triangles" are both oe by the following figure, 
while (1) is not. TX 

Consider an anchor ring with the opening through it closed by that part of a 
plane which is bounded by the smallest circle whose plane divides the ring intó 
two complete rings. Connect the boundary cf a small circle Within this circle 
with the body of the anchor ring by means of a tube which shall contait no 
interior points of the large cirele except the small circle.in its interior. If these 
surfaces are formed ‘by triangles instead of by continuously. curved surfaces, we 
have a set of triangles which satisfy every condition of the definition except that 
its edges.are not all common to an even number of triangles. mm this set 
of triangles does not separate space into two sets. 

In terras of the language of. this popas, a figure corresponding, to the above 


may be described as follows : 
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olaldie ‘a tetrahedron :OABC.. Through A, B,, ©, points on: AO, BO, | 


p^ “respectively, pass a plane. : Let the three. non-collinear. points..A,, B,, C, 
within, the triangle ABC and the point O ‘determine. three triangles. Let the 


segments OA,,-OB,, OC; méet.the interior of the triangle. A, ByC, in’ the points 


& & 4 & à 
t * ` + 25 5 E * 
k z ae. + n ans t es t2 * 3 p? ** E - x. a * d ako eer A "bow oz aNa 
2 I : ` 7 
‘ ri s > 
t 1 t 


w . 
-— 
^ T — 
bs 





Fie. 1L — 


As, B, and O; respectively. Arrange the notation so that the segment A, A, 
does not meet A; Bz,- B; C$ or C, A;, and so that A.A, does not intersect A, By, 
B,0, or 0,.4,. A polyhedron i is formed by the triangles into which the following 
polygons may be decomposed : ACBB,C, A, A, AA ,B,BA, A,0, B, B 30s s A, 
4,45 B;B;A,, ABB, A, A, BOCC,B,B, CAA,C,C, A,B, BA, 4,, B,C, C4 B, B, 
and GA; 45:0, C. (This polyhedron corresponds to the anchor ring.) 
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Call this set of triangles [t]. From Q, any interior point of A.A, B, B A, 
draw segments to the non-collinear points A,, B,, C, within the triangle 45.55 6;, 
meeting the interior of the quadrilateral A, B, B5 A; A, in the points A;, B;, C; 
respectively. We now adjoin to the set of triangles [7], suitably decomposed, 
‘the set of triangles into which we may decompose. A, B, B; A; A,, B,C, C; DB, B, 
and C, 4, As C; Cı, and the remainder of the interior of A; B, C, when A, B, C, 
is removed, and omit the triangle A; B; Os. This set of triangles have the 
following properties: | 

(1) Every side of a triangle is common to two or more triangles. (All are 
common to two triangles except A; B5, B4 C3, CsA, each of which is common 
to three triangles.) | | | 

(2) There is no proper subset of which (1) is true. 


Boston, Mass., January 11, 1910. 


On the Solutions of Certain Types of Linear Differential 
Equations. with Periodic Coefficients. 


By F. R. MOULTONS AND W. D. MACMILLAN. 


220 | i. Introduction. 


Most of the methods which are employed for finding the solutions of differ- 
ential equations were devised in order to solve the practical problems which 
arise in celestial mechanics. It is sufficient to mention in this connectior the 
expansion of the solutions as power series in the independent variable, as power 
series in parameters, the method of the variation of parameters in the general 
non-linear case, and the method of successive approximations. ‘The first two ` 
and the last were used formally by the founders of the analytic theory of the - 
motions of the planets—Clairaut, d’Alembert, and Euler— and the third was 
given its general formulation by Lagrange at the erd of the eighteenth century, 
and its widest application by Delaunay in his Lunar Theory, in the middle of 
the nineteenth century. All of these processes w2re extensively employed in 
celestial mechanics for obtaining practical results, without any inquiry being 


." made regarding the circumstances and realm of their validity. Indeed, it was 


as late as 1842 that Cauchy T began laying the Dei of the modern theories 
of differential equations. 

- The recent contributions to the theory of differential equations, which have 
been stimulated by problems in celestial méchanics, have come chiefly-from the 
hands of Hill and Poincaré. In 1877 Hill} published privately at Cambridge, 
Mass., his famous investigation of the motion of the lunar perigee. In this 
memoir he treated with rare skill the differential equation 


: p + (tw = 0, 


* Research Associate of the Carnegie Institution of NARI 
t Cauchy' 8 Collected Works, 3d series, Vol. VII. 
t Also reprinted in Acta Mathematica, Vol. walt (1886), pp. 1-36; Hill’s Collected Wor ks, Vol. D pp. 948-310. 
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where 0 is a simply periodic function of 4. About the same time Hermite* dis- 
covered the forra of the solution of Lamé’s equation, which has a doubly periodic 
coefficient. Starting from Hermite’s results Picard+ showed that in general a . 
fundamental set of solutions of a linear differential equation of the n-th order 
having doubly periodic coefficients of the first kind can be expressed in terms of - 
doubly periodic functions of the second kind. In 1883 Floquet tf published | a 
complete discussion of the character of the solutions of a homogeneous linear 
differential equation of the: n-th order having simply periodic coefficients. In 
this memoir Floquet gave not only the form of the solution in general, but he 
considered in detail the forms of the solutions when the fundamental equation 

' has multiple roots. The forms of the solutions being thus known, the efforts of 
later writers have been directed toward the discovery of practical means for 
their actual construction. Among those who have discussed the problem ‘of 
finding the solutions of Hill's equation we may mention Lindemann §, Lind- 
stedt||, Bruns], Callandreau**, Stieltjes Tt, and Harzer]i. 

In all of these investigations a large amount of attention has been devoted 
to finding the roots of the fundamental equation; or equivalent transcendentals. 
Hill determined them from an infinite determinant which he first introduced ' 
into analysis in this connection; Lindstedt found them from an infinite con- 
tinued fraction §§. In all cases these transcendentals were computed first, and 
then the solutions were found later. It should be noted also that the processes 
are valid only under certain special conditions which, fortunately, are satisfied 
in the case of Hill's equation. The problem is treated in a much more general 
way in Poincaré’s Les Méthodes Nowvelles de la Mécanique Céleste, Vol. T, ae 
II, Sec. 29, and Chapter IV. | 

In e problems involving accelerations simultaneous differential 
equations of the second order naturally arise, but it is easy to reduce them to 
twice the number of simultaneous equations of the first order. Now n simul- 


* Comptes Rendus., 1877 et seq. 
+ Comtes Rendus, 1879-1880 ; Journal für Mathematik, Vol. XC (1881). l , 
i Annales de ? Écote Normale Supérieure, 1833-1884. 
8 Mathematische Annalen, Vol. X XII (1883), p. 117. 
| Astronomische Nachrichten, No. 2503 (1883), and Mémoires de P Académie de St. Pétersbourg, Vol. X XI, No 4. 
«[ Astronomische Nachrichten, Nos. 2588 and 2553 (1883). 
** Thid., No. 2547 (1883). 
++ Ibid., Nos. 2601 and 2609 (1884). 
tt Ibid., Nos. 2850 and 2851 (1888). 
' 88 See Tisserand’s Mécanique Céleste, Vol. III, Chapter I, 
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taneous differential equations of the first order include one differential equation 
of the n-th order, for the latter’ can always be reduced to the former. 
Hence we shall treat here as the general case and the one most simply 
connecting with dynamical problems a set of simultaneous linear differential 
equations of the first order having simply periodic soefficients. We shall find 
the character of the solutions of the differential equations without further 
restrictions by a very direct process. Then, simple and convenient methods 
are given for constructing the solutions in all cases in which the coefficients of 
the differential equations are expansible as power series in a parameter u, and 
the terms not depending upon u (at least in a large part of the discussion) are 
 eonstants with respect to the independent variable. The linear differential 
equations having periodic coefficients which arise in celestial mechanics,* of 
which Hill's equation is a simple example, belong to: this class. 


Pd 


. &2. The Fundamental Equation. 


We shall consider the differential equations 
s = 3 6t), eis. TE | | (1) 


where o is the derivative of x, with respect to the independent variable £, and 
where the 6,; are uniform analytic functions of 2 and are periodic with the 
period *2zt. Let 


~- a = ball), pone , € i n = $t), t= 1,. nr 
be a fundamental set of ssid of (1), where x; = $4(0, 1 = 1, ....,n, is the 
j-th solution. The determinant of the fundamental set, 
| A= | Pi | ? 


1s und: by taking the derivative and d reducing by means of (D), to satisfy the 
relation 
A ZA X u(t); 
=l 
whence T 


t 
J 3 ou dt 
ty i= =1 


A= Ae 


| (2) 
Hence A can become zero or infinite only at a n of some 6,(t). 

*Some of the methods exhibited here were devised in conneetion with problems raised.in the theory of 
periodic orbits. They were first applied to Hill’s equation by Moulton in a paper whose abstract is in Bull. 
of the Am. Math. Soc., Vol. XIII (1906-7), p. 71, and were later extended by our joint investigations tc the 
general case. ‘ 

T Darboux, Comptes Rendus, Vol. XC (1880), p. 526, — 

9 n ; ` 
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We now start from a particular set of solutions satisfying the initial con-, 
ditions n | | 
(40)—1, @(0)=0, . if spe. EO 
It is clear that a set of n solutions satisfying these initial conditions can be con- 
structed, and since for them A, — 1 is distinct from zero, they form a fundamental 
set of solutions. | 

Let us make the transformation ^. 


a, = ety, (4) 
a being an undetermined constant. Then equations (1) become 


yi + ay; = z Ciy: | (5) 


Any solution of (5) can be written in the form 


g= = E AD, tol : (6) 
where the A, are suitably chosen constants. 

We now inquire whether it is possible to determine a and the 4, so that. 
the y;, as defined by (6), shall be periodic with the period 2x. From the form 
of (5) it is clear that sufficient conditions for the periodicity of the y, with the. 
period 27 are 


y;{ 27) — y{0) = 0, ERE T (7) 

Imposing these conditions on (6), we get 
X Aldus 27) —'€"$,(0)] = 0, Pil, (8) 
In order that these equations may have a solution other than 4,— ....—: 4,— 0, 


the determinant of the coefficients of the A, must equal zero. Making use of (3), 
representing $;;(2z) simply by $,;;, and letting e*"= s, the determinant is 
Pu— s, « Pre o YES Pin 
p= $2 > a — S,- verry Dan 
PNE i Maney "augue cies 
Qu » Par yt, Pan 8 
This is the fundamental equation associated with the period 27 and is of degree n 
ins. It admits neither s = 0 nor s = œ asa root, since the absolute term is the 


value'of the determinant of the fundamental set of solutions at the regular point 
t= 27, and the coefficient of s" is (— 1)". 


EU. x (9) 
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S 3. Torm v the Solutions. 


Suppose the roots of (9) are &, ...., s, and that they : are all EG For | 
each of them there is therefore at lease one first minor of D which is distinct from 
zero, and hence for each of them the ratios of the A, can be determined from (8) 
so that the y, shall be periodic. In this way n solutions are obtained i can 
. be-shown to constitute a fundamental set. | 

Suppose now that s, =s, and that all the other roots of (9) are distinot. 
There are two cases to be considered, according as all of the first minors of D 
vanish or do not vanish for s= s. Suppose all the first minors of D vanish 
for s =&; since by hypothesis 8-8; is a double root and not a triple root,. 
there is’ at least, one second minor of D which does not vanish for s— 81. 
Therefore two of the 4, can be taken arbitrarily and the remaining n— 2 can . 
be expressed in terms of them so that the y; shall be periodic. We thus obtain 
two distinct solutions of the form d 


$464 and Vig = € "ya, i= i zx " Ny, | (10) 
where thé y, and y; are periodic. C | 
Suppose s — s, is a double root of (9) and that not all its first minors vanish 
fors =s; Then there is but one solution: of the form 
| (wq — Yag. | "m 
The Ja are expressible linearly in terms of the $;; by (6). Let the notation be 
chosen so that the minor which is not zero is formed from the elements of the 


last 2 —1 columns, Then A, must be distinet from Zero in order to avoid the 
trivial case in which all the A, are zero. 


Then we take as a new set of solutions . . 
ty = e Ya, xy, | C1, ni f= -.--,m (11) 
These solutions constitute a fundamental set, for their eaten 18 


Yus, Pigs -res Dn 


ag | 42» Qo, (5 Qn 
e^t |. 3 

: ee ty ab. » ONUS a aia 

Yms. Qu > t3 Pan 


which. becomes, by means of (6), A,|@,;|, which is distinct from zero. ET 
with this fundamental set, the fundamental equation is | 
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yi (0) , Piz , E Pin 
ee sxg.. > (12) 
Mg aen aea sees 

Yn1(0), Pre , ub. Pan — 8 | 
Since s — s, is a double root of D, the determinant D, has a single factor s — s. 
Since (11) constitute a fundamental set, any solution can be expressed in the form 


n 
g, == Betyg + Z Bs, PE ssi (13) 


Now we make the transformation, corresponding to (4), to get a second 
solution associated with a, 


ig = e (sr ya) - (14) 
Imposing the condition that the Xg Shall satisfy (1) we find, since ey, is a 
solution, | 
n ; 
Yi F 049i = x ugs — Yin; al re ee | | 


Therefore sufficient conditions that the y; shall be periodic with the period 2x 
are 


yi ( 27t) — ya (0) = 0 = — Atya (0) T Bj;[e ?**"9,((2x) — $,(0)]. l 


Substituting s, for ¢", we have 


"M 
— 9715, ya(0) + X B[oj(?70 —8:,;(0) | = 0, Jp. 2 pag (2 (15) 
The condition that these equations shall be consistent is 


yu(0) ; Pre ; ub Qi, 
D, ES Va (0) : Po — 81, $05 bg Qon 
iru eg ; TERETE TEET tg 


Ym (0), Qa yo, 9 — 85 


It was shown in (12) that this determinant has a single root s — s. Hence not 
all its first minors are zero. By hypothesis not all minors of the first order 
formed from the last n —1 columns of D, which are the same as the last n — 1 
columns of D,, are zero. Therefore we can solve equations (15) for B,,...-, B, 
in terms of y4(0) which carry an arbitrary constant as a factor. Consequently 

. in this case a second solution depending upon a, exists and is expressible in the 
form (14), where yn and Yiz are both periodic. 


~ 
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When s =s, isa triple root of p= = 0, an aralogous E N shows that 
the three associated solutions are of the form 


ta = Ya, Ca = C Yig, du = C ys, E $SSL 2e, 
or: 
Qa = Yy, ag = et Ja» Tig = = Oe - ya tgye] =], et Ry 
or 

tq = — yay Cy = “tT ye + Ya], ta = e" [Yis + tya talyyl, $7—1,....,m, 


according as all the minors of D of the first and second orders vanish for s = s,, 
or all those of the first order but not all those of the second order vanish, or not 
all the minors of the first order vanish. : | 
Incase s=s, isa root of multiplicity v, the associated group of solutions 
‘have the form 

qu = Yy, "E 

Ps = e" [yg + tya), "E 3 

us = e" [ya + Jut 349a], | | (16) 


a 1 | y— 
d . Liy — E y. sp LU PSY + Arc TF (»— 1)! t yas 


where the y;; are periodic wiih the period 25, provided not all the minors of D 


., of.the first order vanish for s = s. In case all the minors of D of order k— 1, 


but not all of order Æ, vanish for s= s, there are & solutions of the type of 
the first of (16), the others — products of ¢ to powers not exceeding 
v —k and the yj, t==1,-....,”, J= 1, ....,». The details for a single. - 
- differential equation of order. n were given hy eguei (loc. cit. » and ihe results 
are similar here. 


v 


(S4. The Cháraciórisito Equation when the Cocglictents, 0;,, are Power Series 
tn a Parameter u. : 


* 


We shall now assume that the 0; are exparsible as power series in a 
parameter u whose coefficients are separately periodic with the period 2%, and 
that the series converge for all real finite values.o24 if |u| «79. We shall assume 
further that for u = 0, Qi; = aj, where the a,; are constants. Under these con- 
ditions, which are often realized in practice, particularly in celestial mechanics, 


* Hill's differential equation, considered first in his paper om the motion of ihe lunar perigee, is an 
i "Buon of this type. : ; : 
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the discussion of the character of the solutions can be made so as to lead to a 
convenient method for their explicit construction. 
Consider the equations ` 


e n ao ) 
- G5 j = > Los + E Opu Jes, Le ETE 3 . (17) 
where the a,; are constants. When u = 0 they have the solution 
of — oer, 


where a is any one of the roots of the characteristic equation 


(0) 
] Ou e— (ON, J dz H ee * 5 Gin 
0) 
o1 ? doz — a J ido. Gon, 
=), (18) 
$ goo a eeg 2S d onc» gy: LESE. | s. * 9 œ 
: (0) 
Any 3 Ang J Vcr Quy A 


If the » roots of this equation are distinot, a fundamental set of solutions of 
(17) for u — 0 is 


(y acus at 


Qj — 6,67"; $,2—— 1,....,AM, 


where. the c;; can be taken so that Gy 55-1. 

By Poincaré s extension of Cauchy’s theorem,* equations (17) can be - 
integrated as power series in u which will converge for O<t< T, T any arbi- 
trary finite value, provided |u|« E, R depending upon 7. Hence we can write 
the general solution of (17) in the form 


x, = == Ajo + EE (18) 


ens the A; are the constants of integration, and the x are functions of t 
depending on the 0;. We can take the initial conditions so that 


a, (0) = 200 = 


Therefore | 
ao (0) = jg, (0) = = 0, k= 1, e, 99. 


Now we make the transformation 
P T; = ety ty 


after which the differential equations and their solutions become 


* Les Méthodes Nouvelles de la Mécanique Céleste, Vol. I, Chapter II. 


“ 


wee 


Linear Differential Equations with, Periodic Coefficients.  — 71 ` 


p Cay 288p, 2 i= 1, sey m3 
| (20) 
"E =3 Ae [ee ze Xa, YES ly assu ie 


imposing the coüditioms that the Yi shall be periodic with the period 27t, vi7., 
— W(2n) — y(0) = 0, we get ` | 


0 =3 Alee P -o 1) + e Xoff(2n)u*], l i=1,... „ne (21) 


In order not to have the trivial ease where all the 4 are zero, we must set the | 


determinant 


D =j [e "a 1) + em Sapa] = 0, . | (22). 


which is a condition upon the undetermined constanta. This nidis has an 


‘infinite number of solutions ; for if it is satisfied by a = Gy, it is also satisfied by 
a = ay Hvn —1, where v is any integer. All distinct solutions can be ob- 
tained with » equal to zero; the others amount simply to taking periodic factors 


from the y,. The fundamental equation corresponding to (22) is obtained by. 


_ putting &e*"— s. If the n values of s satisfying. the fundamental equation are 


distinct, the corresponding values of o are distinct, but not necessarily the con- 
verse. We shall use only those n values of a which reduce to. the aj? for u= == 0, 


the n af? being uniquely determined by (18). 
In the event that two of the’ roots of the characteristic Sanao say aP 
and af, are equal, the solutions are either of the form (19), where ay = = ap, or 


= Ay [ca en a To 5 ad F Allce zu cadi ix x viy u] 


+. z Alope + SafPu"]. (23) 


' After making the transformation «,=-e“y,, writing out the solutions for y; from 


(23), and imposing the periodicity conditions, y,(2%) — y,(0) = 0, on th ey, We 


find that if not all the A; are zero either (22) is satisfied or 
die = | [i em pn 1) et E AP On), 


[ese 1) + 2e P- 4 e Xs 2n)u^], ..-.] 0, (24) 


i 
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according as the solutions for u — 0 are of the form (19) or (23), where the 
terms of the deierminant not written are of the same form as those in (22). 
When for u — 0 the characteristic equation has a root of higher order of multi- 
plicity, a corresponding discussion must be made. If for u =0 the charaeteristic 
equation has several multiple roots, a corresponding discussion must be made 
for each associated group of solutions. 


$5. Solutions when af Are Distinct and af? — a 40 mod ^/ — 1. 


The part of (22) independent of u is 


$ 7 l 
Dy = |o;( P — 1) | = Je;] IL (ee — 1), 
j=i 


and the initial conditions have been taken so that |c; |= 1. If (22) were an 
identity in u, its n solutions would be the n solutions of D,— 0, viz., a= a9. 
In the general case in which it is not an identity in uw let 


a = a + Bl. (25) 
Then we get | l 


D — D, + uF; Br, u) — (eP — YII (ee HEN 1) 
| ra | 
+H uE u) =, ^ jx k, (26) 
where F,(6r, u) is a power series in u and Bp, converging for - | 


|r| Ko, dul po. 

Since by hypothesis no af? — af equals an imaginary integer, the expansion of 
(26) as a power series in B, and u contains a term im 8, of the first degree and 
no term independent of both 8, and u. Therefore by the theory of implicit 
functions (26) can be solved uniquely for &, as a power series in u of the form 

Bx = Plu), (27) 
— which converges for |u| 77 0 but sufficiently small When we substitute this 
value of a = af? + 8, back in (21), we have x homogeneous linear equations 
among the A; whose determinant is zero, but whose first minors, for u = 0, 
are not all zero; since, by hypothesis, for u = 0 the roots of the determinant 
set equal to zero are all distinct and no two differ by an imaginary integer. 


Therefore the ratios of the A, are uniquely determined by these equations as 
power series in u, converging for |u| sufficiently small. Substituting the ratios 
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of the A, in (20), we have the particular solution yip, $—1,....., n, carrying one, 
arbitrary constant and expanded as a power series in u. Hence we may write it 


Yin = a, X yes. —— ` (38) 
Since the periodicity conditions have TA satisfied, 


Yalt + 2n) — Yalt) = 3 Ly (t + 270) — yin]? = 0 
for every u whose modulus is suficiontly small and for all 4. Therefore 
y + 2n)— YG) =0, 3-9... 


, from which it follows that each y$, j= 0, ...., ©, is separately periodic. A 
solution is found similarly for each af". | ! 


86. Solutions when no Two a Are Equal but when a® — o9 — 0 mod i — 


Suppose two roots of the characteristic equation (18) for u = 0, say a and 
ap, differ by an imaginary integer and that there is no .other such congruence 
among the a. Then the equation corresponding to (26) becomes 


D = (èr — 1P (EPP — 1) Bg Fs u) + WFB u)=0. (29), 


. The term of lowest degree in ĝ alone is 4-427852. The terms independent of [o Me 
carry u? as a factor, for every element of the first two columns of D, equation 
(24), in this case carries either @, or u as a factor. In order to get the terms in 
u alone we suppress those involving @,, after which we get a factor u from each 
of the first two columns. In general the term of lowest degree in u along will 
be i in this case of the second degree. 

In a similar manner if p of the af? are congruent to zero mod /—1, then 
the term of lowest degree i in G, alone is of ueeree p, and in g alone it is at least | 
of degree p. 

The problem of the form of the solution of (29) is one of implicit functions. 
Writing the first terms explicitly, we have 


Oir yuBie + You + terms of higher degree = = 0, 
where ^u, Yo, - ,'. are constants independent of B, and u. The quadratic 
terms may be factored and we get l 
X ; 
(01 — biu) bı — bzu) + terms of higher degree = 0. 
10 ! | | 


———. 
T vw acts PR 
” 
4 
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If b, and 5, are distinct, the two solutions have the form 


By = bu + u Pu), | 
Em = bgu + uw Pu), 


where P, and P, are power series in u which converge if |u| is sufficiently small. 
In this ease the solutions are found precisely as in $5. : | 
If b, — 5,, the character of the solution depends upon terms of higher 


(30) 


degree. It will proceed in powers of + “yu unless the 6 satisfy special con- 
ditions. But for special values of the 0j) it may proceed according to integral 
powers of u. We shall consider 1 in detail the case where the series is in powers 
of Vu. | 
We see that the expansion of a, as a power series in Vu will contain no 
term in v u to the first power, but will have the form 
a, = at? + 0u* + aPu + aP t.n. 
Suppose this series has been obtained from equation (29). Then since not all of 
the first minors of D are zero the ratios of the 4, will be determined from (21). 
Suppose uò is a non-vanishing first minor of D formed from the elements of its 
. last n— 1 columns. Then it follows from the form of (22) that, solving (21), 
“we get 


Ó "6, 
A, = Ty A A, = =" 1» 473,....,m, 
where 
§ = § + Sut + 39 4 ...., 
y— + Putt uti, | FEB yn 


Substituting these series for the A, in (20), we find that the y,, are developable as 
series of the form 

Jays + yam + yan +.. t=1,.-.-, 0. 
Therefore the y, carry terms in gj, aoad the term in Vu is absent in the 
expression for ay. 

If all the first minors ditsined from D when the first column is suppressed 
are zero, and if there is a first minor which is distinct from zero when the second 
column is suppressed, the results are precisely the same. But suppose all the : 
first minors obtained by omitting in turn the first and second columns are zero. 
Since the determinant has simple roots, there is at least one minor of the first 

order which is distinct from zero. Suppose :t is obtained when the kth column 


4 
1 
` 
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is suppressed. It follows from (22) that when a =a, it will carry the factor x’; 
let it be i70. Then solving (21), we get 
2 
Ay 5 Ay d A År, Au ER A, jm 9. siad di 

where ò, ô, 9; do not in general vanish for u — 0. It follows from the first 
two equations that A, must carry u as a factor. Hence in this case the ya have 
the same form as before. The y, have the same properties. "These properties 
of the y,, and the y; are necessary for the construction of the solution. 

We now return to the consideration of (29). If the diseriminant of the 
quadratic terms of (29), 

D = yi — 4 Yy, 

is distinct from zero, the solutions are in integral powers of u, and at least one 
of them starts with a term of the first degree in u. But if the discriminant is 
zero, then the character of the solutions depends upon the coefficients of terms 
of higher degree. They may be either in integral powers of u or in powers 
of Wu. If the solutions are in Vu u, they are real when u has one sign and 
complex when it has the other. But ifthe solutions are in integral powers of u, 
they are either real or complex for both positive and negative values of u. 

In all cases we get two solutions associated with the root af’. We should 
also get two solutions if we started from the root af”, but it follows from the 
form of (22) that they would not differ from those obzained by starting from a9. 
For each a? + 8, the ratios-of the A; are determined from (21), and the results 
substituted in (20) give the y,. The solutions associated with af, ...., a are 
found as in the preceding case. If there are several groups of a? in which these | 
congruences exist, the discussion is made similarly for each one of them. 


$7. Solutions when af? is a Multiple Root. 


Suppose that two and only two of the a, viz. a? and af), are equal, and 
that there are none of the congruences treated in $6. Then for u= 0 we get 
from (22) and (24) either l 

Pym lale oS. uie n an eue Oa 
or 

D=] oulei — 1), co ( e P-A — 1) + 2ztc, EeP- eu 

e, (EP — 1), «++ |, 


y. 


both of which, by the theory of determinants, reduce to 
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7b - ; 
Dy = [cy (22-2 —iyI(ew-— 1) (a1). . —— (8) 


= 


If we let a — a9? + B4, as before, and expand as a power series in ĝ,, we 
find that the term of lowest degree in (9, alone is 4z?0;. When the determinant 
D is of the form (22) with af = af, the term of lowest degree in u alone is at 
least of the second degree; but when D is of the form (24), which is the general 
case, the term of lowest degree in u alone is in general of the first degree. 
Except in the special cases, the solutions for 6, are therefore of the form. ` 


Oun- Pue), 
Bas = — gh P( — p), 

where P is a power series in x? containing a term independent of u. The treat- 

ment of the special cases proceeds as in $6. Substituting these expansions for 


(32) 


a, =a +. Q, in (21) the ratios of the A, are determined as power series in Vu, 
and these results substituted in (21) give the y; and Yp as power series in Wu. 
If, for u —0, p roots, af?,....., af, are equal, then for these roots the 
expansion of D starts with 6? as the term of lowest degree in 8, alone, and, 
except in special cases corresponding to those above mentioned when two roots 
are equal, the term of lowest degree in u alone is of the first degree. Conse- 
quently in general for af? —....— a9 we have | 


By; = eus P (e) us), j20,.., p—1, 


where ¢ is a pth root of unity. 


$8.. Solutions when there Are Equalities and Congruences among the Roots of 
the Characteristic Equation. 


Suppose, for example, that af? = af” and af differs from af? and a by an 
imaginary integer, and that there are no other equalities or congruences among 
the a®. There are two cases, (a) where the solutions are of the form (19) with 

. af = a, and (b) where the solutions are of the form (23). 


Case (a) In this case Dj— 0 becomes 


D, — | c (P €? —ayt — 1), cy ( e" em — 1), Cate ae oo i), Tee | 
c, (Pom "E 1), T€ | — 0. 
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Putting a — a? + B,, we find that the term of lowest degree in 8, is — 8:01. 
In order to get the term of D of lowest degree in u we put , —0. Then the 
first three columns of D are divisible by u, while the others do not contain y as 
factor. Consequently the term of lowest degree in u is of the third degree at 
‘least. "Moreover, since the first three columns of D vanish with 5,— u — 0, 
there are no terms lower than the third degree in f. and us Hence in general 
D, in case (a), i is of the form 


= Bit ya Pin + yeb + yog! +++. = 0. (33) 


Since the coefficients of this equation are real, it always has at least one real 
solution for 8, vanishing with u. The details of the various special cases are 
simply those of implicit functions. In general the three values of 8, are ex- 
pansible in integral powers of u. | | i 


Case (b). In this case D, — 0 becomes 
D= On oa 1); c, (£079 1) -4 2516, 29-07. Cp e 1), .. | 0. 
By the theory of determinants this equation reduces to 
Dy = (geP-9 — (P(E P- — 1) n (ee) — 1) — o. 
E s ! 


Introducing’ 6, as before, we find that the term of lowest degree in 68, alone is 
—87°8?. But when the terms involving u are retained in D, the terms 
. Inc, can not be eliminated from the second column. Hence only the 
first two columns vanish for 8,=yu=0, and therefore in general in this case 
the expansion of D will contain a term in u?,alone. Since the first two columns 
vanish for f, = u = 0, there will be no-terms of degree lower than the second 
in B, and u. Hence in general D, in case (b), has the form 


D= ßi + yunlu -+ Yot? +- = 0. (34) 

In the general case in which 44, 0 and yẹ Æ O there is one real solution in 

integral powers of u and two solutions-in Vu. The two latter are real or 

imaginary for u> 0 according as yņ is negative or positive. In all cases there 
is at least one real solution. | l 

The treatment of cases where there is a higher order of multiplicity of the 

` roots af? and more numerous congruences is similar. If the total number of 

roots equal to «{ is vy, and of those congruent to a mod V —1 is v,, then in 


BN 


y 
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the expansion of D the term of lowest degree in 8, alone is of degree vi + 2, 
and the term of lowest degree in y alone is in general of degree vı. There are 
no terms of degree lower than v; in £, and u. 


89. Solutions when D — 0 Has Two Roots Equal Identically in yu. 


The conditions necessary that D = 0 shall have two or more roots identical 
in u are that 


o 
Dla u)=0, y Dle u) = 0 


for all |u| sufficiently small. Let us suppose, for simplicity, that a, and a, are 
identically equal in u and that all the other o; are distinct. In this case D, has 
the form (31), but there are no terms in D of the first degree in y, for then By 
and 6 could not be equal. The value of 8- = i; is found as in 37, and the 
corresponding solution is obtained by solving (21) for the ratios of the A, and 
substituting the results in (20). If all the first minors of D vanish for a = o, 
then two of the 4; remain arbitrary and we obtain in this way the two solutions 
belonging to a. 

Suppose not all the first minors of D are zero for a =a. Then there 
remains but one arbitrary in the solution of (21) for the ratios of the A,. Sub- 
stituting this result in (20) we get the solution ya(u, t), from which we have by 
the general transformation | 

| | qu ew, | (35) 
where the jy, are power series in u whose coefficients are periodic in ¢ with the 
period 27. 

By the general theory of 82 we know that the other solution depending 

upon a, i$ 

Big = e" (yis T tya) $z21,....,m, (36) 
where the Y are periodic in £ with the period 2%. Substituting these expres- 
sions in the differential equations (17) and making use of the fact that the ey, 
are & solution, we get : 


n co 3 
Yiz F Yiz i [aiy e OF us = — Ya, t= Í,- 0. (37) 


If the right members of these equations are put equal to zero, they become 
precisely of the form of the equations satisfied by y,. Consequently the only 
solution of these equations which is periodic with the period 27 is ya — Ya plus 
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such particular integrals that (37) shall be satisfied when the right members are 
retained. The part ya is useless since it belongs to tre first solution, which con- 
tains an arbitrary factor. The method of finding the particular integrals will be 
taken up in $16. It will there be shown that the y; are also power series in u. 
When D = 0 has a multiple root of higher order of multiplicity for all |u | 
' sufficiently small, the Yu, Jm, >- t= 1, -..., n, are found in succession, the 
problem for yj, ya, .... being that of lios equations with right members 
e to (37). | | 


§ 10. Direct Construction of the Solutions m ihe a9 Are Distinct and 
af — a9 E 0 mod V— 1, $zz1,....,m, j-1l,....,m. — 


The methods given above lead to the constructions of the solutions, but the 
work is very laborious. However, the knowledge o? their properties which we 
have obtained and their expansibility as power series in yu lead us to convenient 
methods for their construction. 
Under the oe of this article it has Deni shown that (Bera are n dis- 
tinct values of a, viz. a, ...., On  expansible as power series in u such that 


? 


du, = e yu, += 1, desig My, «, l 


constitute a fundamental set of solutions, where the y,, are purely periodic and 
expansible as power series in u. Since the y;, are expansible as converging. 
power series in u and are periodic with the period 2z, each y$% is separately 


periodic. Therefore the conditions on a — af? +aPu -- .... and the yf? are 
that they shall satisfy the differential equations da tally in u and - | 
y(t + 27) — y(t) — 0. (38) 


The differential equations for the y, are. 
yi ay, mE [2;; + EL dg i=l. n — - (89) 


For u= 0 the roots of the characteristic equation are a, ...., a9. Consider 
any one of them, as af’. Then a and the y, are expressible by converging power 
series of the form | | 
a =P + au Perd = apu 
i i l TE. (40) | 
Vo — V + yu +. = X gi, I= l, soeg A | 


i 
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Substituting (40) in (39) and equating coefficients of corresponding powers of u, 
we have a series of sets of differential equations from which a, and the y,z can 
. be determined so that the y; shall be periodic with the period 2%. The deter- 
mination is unique except for the arbitrary constant factor of the solution. ` For 
simplicity this arbitrary will be determined so that yj(0)-— cw. If cy were 
zero, the initial condition would bé imposed u»on another yf), not all of which | 
can vanish at ¿= 0. The arbitrary can be restcred if desired in the final solution 
by multiplying by any factor not zero. We shall consider only enough steps 
of the process to enable us 1i exhibit its peculiarities and to establish its general 
character. | 
Terms Independent of u. The terms of the solution independent of u are 

defined by the differential equations l 


i 0 0), (0 0) — A nass à 
(yy! + aum ) Say = 0, : $-—1,....,m, 
the general solution of which is 
"^ "— 
yo — z LL e^ )—a( Nt i= 1, sees n, 


where the ne are the "ain of integration. Since the y® are to be made 
periodic with the period 2x, and since af) — 3? £0 mod V —1 by hypothesis 
except when j = k, it follows that £f? — 0 when jÆ k. Since y,(0)=c, for 
all |u| sufficiently small, it follows that y$ (0) == e, yf? (0) = 6, 7 = 1, ,9. 
Therefore we must make y= 1. The solution satisfying the sont usus ud 
down 3 is therefore found to be | | 

YR = Ca, a ETE (41) 


Coefficients of u. The differential equations for the coefficients of the first 
power of u are 


4 


n 
Dy 0 ae E MSN 
(YR) T aP YR — Z R= — aby®. " b UP ^ i-i, (42) 


When the left members of these equations are set equal to zero their general 
‘solution is 


D — a (D — a. (0) M MD TIO 
yip = EnPoye PE ps8, acta, d (43) 


where the 7$? are the constants of integration, and the c;; are the same as before. 
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We shal] find the complete solutions of (42) by the method of the variation 
of parameters. Regarding the j as variables and imposing the conditions that 
(43) shall satisfy (42), we get | 


% : l 
E (Yeg P = — ay + zep Dy == gW), ^ i—1,....,m, (44) 


where the g(t) are periodo in ¢ with the period 2z. The determinant of the 
coefficients of the (oj MY is 


* = (a9 att X (af) —etoyt 
A= |g e f — esa P ; 


which cannot vanish for any finite ¢ Therefore the solutions of (44) for the 

(n) are 

- (iY SPMD, (45) | 
where the Aj? are known periodic functions of t with the period 23. 
For jth the solutions of (45) have the form | 

np = ec PP" P.) + Bg, (46) 

where the PẸ (£) are periodic with the period 27 and the BẸ are arbitrary 

constants. For j=% me nave; from (44), | 
nR) = Ag = — al? + R, (47) 
where à(? is AR after n terms — aP yY have been omitted from the Ath 


column. It is a periodic function of ¢ with the period 2% and has in general 
a term independent ofí. Hence we may write 


62 = — d + QUU (4), 


where di? is constant E the mean value of QP (t) is zero. Then (47) becomes 


| nin) = (di — o£) + OP (t). |. (48) 

In order that n% shall 7 pericdic we must impose the condition 
ap > — d, | (49) 
after which we get 
„8 = = PX + BY, (50) 


where P? is periodio with the period 2% and BẸ, is the constant of integration. 
Substituting Un and (50) in (43), we have as the general solution of (42) 


y = wie E Bc ye Pt uL Bey Pp (4), 35e boe 9 (5 1) 
11 


y 
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In order that the y% shall be periodic with the period 27, all = BY? must be 
zero except BY. From y{?(0) = 0, we get 


Bg = — > x c, PẸ (0). (52) 
1k 7=1 


Therefore the solution satisfying all the conditions is 
yp = E 5 [ep P$ (t) — 2 oy PP (0) |. (53) 


It remains to be shown that the ande of the coefficients of the higher 
powers of u can be effected in a similar manner. Suppose af), ...., az"? and 
the y, yQ, ...., y& P satisfying the differential equations have been uniquely 
determined so that the yf? are periodic with the period 2z and that yf2 (0) — 0, 
[—1,....,m——1. We shall show that the y? can be determined so as to 
satisfy the same conditions. 


From equations (39) and (40) we find 


"n 
(yt? y + a? uf — x Qa; Un? = — af V + > Oy” Yin 
j= 
em sm-p Lv o ) 
+3 [-aP yf? opoe] (54) 


Omitting the terms includéd under the sign of summation with respect to p, 
these equations are identical in form with (42) except that we now have the 
superscript (m) instead of (1). The integrations proceed as in the case treated, 
for the terms included under the summation with respect to p are all periodic 
with the period 2z and do not change the character of the g(P (t). Therefore 
af and the 7% can be uniqueiy determined so as to satisfy the differential 
equations and be periodic in é with the period 27t, and so that at the same time 


yf? (0)-0. Hence the induction is complete and the process can be indefinitely 
continued. 


$11. Construction of the Solutions when af — af =0 mod V — 1. 


Suppose the a are all distinct, that af and a® differ by an imaginary 
integer, and that there are no other such congruences among the af. The 
solutions associated with af", ...., aO are computed by the methods of § 10. 
It was shown in $6 that in this case, in general, aj, a, and the 41, Yig can be 
developed as converging series in integral powers of u. It will be assumed 
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that we are not treating one of the exceptional cases where the series proceed . 


in fractional-powers of u. 


The general solution of (39) for the terms independent of u is in this case 
E ka + . 7} ' 
0) — v- (0 a (0 —a(9)) t P. anis! ` 
Ya = 2 ny eye ae t=al,....,%, 
j= 


where the n} axe the constants of integration. 


Imposing the conditions that the yf? shall be periodic with the period 27 
and that y® (0) = cn, these equations become, since af? — af is an imaginary 
integer, uM 


mmen (o (D —a(0 ae 
y = (1— 18%) ou + ni oad por I. (T (55) 
where 4$? is so far arbitrary. 


Coefficients of u. It follows from (39) and (40) thee the coefficients of u 
must satisfy the differential eipanens 


"w = e 


1 n : - - 
(ypy + o yp — = ayy? = — a yg + x Dy, i=1,.... n. (56) 


The general solution of i equenons when their right members are zero is 


y = i np eg gest. S ETON (57) 


~ 


Considering the coefficients yj) as. functions of t uL imposing the conditions 
that (56) shall be satisfied, we get 


E (nf? PROP af? yo + z 6 yO i=l, a.i, n | 
| T— the values of yf? from (55) id solvin 8, it is found that 


(y = — of f. d) + nf ARO d DPO, 


(y = — a nf + «i AQ) + DE C), (58) 
(nf)! = eP- AD (0, Fe Ban, 


where the Aj? and Df are periodic functions of t with the period 2’ depending, 


upon. the 6j? and e*?-“*, In the first two equations the undetermined constants 
` a? and «(9 enter only as they are exhibited explicitly. 


Equations (58) are to be intc£rated and the results substituted in (57). n 


order that the y(? shall be periodic wel must impose the conditions 


“ct 





S 
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-— ( 1— «9 2s) + 49 59 4 dp = | 
— o® i + «9 59 + dp = N | p (99) 
BP — 0, "928, ie, Ny 


where bV, DW, dD, d® are the constant terms of AP, AQ, DY and DP respect- 
ively and where the BẸ are the constants of integration obtained with the last 


n —2 eqiations. Blimjpating ma from the first two equations, we get 
| 


p ag — - (ug + dp +? Ce 2 di?) of D + (bp d — bP dg) — 0. (60) 


There are two cases, according as the discriminant of this quadratic is not zero 
oris zero. Inthe first case, which may be regarded as the general case, the two 
roots for a® are distinct, corresponding to distinct values of 6, and b, given in 
(30) in the existnce proof. It was shown there that in this case the solutions 
proceed according to integral powers of u. In the second case, corresponding 
to b = b, the character of the solutions depends upon the coefficients of terms 
of higher degree, ard they may proceed according to powers of u or + p. 
We shall assume thatthe  discr iminant is distinct from zero and Dion to the 
construction of the soluti 

It wil be shown eee one of the two pairs of values of aft and y% 
satisfying (59) is chosen, the solution is uniquely determined except for the 
arbitrary constant factor wit ch may be introduced attheend. Integrating (58), 
substituting the results in (5; ` , and i determining the arbitrary constants so that 
the solution shall be periodic, an di imposing the condition that yj? (0) —0, we find 


a s[e ^ pr +foro- Harpo], c» 
"a = 1, ets Ny | 
where B9 is an EE constant and the Pf are entirely known periodic 
functions of ¢ having the perioc, 2%. 


Coefficients of u”. The coefficients a g? are defined by 


= — ape - "T = of sf E > [09 y (0) 4- 09 y, (62) 


s 


* n 
2 0 
(V) + af up — 3 o, yp 
j=1 A 


ad pelos. 


The general solutions of these equations when the right members are put equal 


“to zero are the same as (57) except that the-superscripts are (2) instead of (1). 
i MAX 


N 


x 
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Varying the 7, we find for the equations correspor ding: to (58) 


(ny = — af (1— X = a) + a BY - - 24 BY AP (t) + DË (2), 
(ny = — af (9 + a9 BO + BY AP (0 + DO (0, — (63) 
(ny = EP-t A® (2), j=3, ... un" 
The undetermined constants aP and By are written explicitly in the first two 
equations, and it is to be noted that A('(f) and A£)(f) are precisely the same 
functions of ¢ as those which appear in (58). 
In order that when we integrate (63) and substitute the results in the 


equations corresponding to (57) we shall have a periodie solution, we must 
impose the conditions | 


" ( 1— yor? o 4 (o +a w) B9 + a —0 | 
| — nV af? + (5 — a) BP + dg = ' (64) 
BẸ = 0, J em uou. p 
bY, ds, af, d) being the constant terms of A(?, AP, DẸ and Df? respectively. 
The first two did are linear in af? and Bf) end determine these quantities 
uniquely, provided their determinant is not zero. The determinant is 


: ` e y e l : 

— 1-4 «922, bP + oO : | 

IN Cn Cuit = a +- nO (28 J- bW “2 ) EN 0. 
0 D. 4 u 

E - af , bs? Oy K , 


Eliminating af and »9 by means of (60) and (59), we get 

A=+AVD, ` | (65) 
where D is the discriminant of (60) and is by hypothesis distinct from. zero. 
Therefore the solution of (64) for a? and B® is unique. The sign before WD 
depends upon which of the two roots. of (60) is used. Now integrating (63), 


substituting the results in the equations corresponding to (57), and imposing 
the condition that yf? (0) — 0, it follows that 


y? = BP | — a + ce emma. +3 [% 2*0) — Deg PR e]. (95 


l t= l, 
where B® is as yet an undetermined constant. 


v 


y 
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Now consider the general step in the construction of the solution. We 
shall have | 


9 ) 00 D ,,fv—1j n 
(y) + a yi — Z ayy = — of y — aP yf TAIP — quud pfi, 


where the F” are known periodic functions of ¢ When we put the right 
members equal to zero, the general solutions are the same as (57) except that 
the superscripts are (v). By varying the constants of integration, we get equa- 
tions (63) except that the superscripts are (v) and (v — 1) instead of (2).and (1) 
respectively. The conditions for periodicity are similar to (64) and have the 
same determinant. Consequently at this step a} and B&-” are uniquely deter- 
mined. Hence it is evident that the process can be carried as far as is desired. 

For congruences of higher order analogous methods are applicable, and in 
the exceptional cases to this treatment the existence proof PEDIR à sure guide 
for the construction of the solutions. l 


§12. Construction of the Solutions when af =a. 


For simplicity, suppose af =a and that there are no other equalities 
among the a, and that no two of them differ by an imaginary integer. The 
only variations from the method of $10 are in the construction of the solutions 
associated with a. It was shown in $7 that, except in special cases, the 
solutions are in powers of +s u. We shall assume that we are not treating 
one of the special cases. Hence we have 


a, = a + a u* -F au ...., 


a = aP — aP è + af u — ...., (67) 
0 d 3 

Ya = V4 + yag T yu. 
G 1 2 

Ya = YR — qa t ypu—...-. 


Terms Independent of u. The terms I of u are defined by 


(y) + aP yL —Ea, y = 0, deed ue He 


The general solution of these equations is . 


y9 = ny? eu + no (6 + tea) d x E eg e»t. 


Imposing the conditions that the yf) shall be “periodic with the nra 27 and 
that yf " = Cu, we get 


D se i=] 


yir = Ca, N (68) 


3 * 


- 
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ens of ui. The coefficients of u? are defined by 
ORY + aP yf? — x ag Y = a ye = —afey,  i—1,..2.,m.. (89) 
"The general Polon of these equations when the right menibers are zero is. 
| yf) = «9 Cy + x? ie + tca) + z mit Cij ees s $1, exes My (70) 


By the variation of parameters we m 


(RY oa + MPY (e + ton) HŽ (nibo P tm af on, FI, y 
Solving these equations for the (xy, we find 
(n5) = — afl, 
| (ny = 0, ge. Binge di 
Consequently 007 | 
! X = — at + BO, | (11) 
np = BY, . j—2,...., m. | 


Substituting these values of nj? in (70), we get - 
i D 
yi? = [BY — af? t] ea + BY (ea + tea) +Z By c,, 05 195 = 1, -ep m. (72) 


Imposing the conditions that the y$ shall be periodic with the period 2% and : 
that y{ (0) = 0, we have AE | 


B — o. (p ; 
B5 3595: ae (73) 
BẸ 101 + BF e = 0. | l (7 
Then equations (72) become | 
y= -2 we i=l, -n (0. (14) 


where a remains as,yet undetermined, 


Coefficients of u. The coefficients of u satisfy. 
(y) Fo y — Xa, yn — —of y — ag yg + SOP ye, $-—1,....,m. (75) 


The solution of these equations when the right mem ers are zero is of the same 
form as (70), and we find, by varying the constants, 


n 
(nie)! ca + (82) (Ce + tca) + 2 (apy cy PE)? = —ap y — af yg + x OF yj. 
J= 
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Solving these equations, we get 


(uy = — ag + G i t) og + tAQ (0 + D® (6, 
(1) = —aQ* — AQ) re) 
(«Dy = eP- AQ (2), j-—3,..,m, 


where Af? (t) and D (f) are periodic functions of £. The first of these equations 
gives rise to integrals of the type 


a, ft TP T uL 5 jt sin vy 


COS j^ cos 7 
The second equation gives rise to the corresponding integral 
—a, f o. jtdt = go OE 
J sin 


When we substitute these results in the equations corresponding to (70), we get 


for these terms 


d; a; sin . 
D 4 n® nr eiu 
(ni ye b E cos J^ 


Consequently the terms of the type 3 in Ji vanish when the results of the inte- 


gration of (76) axe substituted back in the equations corresponding to (70). 
Hence, we get at this step 


ya = Bg ca + BP (Ce T é C1) T b BE eu eet 
d [— a us C12 a? + + ag) t+4(aj De T 4+ PO ? |e | (E) 


+ [= (o£? + bi D + P£ (0)] ea T Ee, , P? (t, 


where »(? and d? are the constant terms in AP and Df, and where the P$ (t) 
are periodic functions of % In order that the y® ‘shall be periodic and 
yf? (0) =0, we must impose the conditions 
oP = +V D, 
= C 
Bp = af? — S20 — y, - 
BP = 0, J= 3, . ior n, 


Bo ca + BY c, t. x P9? (0)e; = 0. 
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The only undetermined constant remaining | in (7 7) is af’, and the yẸ now have | 
the form ! 


i 


where the d (0) are known periodic functions of t. 


The constant af) has a double determination except in the special case | 
where b2==0. We shall suppose 69 + 0, for if it is zero we have one of the 
special cases excluded. above. It will be shown that the work becomes unique 
after one of the two possible values of a is chosen. | ` | 


The coefficients of u$ are determined by 
n 
WDY + aP yo — È ayy = — aP P —a yt! — oP uP + OR YP. 
i l ' j=1 i i 
The equations S e to (7 6) are 


(ng =— a +2 (4 Papa? + tA (0 + D$ (0, 


y= - | rd a a o ARO, 
(y = — g--apt AP, i j=3, | o n. 


In order that the final solutions at this step shall he periodie, we must impose 

. the condition | 

| 2f ap + b =0 

which determines af uniquely since af? + 0. The other constants are all 

uniquely determined by the periodicity condition and the initial condition except | 
af, which is fixed by the periodicity condition at the next step. Similarly, 

another solution is obtained using the other determiration of aj". The solutions 
associated with af), ...., a are obtained by the method of § 10. 

| The chief types of cases have been treated, and the exceptions to them are 


developed similarly, according to the forms indicated by the existence proofs. 


813. Solutions when the 0, do not All Reduce io Constants for p — 0. 


, Heretofore we have considered linear differential equations whose saeticien ts 
become constants when u — 0. We shall now waive this restriction, but we 
shall suppose the solutions are known for & — 0. Let the equations under 
consideration be 


2— 


—E l i l ; 
x = E 67 (0 "d V5 y $-1,....,m, ; 790): 

d ou 
12 
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where the 6% are periodic functions of ¢ with the period 2%, and where not all 
the 6 are constants. For u —0 these equations reduce to 


n : 
(xP) = = OF m5 — qe sts (81) 


The solutions of these equations in general rave the form 


Tl ^ 
0). = 0) 5a 9 (t) , (0 ood 
j= 


where the y?" are periodic functions of ¢ with the period 27. 
Suppose the a and yf? are fully known. We desire the solu-ions of (80). 
It follows from the general results of $3 that there is at least one solution 
of the form ! | 
a= e Yi, =], eee de, ' (83) 
where the y, are periodic with the period 2m. Now equations (80) can be 
integrated as power series in u, reducing to <® for u=0. We form n solutions, 
iy, +++) Vy, defined by the initial conditions a(9 = 0, a9 = 1, *=1,....,%. 
Then any solution can be expressed linearly and homogeneously in terms of 


‘these n solutions. Hence 


"o. 
z,— È Å; £y, C1, ators (8 4) 
j=l | : 
Transforming (80) by (83), we get 
Tb eo 
yos E| E ope |y, = l, e, n. 


Consequently the conditions that the y, shall be periodice with the period 27 
are y;(270) — y, (0) — 0, += 1, ...., n; or, because of (83), (84) and the initial 
conditions imposed on the £y, E 


p j 3 
E A, [e a, (2%) — xy (0)] = 0, BERI. uua d (85) 
j=l 


Now, since a, = Xa(?u*, the determinant of the coefficients of the A, set 
kaĝ p 


equal to zero is 
A = e 2$ (22) — aff (0) + e X af? (22) u*| = 0. (86) 
r=] 


This is an equation for the determination of a For u= 0 the solutions are 
a — aff -- » —1, where v is any integer. Consequently, if a is a simple 


x 
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root of (86) and if no two of the a(? differ by aa imaginary integer, then (86) 
can be solved for (a —a®) as a converging power series in u. The results sub- 
stituted in (85) give the ratios of the A, as powe? series in u for k —1, ...., m. 
When these results are substituted in (84), we have the solutions expanded as 
converging power series in u, and they have the form (83), where a and the y; 
are power series in u, and where the latter are periodic, with the period 27r. 
There are other cases where for u = 0 the roots of (86) satisfy different con- 
ditions. The discussion is parallel to that where for u=0 the 0,; are constants. 
The essentials are that the differential equations shall be expansible as power 
series in a parameter u, and that for w= 0 the solutions shall be known. The 
process is fundamentally one of analytic continuation of the solutions with 
respect to the parameter u, and it can be repeatec and continued from one value 
of u to any other, provided the series a not pess trong a singularity i in the 
Interval, - | | v | E. 


he 


Now-HoMocENEOUS LINEAR DIFFERENTIAL ElqUATIONS.* 


814. Case where the Right: Members Are Periodic with the Period 27 
and the a; Are Distinct. 


The problems of celestial mechanics generelly lead -to sets of differential 
equations having right members which are functions of the independent variable 
alone. The character of the terms in the solutions introduced by these right 
members depends not only upon the properties of the Init but’ also upon os Q5 . 
We shall treat the most useful cases. . 

Suppose 


n | : | Í i 
a, — X 642, = 9 (2), qoem 1, es, ny (87) 
M = s 


wheré the Z and g; are finite and continuous pér.odie functions of ¢ having the 
period 27. For the left members set equal to zero the general solutions are in 
this case 


"n ‘ i ^ 
d yjet Ya» += 1, n, 1, (88) 


where the y, are periodic with the period 27 and the w; are the constants of 
^ integration. 


+ 


(* For « & different konm of this subject see paper by W. B. MACMILLAN, Transactions of Anean 
Mathematical Society, Vol. XI, No. 1, p. 85. 


y 
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By the method of the variation of parameters we find 
n ~x 
Zoe" yu = gl, »$-1l.enm ` (89) 


The determinant of the coefficients of the 5; is the determinant of the funda- 
mental set of solutions, and can vanish for no value of £ for which the 0;, are 
regular (82). By hypothesis the 6, are regular for all finite values of ¢.. There- 
fore this determinant can not vanish, and is | 


7 
4 
d A, 


where A is the determinant of the y,;;. Consequently the. solutions of (89) 
have the form | | | | 
A; 
cea ee E .(90) 
where A, and A are periodic functiors of ¢ with the period 2%, and moreover 
A vanishes for no finite value of 4. Hence A,/A can be expanded as Fourier 
series of the form | 


A. ME E 
^ = af? + X [a&? eos mt + bP sin mt]. 
m=1 


Since the A, and A are power series in u and in general A does not vanish. for 
u = 0, this result can also be arranged as a power series in u whose coefficients 
are periodic with the period 2x, but it is more convenient here to regard it 
simply as a. Fourier series. 


If o?--m*-EO, j—1,....,n, MEO, ...., ©, we have 

| A a?) Lo PH a.a -L mb? e 

n= fet E dtm Vest +o > — Uam F mon oog mt 
A A; "c —1 0 + m 
(i) (5) | 
4 sin mt B;; 
Or, 
— —ejt 
m = B: te Pj, | (91) 


where the P;(¢) are periodic with the period 2z and the B, are constants of 
integration. Substituting in (88), we get 


Ty n ' li 
m = 2 Be yy + X ys P), t=1,..--,2@, (92) . 
` ge j= i 


as the general solutions of (87), the P,(t) being periodic with the period 2. 
The terms y; P;(t) are the ones due to the presence of the g; (0). 
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Now .let us suppose ix a, =y v — 1, where v is an integer. Then 


the term 
f e" Y-1t Ta, cos rt + b, sin vt] dt 
becomes ; 


3G — b, I3» (a, VTT b) (eos 206 — v =T sin 2 vt). 


Hence i in dis: case we get 


4 


25 X Bety, ue y P,(t) + (a, — b,  —1)ie yu, (731,....,n. (93) 


Hence, £f the a, are distinct and none of them congruen? to zero mod 4/ — 1, and if 
the g,(t). are periodic with the period 2x, then the particular integrals are also 
periodic with the period 2:1; but if one of the characteristic exponents is congruent 
to zero mod V —1 1, then the particular integrals in general will contain, in addition 
to periodic terms, the corresponding parts of the complementary function multiplied 
by a constant times t. | 


+ 


$18. Case where the Right Members Are Pericdic Terms Multiphed by an 
| | Exponential, and the a, Are Distinct. 


We now suppose the g,(¢) have the form _ | | E 
FOSA (94) 
| - the f,(é) are periodic with the period 2z. When A is a pure imaginary, 
mii, the g, (t) have the form: 
g,(t) = = 3 [as cos (i + 1) t + b, sin (4-+ 1) t], 


which appears often in adde to celestial mechanics. 
If we transform the differential equations | 


n , 
— X bya =e (0 | (95) 
j=] l 
by m 
a, = e, 
we obtain | 
i ; 
H + Az, — X By Ži = f(t), | 1 = 1, TEET n, ` (98) 


which have the same character as the equations treated in §14. If the a, are 
distinct, then the characteristic exponents à, — X belonging to (96) are also 


t 
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distinct. If no a; — A. is congruent’ to zerc mod 4/— i, 1, then the general 


solutions of (96) are 
d ees = B; DE ee E Qi (6), 


where the Q, (t) are periodic with the period 27. 


Therefore in this case the general solutiors of (05 are 
V = 3 Bie * Ju + e* Q, (t), =l, reee . (97) 


But if À is congruent to one of the a,, say a,, mod V — 1, AE the z; 
have the form 


a = 5 Bety, + X yy Plt) + 4(c,—b, V1) ter ty, 
j=] j=l : 

and therefore | 
x, = X Best yy Fe XP, (f +4/a,—b,/—1)tevty,. (98) 


Therefore, if the g;(t) are e times periodic furcttons and if no a;— X ts congruent — 
io zero mod / — 1, then the particular solution ts e times a pertodic function ; . but 
if a,—A is congruent to zero mod / — 1, ther. the particular solution is et times 
a periodic function plus a constant times tev! y,.. 
816. Case where the Right Members Are Periodic and ay = 0. 
In ease there are no equalities among the a; except a, = œ, the solutions of 
n g “ 
xi — & by w; = 0, &LIl,...., n, 
j=l 
in general have the form 
t t . t 
v, = qm €" ya + ne (Ya + 6ya) + 2j Or yg: $-1,....,n. (99) 
J= 
For the non-homogeneous equations 
i Te 
Vi E 05 x; = 7; (ë) 


we find, by the variation of parameters, 


e Yani + e (ya + tyan: + zery mi = git), t= l, aeee m 
j= 
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Solving these equations for the 7}, we get 


re Ani = |g (i), Yat 9a) Vis s Yn lem, 
INN g: (t), SD PEE Yin |e, 
ni = | Va (Yi F ya), i etry Yin De 9 Jj 3, ui a À n, 

where A is the determinant |y]. The expansions of these determinants have 

the form : 

E yy = e*t Py (t) — ett P(t), fs a 
4.6 Pit), — 2 (100) 
nj = et P, J= 3, eee n, 

where the P, (8), ety Pa (£) are periodic with the period 22. 

| If no a, is congruent to zero mod Ý — 1, then we find 


m =e" E (t) — e ^'t R(t) +B, 


n e lt) + B,, | | (101) 
9, =e" Rt) + B; j—38,. TE A 
where E,, ...., E, are periodie with the period 2r. Substituting (101) in (99), 
. we get : 
x, = Bye’ yy + Bet (Yiz + ty) TaS e Yy + ed Jg (102) 


The terms introduced into the solutions by the right rnembers of the differential 
equations are 2 E Yy, which are periodic. - 5 neretore it follows that oo | 


among the deed exponents, without congruences to zero mod / —1 um do mot 
introduce non-periodic terms into this part of the solutions.’ 
The case where one aj, J = 3, ...., n, is congruent to zero pod ^/ — 1, 
is a combination of the second part of 814 and this case; and that where a, = a 
is congruent to zero mod ~ — 1 does not differ from that where a, =a, = 0. 
Consequently we consider the case Og = =a, = 0, which frequently arises in 
celestial mechanics. Then the equations corresponding to (100) become 
; ni = P,(t)—tP,(), | 
i l Ng = a(t), | i (103) 
; ny = e 5 P, (2), l J = 3, e A . ‘ 
where " 
P; = X [af cos kt + DU snkEt] Jl 


? 
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m = aj t— $a t) — t E, (1) + BO), 


n = apt + H(t) + Bz, (104) 
PER RB, JE} on | 


where the H;(!) are periodic with the period 27r. Substituting these values 
in (99), we get 


n i 
v; = Bi yn + B; Yz Tt Yu) ee e! yu t (ap t + $a t?) Ya. 
un 
Haiya + X Hyg. (105) 


Hence we find 


Hence, when the g; (t) are periodic with the period 2n, and two of the Oj are not 
only equal but also equal to zero, then the particular integral involves not only t but, 
in general, also t? outside of the trigonometric symbols. It can be shown similarly 
that when & of the a; are equal to zero, then in general the solutions are poly- 
nomials in ¢ of degree Æ whose coefficients are periodic functions of ;. 


THs UNIversity oF CuicAGo, May 25, 1910. 
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- On Three-Spreads Satisfying Four or More Homogeneous 
Linear Partial Differential. Equations 
of the Second Order. 


By CHARLES H. Sisan. 


INTRODUCTION. | 


1. In an article in the Atti della Accademia Reale delle Scienze dè Torino,* 
SEGRE discussed the two-spreads which satisfy orie or more homogeneous linear 
partial differential equations of the second order. The discussion here given 
. follows the same order of ideas. | | 

The equations of the three- "spread are supposed to bé given in the para- 
metrie form: 

T Uz, Us), i=0, Len. 

The three- -spread will be éaid to satisfy an homogeneous partial differential 
equation when each of the n+ 1 functions /; satisfies the equation, 

: 2. It will first be determined under what conditions a three-spread may 
satisfy more than four homogeneous linear partial differential equations of the. 
second order. It will next be shown that, if the three-spread satisfies four such 
equations, it has, at an arbitrary point, four tangents having contact of the 
second order with the three-spread. It will then be determined under what 
conditions two or more of these three-point tangents, at an — point, 
may be consecutive. | É 

The functions f; are, in general, supposed to be analytic, although, in a ‘large | 
part of the work, this. is a greater restriction than is necessary. 
Differentiation will be denoted by indices, for example: 
Qf g? f au 
o Ou,’ Od ðu, ðu ðu 
will be denoted, respectively, by #1, f? and f”. 


* à Su una Classe di Superficie degl Ipsrepast: Legate colle Sano Lineari alle Derivate Parziali di 2° 
Ordine.' Vol. XLII oe p. 559. 
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p Let fjzE0 in the region under consideration and let 


gi = = -i=l 

Ti 3 | 3 

Then the equations of the three- -spread may be written non- homogeneously 
in-the form: | 


zerer Ma 


E = g (th, Uy, Us), | 11,2, , n. 


Buts the entity . under consideration is, by hypothesis, à three-spread, 
the matrix, 

$21,9,.:..,n, 
71,2, 3; 


Og; 
O U; 

















Ql) 


must be of rank three. 

4. It follows that the functions f; do not all satisfy an homogeneous linear . 
partial differential equation of the first order: | 

| af + + as? + as? + a af zz 0. 

For, suppose that such an equation were satisfied. It would then follow that . 


ud 


the functions Ji = F all auy 


0 
ag! T d, g^ + a5 9? = 


Hence, since the matrix (1) is of. rank three, it follows that a; =a, = a; = 0. 
. Since Fo F0, it now follows that a = : Q. 


ON eee Spine SATISFYING More Tuan Four HOMOGENEOUS LINEAR 
PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 


5. No three-spread can satisfy more than six independent homogeneous 
linear partial differential equations of the second order. For, if it could satisfy 
seven such equations, it would have to satisfy the equation of the first order, 
which could be deduced from them. This, we have seen, is impossible. | 

6. If the three-spread satisties six such equations, these equations must be . 
reducible to the form 


JE = auf + bnr f + Cut? d, h ed. 2,3; £--1,2,8,' (1) 
since, otherwise, from the six equations could be deduced one of the first order. 
A three-spread which satisfies six equations of the above form lies in an §}.* 


* The notation S, will be used to. denote a space of r dimensions. 
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f 


For, let fy: 0 in the region considered and let g, = P From the above six 
equations we obtain: 
9^ = Bug + mG + og’, h —1,2,8; &=1, 2,3. (2) 

Og: 
of third order in the matrix which is not zero. Let 

gi gs gs 

gi G2 gi $ 0. 

Fi ge gs 
If we now take g,, g, and gs for independent variables, it follows from equations 
(2) that 


Since the matrix is of rank three, there exists at least one determinant 

















079, —— . "m "r 
0025 79 t= 1,2, ----, 0; h—1,2,8; k=1, 2,3. 
Heuce, - i ! 
gi = 0491 + bg F 9s t+ d, @= 1, 2,...--, A, 


where a,, b,, etc., are constants. Hence, the three-spread lies in an 43. 

7. "Through each point of a three-spread which satisfies five independent 
homogeneous linear partial differential equations of the second order pass an 
infinite number of tangents having contact of the second order with the three- 
spread. For, let 


Q, = = E One f. 


h, k=] : 
By a suitable choice of the quantities o,,, it is now possible to replace the five 
given equations by the following six: 
J = ay, f + bu f + CJ? + day + eu, A=1,2,8; k=1,2,3. (3) 
The three-point tangents at (ui, Ug, us) are those determined by values of 
the ratios du, :du,:du, which reduce to four the rank of the matrix: 


dk oss 
JA. f 
Je Ji e fü lb (4) 
Jefe fu 
Qoi -ee Pa 
in whieh 3 8 
Qi = = Pri das, du, , i= 0,1, ...., n. 
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Substituting for the functions /7" their values from equations (3) and subtracting 
multiples of the first four rows of the matrix, it is found that $; may be replaced 
by 6;, where 


3 3 : 
0, — OQ, X X edu, du,, pen E uus) 
i=l k=l ` 
Since, for all values of ?, 0; contains the factor- 


S S 65 du, diy, (5) 

h=1 k=1 
any set of values of du,:du,:du; which annuls this factor reduces the rank of 
the matrix to four. Hence, any tangent at (uw, uz, us) determined by such a set 
of values of du,:du,:du; is a three-point tangent at (w, w,, ug) to the three- 
spread. | "c 
8. Since the factor (5) is quadratic in (du,, dw,, dug), the three-point 
tangents at each point (w, Us, ug) of the three-spread form a quadrie cone. 
It follows that the three-spread is either an hypersurface in S, or is formed by a 
system of planes such that consecutive planes intersect in a line. | 

For, the section of the three-spread by an arbitrary hyperplane is a two- 
spread having, at each point, two three-point tangents. SEGRE has shown* 
that such a two-spread either lies in an /$, or is a developable or cone. - 

9. If the section of the three-spread by an arbitrary hyperplane is a two- 
spread lying in an $5, then the three-spread lies in an /$j. For, if not, let P, 
D,,...., P, be six points of the three-soread which determine an s. An 
hyperplane passing through Pi, P,,..... Pg, and not passing through P, 
intersects the three-spread in a two-sprezd not lying in an &. . 

10. Ifthe two-spread of section by an arbitrary hyperplane is a developable 
or cone, the two three-point tangents at each point of the two-spread are con- 
secutive and lie entirely on the two-spread. Hence, the cone of three-point 
tangents to the three-spread at an arbitrary point degenerates into a double 
plane lying entirely on the three-spread. The three-spread is therefore gene- 
rated by a simply infinite system of planes. Consecutive planes of this system 
intersect in a line, since- the system of planes is intersected by an arbitrary 
hyperplane in a system of lines such that consecutive lines intersect. Such a 
three-spread is generated by either (a) the osculating planes to a curve, or 


* Loc. ctl., P. 911. i 
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(b). the planes projecting the tangents to a curve from.a fixed point, or (c) the 
"P ditio the points of a curve from a fixed line. 
. Conversely, E 


gy = nd fi (14, ts, Uz), . Ü == 0, 1, 2, 3; 4, 


be the equations of an hypersurface in an, Sj. The condition. that these five 
functions f; satisfy an‘ homogeneous linear partial differential. equation of the 
second order is only five conditions on the ten coefficients-of the differential 
equation. There exist, therefore, five such equations satisfied by each of the five 
functions. Any such eenei, therefore, satisfies five such equations. 

Again, consider a three-spread the équations of which can be put into one 
of the forms ` | | 

g, = fi (Ur, Ma, Ug) = gi (us): + 15 gi (2s) +u gi (us), $—0,1,....,n; 

ML =f (Ui, M» Us) — £i (us) E Uy gi (Us) + Us I, i = D, 1, "weg de 

a, =f, Qu, Up, Ug) = gi (Us) + t li + us, (0 4 0,1,...., 2, 
in which £, and. /, are constante. 

In each case, the three-spread satisfies the equations : 


"=o, A E29 B9 


"maf tbf Hof taf, — 
Ba af + bf’ + e f’ +f’. 


Hence, the necessary and sufficient condition that a three-spread satisfy five 
homogeneous linear partial differential equations of the second order is that it be either 
(a) an hypersurface in an S, or (b) generated by planes in such a way thai con- 
secutive planes intersect in a line. ^ 


X 


ON TunEkE-SPREADS WuicH Satisry Four HOMOGENEOUS LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 


12. Through an arbitrary point of a three-spread which satisfies four 
homogeneous linear partial differential equations of the second order, pass four 
lines having SDN of the second order with the three-spread. For, let 


Q, = x È ont, y, = b E E $—0,1,....,n. 


By a suitable choice of à; and «y the four given equations may be replaced by 


Of" = aas + by f! + eu f? + dus? + ea B+ ne OQ, h, k =1,2,3. (1) 
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Hence, in the unde which determines the three- He tangents (T7), 0; may 
be replaced by 


3 3 8 8 
0, = Jv, 2 > Chk du, du; -+ Q, >> > nx dat, diu; . 
h=1 k=l h=] k=1 


Hence, the lines through the point whose perameters are (u,, s, us), for which 
du, : du, : duz satisfy 


8 8 8 B ‘ AE 
E= 5 X epdu, dur =0 and G = X E gp dup dup = 0, (2) 
h=1 k=l hel k=l 


are three-point tangents to the three-spread. Solving Fe (2) for the 
ratios du,:dw,:du, and integrating, we find four systems of œ? curves on the 
three-spread the tangents to which are three-point tangents tc the three-spread. 
These curves correspond, on the three-spreads of the types under consideration, 
to the asymptotic lines on a surface in 4%. | 

13. By a transformation of the curvilinear coordinates (t, Us, Us), we may 
take one of the four systems of curves whose tangents are three-point tangents 
to the three-spread to be the curves wu, == const., uz; = const. Suppose this trans- 
formation effected. It then follows that 


f! Say f + buf? + ey? + dal. (3) 
Suppose, first, that the three-spread does not satisfy any equation of the form 
af HbS b of! HAP pef? 4 gf — 0. (4) 


It then follows that the remaining three equations satisfied by the three-spread 
can be written in the form: 


> = laf + ba fE af? b da + enf? + d p (8) 
= dg f + Un f. + Oost? + af? + eaf? gn, (6) 
FP = ag f + baf + On? + deg f^ + eaf? + gu f. (7) 


Differentiating equations (3), (5), (6) ard (7) and substituting the values of 
f°, J”, f? and f” from these equations, it is seen that all the derivatives of 
order higher than the second can be expressed in terms of f, /!, /?, /?, fX and f”. 

‘Let (u,, uz, uz) be given a fixed set of values which determine an arbitrary 
point on the three-spread. Since the three-spread does not satisfy an equation 
of the form (4), the six points 


wE f, Efi, €Q— Jf], =f, yf", e—jf) $-—0,1,...,nm, (8) 
determine an S;. The three-spread lies in this S;. For, let u = d (t), 
u, = >, (D), Us = $3(¢) determine an analytic curve C on the three-spread. 
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Since the successive derivatives of f (t) with respect to ¢ may be expressed 
linearly and homogeneously in terms of fi, /7, Jë, Fe, JE, SE, C has, at each 
point P on it, contact of higher than the fifth order with the S, (8) corre- 
sponding to P. Hence, these jS; coincide and contain C. It follows that the 
. three-spread lies in an §;. For, if not, seven points taken at random on it 
would not lie in an Sj. But through any seven such points an analytic curve C 
can be passed. They therefore lie in an S;. 

If the three-spread does satisfy an equation : of the type (4), it follows from 
equation (2) that du, = du; — = 0 counts twice, at least, as a solution of E = 0 
and G —0. The tangents to u = const., tig = const. therefore count twice as 
three-point tangents to the three-spread. ^ Hence, if through an arbitrary point 
of the three-spread passes a tangent to the three-spread. whose direction is determined 
by a set of values of du,:du,: duz which count only once as sovutions of quano (2), 
then the three-spread lies in an Ñ. | 

It will be shown hereafter that if, at an arbitrary point, every solution of (2) . 
counts twice, at least, as a solution, then the three-spzead Buy. lie in a space.of 
any number of dimensions. | | 

14. Through each point of ihe three-spread pass, in seems in addition to 
the four curves determined by equations (2), three otaer eurves of especial im- 
portance. To derive them, notice, first, that the section of the three-spread by 
an hyperplane through the tangent & at an arbitrary point P isa two-spread 
having a node at P. The tangent cuadric cone at P to this two-spread lies in 
the tangent Sj to the three-spread and contains the four three-point tangents 
to the three-spread at P. If the hyperplane varies in such a way as always to 
contain the tangent S5, this tangent cone therefore describes a pencil of cones 
through the three-point tangents. The cones of this pencil are generated by the 
lines through P determined by PL. | mE 


3 8 . 8 8 
5 2 Grk diu, du, +. 2 2, 2 nx diu, Gu, = 0, 


. where à is-a parameter the variation of which determines the different cones of 
the pencil. 
Three cones of this pencil are composite. Their dcuble lines pass through P. 
Hence, through P pass three tangents to the three-spread which are double lines of 
tangent quadric cones at P to sections of the three-spread by hyperplanes through the 
. tangent S at P.. These three tangents will be referred to as the three ''funda- 
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mental tangents” at P. To determine the direction of one ror these tangents, 
it is necessary to determine a root & of 


| Ene + AGn | = 9, . 


and then determine the ratios du, : din :du, rom | 
8^ 
RAGS + A Inn) dus, = 0, k=1,2,3. - (9) 


Integrating these three equations for each value of A, we obtain three systems o * 
of curves on the three-spread whose tangents are fundamental tangents to the 
. three-spread. 

15. Let (in EE du, Uy + du, , u -+ du) be a point of the three-spread 
consecutive to P in any direction. The tangent S, at this consecutive point inter- 
sects the tangent S, at P in-a line through P the direction of which corresponds to the 
direction determined by du, : du, : dus n an involutorial birational quadratic trans- ' 
formation. of which the coincidences are the three- -point tangents at P and the funda- 
mental lines are the three fundamental tangents at P. ! 

For, the tangent S; at the consecutive point is determined, to infinitesimals 
of the second order, by the four points: 


=f; + X f) du, i= 0,1, 4., 23 
s | (10) 
TE da TEARS, b —:1,2,3; += 0,1, ,. 


From equations (1) we aeanee: 
RF T LE " du, = fe yf i ns du, TÉ 2 Bax dey +h? b Cre dt, | 


+ PE dy d. + JT, Xo. du, 4 O, È gy du, ; (1 1) 


t 


1,28; £—0/,.. vf 


' s z t 


From (10) the T of the: tangent S S, at the consecutive point may be 
written, in terms of the pese (v1, vo, v5), in the form: 


| t; = f, + Ef d, +30, (JE +f" du), = 0,1, ... :, 1. 


‘ | A | 
Substituting. into this expression the values of f^ + X f^ dw, from (11), ‘it is 
| | | h-1. | 
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seen that the points which lie in the tangent S; at the. consecutive point and also 
in the tangent S; at P, i. e. in the S, determined by the four points 


ti = fis ay få, T: = jfi qf $—0,1,....,m, 
are those which "- the E | 


J 


: í iE en din, 6,3 e duy + 053 dui cni | 
| ; : g1n dus + Ye 2 Tm du, 4d- ce > 73" du, = z 0. NH 22 . 


^ 


Since boss two equations are linear, the two 4; intersect in a straight line. 
Since the equations are satisfied when v, = v, = v = 0, the line goes through 
the point (u, -+ du,, ue, + duz, u -+ dus). In the limit, therefore, as the con- 
secutive point approaches P in the direction du, : du, : du, the line of intersection 


of the two consecutive tangent S; approaches the line through P in the direction 


determined by the values of the ratios du, : - $us which un d 


x x - du, Sues I 0, : = = dhk dus ju, = — o (13) 


Frei 


. But the line so determined is the intersection of the polars of the line 
du,:du,:du, with respect to the quadric cones determined by equations (2). 
_ The correspondence between the two directions at P is therefore an involutorial 
birational correspondence. The four united lines of the correspondence are the 
four intersections of the‘cones H=0 and G = 0, i. e. the three-point tangents 
at P. The three fundamental lines of the correspondence are the three double 
lines of the pencil E + 4 6G — 0, 4. e. the three fundamental tangents at P. 

15. If, in particular, a conseeutive point is taken in the direction of any 
one of the fundamental tangents, then the tangent , at the consecutive point 
: intersects the tangent $5; at P in the plane joining tae other two fundamental 


| tangents. It therefore lies in an. &, through the tangent 5, at P. It is, in fact, 


easily seen that, if du; : du, : du; is a so:ution of equations (9), then the tangent ó 
at (u; + du,, Ue -F dug, uz + dus) lies, to infinitesimals of the second order, in the 
S, determined by ` 


v, — f, 2; — fi, = f 2, — fi, m= 0, —AM,, ?-:0,1,....,n. 


‘The tangent §; to the three-spread along an integral curve of (9), therefore, 
form, in general, the osculating S, to a curve C. Each osculating plane to €^ 


touches the three-spread at a point P of the integral curve of equations (9) and 
' d 14 : I l ` . M 


` 
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contains the other two fundamental tangents to the three-spread at the point of 
tangency. The tangent lines to C do not, in.general, touch the three-spread. 
In fact, since the tangent lines to C are the lines of intersection. of the tangent - 
S, to the three-spread ‘at three consecutive points of the integral curve of 
equations (9), if the tangent to C passed througa P, the tangent S, at three 
consecutive points of the integral curve of (9) would pass through P. The 
tangent at P to the integral curve of (9) would therefore be a three-point 
tangent at P to the three-spread. This is not, in general, the case. 

We shall now discuss the behavior of the three-spread when the tangent — 
cones to the sections of the three-spread by the hyperplanes through the 
tangent S; at an arbitrary point P on the three-spread satisfy certain particular 
. -eonditions. Consider, first, the case in which: 


bio 1. The Tangent Cones at P Are All Composite. 


A. Let the three-spread be generated by planes. | - 

16. Ifa three-spread is generated by planes, an hyperplane through the 
tangent S, at an arbitrary point P on the thrae-spread intersects the three-spread 
‘in a two-spread the tangent cone to which, at P, has the generating plane 
through P for a component. It is, therefore, certainly composite. 
| A three-spread generated by planes satisfies, in general, however, only 
‘three homogeneous linear partial differential equations of the second order. 
In fact, if the equations of the three-spread are reduced to the form 


ty == fi (Uy, Ug, Ug) = fii (Us) + ti Fig (Us) F Ua Fis (U), ?-0,1,....,m, 
we have identically only 
=. 77°50, Je | (1) 


Impose, now, the condition that the three-spread satisfy a fourth homo- 
geneous linear partial differential equation of the second order: 


aaf” + agf” aas f + as f? + Q4 f^ -- afi d- af — 0. |. (3) 

Suppose, first, that ag £ 0. Then the tang2nt to the three-spread at an 

arbitrary point for which dw,:du,:du, = dyg : Gog: 2 Agg counts only once as a 
three-point tangent. The three-spread therafore lies in an Sj. 


Suppose, now, that a4, — 0. It then follows that consecutive planes of the 
three-spread lie in an & and therefore intersect in a point. They therefore. 
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either all pass through a fixed point or touch a fixed curve. In fact, equations 
(2) may, in this case, be written in the form i 

a far + bfiet efi + afat efi tgfh =0,  9$-0,1,....,m, 
where a, b, etc., are independent of u and u, and where d, e and g are not all 


Zero, SINCE as id a are.not both. zero. By a linear transformation of Uy and iby 
. this equation may be reduced to 


l EETA ET A | = 0, 1, ...., n. 
If a, =a, — 0, this may still further be reduced to o | 
. dice. POOL kv «2 i 
The planes, therefore, all pass through a point. , | 
If a, and a, are not both zero, let a4 3: 0. By a linear transformation of 
u; and u, the equation may be reduced to | 
fis = fiz, i= 0, 1, sty Te | 
The equations of the three-spread now reduce to ; 
2, = fix (Us) + uy fis (ug) + us fis (us), ($250,1,...., 2. 
The generating planes, therefore, all touch the curve gm fal. The three- 
spread does not, in general, lie in an S. | 
17. Conversely, if a three-spread generated by planes lies in an &, it. 
satisfies four homogenequs.linear partial differential equations of the second’ 
order, since, as we have seen, any three-spread lying in an A; satisfies four such 
equations. If a three-spread is generated by planes passing through a fixed 
` point, its equations may be put into the form 
a; = fi (Us) + ws fis (Us) Ts ki, $-—0,1,....,m, 
where the quantities 5; are constants. -It then satisfies the four equations: - 
Pd qu ecu 7 0; ToN 
Finally, if the three-spread is generated. by planes fucsa a fixed. curve, its 
equations may be put into the form 


a, = fa (us) + u fh (25) t Us fig (Us), $20,1,....,m. 
It then satisfies the equations: 
plpolmopopoe 
Hence, the necessary and sufficient condition that « three-spread generated by 
planes satisfy four homogéneous linear partial differential iano of the second 
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order is that it either (a) lie in an Sy, or (b) be generated by planes all passing 
through a fixed point, or (c) be generated by planes ali touching a fixed curve. 

18. For the three-spreads of case (a) for which the coefficient’ as of 
equation (2) does not vanish, the birational correspondence considered above 
between the tangents at an arbitrary point P reduces to an involutorial pro- 
jectivity having the generating plane through P for united plane and the 
diserete three-point tangent for united tangent. It follows, in fact, from 
equations (1) and (2) that the tangent S at:a point consecutive to P in the 
direction du,:du,:dug intersects the tangent $ at P in a line through P in a 
direction determined by du,:du,:du3, where | 

uy = Ayg dus — aa du, , Ou, == as ds — Age dius, Stig = dy dius. 

For the three-spreads of cases (b) and (c) it is similarly seen, since ag = 0, - 
that the correspondence is degenerate. To every direction through P corre- 
sponds the line joining P to the point of iütersection of the plane tronga I 
with the consecutive plane. 

B. The three-spread is not generated by planes.  — 

19. The tangent cone at an arbitrary point P to the section of the three- 
spread by an arbitrary hyperplane through the tangent.j$; at P has a double 
line, since, by hypothesis, it is composite. Moreover, since the three-spread is 
not generated by planes, through P there do2s not pass a continuum of straight 
lines lying on the three-spread. For, suppose that through P there could pass 
such a continuum of lines. Since the three-apread is not generated by planes, 
the continuum could not lie in a plane. Moreover, the continuum, being 
supposed to lie on the three-spread, would lie upon the tangent cone at P to the 
` section of the three-spread by an arbitrary ayperplane: through the tangent S; 
at P. This tangent cone would therefore te invariant for every such hyper- 
plane. This is impossible, since-the three-spread satisfies only four homogeneous. 
linear partial differential equations of the second order. 

The three-spread is therefore generated by straight lines such that the 
tangent S; along each straight line is irvariant. 

Conversely, if a three-spread is generated by straight lines in such a way 
that the tangent S; is invariant along each straight line, then the section of the 
three-spread by an hyperplane through the tangent S, at an arbitrary point P 
has as a double line the line through P along which the tangent S; is invariant. 
The tangent cone at P to the section is therefore composed of two planes 
through this double line. It is therefore composite. 
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Hence, the necessary and sufficient condition that the tangent cone ai P 
to the two-spread of section of a three-spread not generated by planes, by an 
arbitrary hyperplane through the tangent &, at P, be composite, is that the 
three-spread be generated by straight non in such a way that the tangent S; 
is invariant along each line. 

20. Let 


O; = f, (ti, Ua, ug) = gi (Uz, Us) + t P (Ue, us); +=0,1,. M Li 
be such a three-spread, the tangent S, being invariant along the lines u, = const., 
u = const, We then have: 


f", mE E 


f =af tbf + eff,  — | (8 
f? —af bf eft df. 5 7 (8 


Differentiating (2) with respect to us and (3) with respect to'u, and subtracting, 
we obtain: | 

e, f^ + (d —0)f* — df”? = af + bf! + of? + ds f^. (4) 
Such a three-spread therefore satisfies four homogeneous linear partial differential 
equations,of the second order, unless c, = d, — e = d == 0: 

21. Suppose, however, that: c, = d, — c = d = 0. ` It follows that all the 
coefficients of (4) vanish, since the three-spread can al satisfy an equation of 
the first order. If we differentiate (2) and (3) with respect to ty y the .resulting 
equations must be proportional to u,. Hence, (2) and e mey be written in 
the form 

| ah? + Bg? + yh+ dg =0, 
ah’ + Bg* + yh + dg = 0, 
where a, B, y, etc., are independent of u. Moreover, a and 8 are not both 
zero, since, Duero iue equations (2) and (3) would reduce to equations of the 
first order. By a transformation of curvilinear coordinates which is linear 
in 4,, these two equations may therefore be reduced to the form: | 


h” =g + nh, |” k = kig + mh. (5) 
Differentiating the first of these equations with respect to us, the second with 
respect to u, and subtracting, we obtain: 
| £g! — Ejg*— og + vh. | 
Hence £.— £, —0. -For, otherwise, the three-spread would satisfy an homo- 
geneous linear partial differential equation of the first order. Equations (5), 
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therefore, reduce to A? =y A and h "m Hence the n ue 1 functions À, are of 
the form h, =k, (tm, us), where the quantities Æ; are constants. Hence, by 
a slight transformation of curvilinear coordinates which is linear in %4, the 
functions kh; may be reduced to constants. T he three-spread is therefore a cone. 
Let the quantities A, be reduced to constants, and suppose that, in addition 

to equations (1), (2) and (3), there exists a fourth homogeneous linear partial. 
differential equation of the second order which is satisfied by the three-spread. 
. This equation reduces at once’ to 


Ag"? + Bg? + C99 = mg + b g* + og’ + deh. (4 
The coefficients of this equation must be independent of w,, since, otherwise, . 


the three-spread would satisfy more than four such equations. 
Let 0 be a solution of the equation 


AO” + BO? + C 09 = 0,0 + 5,0? + 6, 6° da. | 
If we replace wu, by wu, — 0 in the equation of the three-spread, equation (4') 
reduces at once to` 
Ag? + Bg? + C9 — agg + b P+ ag? 007) 
 Henee the three-spread is-the projection from a fixed point of a two-spread 


which satisfies an homogeneous partial differential equation of the second order. 
Conversely, consider a three-spread cone, 


2; = fi (t, Ug, Us Us) = gi (Ups Us) + uh i, t= 0, 1, o, 
which projects from a fixed point æ; = A, a two- -spread which satisfies an equation 


_of the type (4"). It is seen at once that the three-spread satisfies the four . 
equations: | 


1 


| =o, quo, 18 — 9, 
Af 4 Bf” + Cf? = arf + bef? + Of? — ay vy f!. 
We have therefore proved that: A three-spread generated by ‘straight lines 
in such a way that the tangent S, along.each line of the system is invariant satisfies l 
four homogeneous linear partial differential equations of the second order, unless 4t ts 
a cone. If the three- -spread is a cone, it satisfies four such equations if, and only sf, 
wt is the projection from a fixed point of a two-spread satisfying an homogeneous 
linear partial differential equation of the seccnd order. In neither case does it lie, 
in general inan Sj.  . 
21. Ona three-spread which satisfies equations ( 1), (2), (8) and either (4) 
or (4I), the birational correspondence between the tangerts at an arbitrary 


(4! ) 
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point P is composite. To any direction through P corresponds the direction 
of the invariant line through P. For, if we write (4) or (4^ in the form 


taf” + agf” + agf” = z af + oft + nf? + af, 
and if we choose Bee, Beas bs, Yoay Ya and Ys 80 as to make the determinant 


| Gs Bos Y] | 
different Bon zero, we find, for the direction through .P corresponding to 
du, : du : dug, the intersection of the polars of (du,, dus, dus) with respect to 


| (aas Bog — Qos Das) dui -+ 2: (aos B33 — Qas Baz) du, duz + (Gog Bop — aog Bes) du? = 0, , $ 
(O53 Y23 — Ges V33) BU F 2 (Oop 933 — Oss 22) dus Atg F (0 Pss — Og Bos) du = 0. 
' The direction required is therefore determined by |— 
[ (Gea 5 — - ossa) is + (Goog — Asz Bex) dts us [(a ss — Assa) dula + (G93 9 — dafas) dus] bug = S í 8) 
[ (53 7'23— Mog 733) d'a + (Gn 7'93— 0522) Tg | Otte +| (022738 — O3 23) Qus + (055125 — Go 25) ds | Og = f 
Hence, in general, du, = dug = 0. | 
If, however, du, and du; satisfy the condition 
eg dud — dog d, dus + ag du? = 0, po ose "m 


equations (6) become identical. The tangent S, at the consecutive point 
(u, + du,, us + dug, ug + dus) now intersects the tangent |$j at P in a plane 
through the invariant line du, = du; — 0 and through the PUDE to the two- 
spread u = const. determined by (6). 

Moreover, if du,:du, is one solution of (7); then the value of dup: dug 
corresponding to it in equation (6) is the other solution of (7). Hence, if P 
is an arbitrary point of the three-spread, two distinet or coincident planes pass 
through the invariant line through P such that, if P' is consecutive to P in one of 
these planes, the tangent S, at IP! intersects the tangent S, at P in the other ‘plane. : 

.22. These planes are invariant as P moves along the invariant line. For, 
.. differentiating equation (4) or (4) with.respect to u, we find, since the three- 
spread satisfies only four homogeneous linear ‘partial differential equations of 
the. second order, that the ratios am : ds : agg are independent of 44. Menem 
equation (7) is independent of wu. | | 

If the three-spread is'a cone, the above theorem follows at once from known 
properties of two-spreads satisfying an homogeneous linear partial differential 
equation of the second order.* - f 


* Segre, loc. eit., p. 576. 
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23. We shall now distinguish two cases according to the equality or in- 
equality of the roots of equation (7). Suppose first that the roots are unequal. 

If the three-spread is a cone, it is, in this case, simply the projection of.a 
two-spread having two distinct systems of ‘characteristic lines." * 

If the three-spread is not a cone, it is generated in two ways by a system o! 
of cones or of developables whose generators are the invariant lines of the three- 
spread and whose edges of regression form a system of characteristic lines on a 
two-spread lying on the given three-spread. 

For, since equation (7) is independent of »4, and since the roots of (7) are ` 
unequal, they may, by a transformation of the parameters u, and ug, be reduced 
‘to du,— 0 and du,— 0. We then have, in equation (4), o, — d — 0. Hence, | 
from equations (1) and (2) it, follows that the two-spreads us = const. are 
developables or cones. Similarly, from (1) and (3y it follows that the two- 
spreads u= const. are developables or cones. 

If both systems are cones, the equations of the three-spread may be 
reduced to - | : | mE 
| vi = fi (a, Ugy: 14) = e Ji (us) + Uy h i (ta), i= 0, 1, did mio 
The three-spread is therefore generated by the lines cutting each of two curves. 

Conversely, any three-spread. generated by the common ‘secants to two 


curves, has its tangent jS; invariant along the secant lines. For, putting the 
equations of the three-spread in the above form, we obtain: | 


fu =f? = f” = f? AE u, f? = — Q. 
If the two-spreads of at least one of the two systems are düvelopsbilsg the 
equations of the three-spread may be put into the form: 


Ti = fi (ta, Ua, u) = — da (us, Us) T urgi i (ue, Us), t= 0, 1, trs 9. 
From equation (2) it follows that 


g^ = ag t Bg Tyg. (8) 
Hence, the two-spread, | T 

2; = Yi (us, Us), P-0,1,....,m, | 
formed by the edges of regression of the developables u, = const., has two 


distinct systems of characteristic curves, From the form of guata (8) it is 
seen that one of these systems of characteristic curves is the system u; = const., 


t The *«ecaratieristiche of Segre. 
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 1.e. the edges of regression themselves, The other system is formed by the 
curves uz = const. These are the curves in which the generators of the second 
system of developables or cones touch the two-spread. ` Hence, the generators of 
the three-spread which touch the two-spread along a characteristic curve of the second 
system generate a developable or cone. | | 

Conversely, let an 
| s; = gi (ts, 4 Us), $—0,1,....,n,. 
be a two-spread having two distinct systems of characteristic curves, and let 
u = const. and us = const. determine these two systems of curves so tkat 


g"-—ag t 8g t yg. 
Then the fre: -spread generated by the tangents to either system of characteristic 
curves, for example, the three-spread 


Gy = f, (Ui, us, Ug) = gi (Uy, Ug) + a gi i (us Ws), . $-0,1,....,n, 
satisfies the four equations 
f2=0, © 
pe =af tbf tef taf, 
PRs aft bf Haf + af", 
= anf + bf + of? + def, 
and therefore has the lines u = const, wu, = const. for invariant lines. From 
the form of the last equation, the roots of equation (7) are seen to be d:stinct. 
Hence, the necessary and sufficient condition that a three-spread be generated, by 
lines in such a way that the tangent S, along each line is invariant and that the two 
planes of intersecton of this 8, with the tangent S, along consecutive generators are 
distinct is that the three-spread (a) be the projection from a fixed potnt-of a two-spread 
having two distinct systems of characteristic curves, or (5) be generated by the lines 
| intersecting each of two fixed curves, or (c) be generated by the tangents to a system 
- of characteristic curves on a two-spread having two distinct si ystems of such curves. 
24 Suppose, next, that the roots of (7) are equal. If this condition is 
satisfied, the cones which intersect in the three-point tangents at P have a 
common component. The plane so determined is a component of the tangent 
cone at P to the section of the three-spread by every hyperplane through: the 
tangent S, at P. Every line in the plane through P is, therefore, a three-point 
tangent at P. Since this plane is invariant as P moves along the invariant line, 
every line in the plane has three-point contact with the three-spread at its inter- 
section with the invariant line. 
15 


oe 
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Conversely: if a three- spread which does ji satisfy more than four homo- | 
geneous linear partial differential equations of the second order has, at each point, 
a continuum of three-point tangents, these must form a pencil, since; otherwise, 
the section by an arbitrary hyperplane would lie in an /$. The plane of this 
pencil must be a component of the tangent cone at its vertex to the section of 
the three-spread by any hyperplane through the tangent & at the vertex. 
Hence, the three-spread, since it is not generated by planes, is generated by 
lines in such a way that the tangent /$; is invariant along each line, and also in 
such a way that the roots of equation (7) are equal. 

If the three-spread is a cone, the condition that the roots of (T) be equal - 

reduces, when the values of as, @ and a4, are substituted in from equation 
(4), to | | | | 
| B* —440 0, 
This, however, is the condition that the two-spread a; = a, (us, Ug) have, at each 
point, a three-point tangent. A three-spread cone, therefore, will have, at each 
point, a pencil of three-point tangents if, and only if, it is the projection of a 
- two-spread having, at each point, a three-point tangent. | 

If the three-spread is not a cone, the amen that the roots of [UT t. €. of 

(4), be equal reduces tọ 
| (d — cy ka mM 0. 

 Sitice the ratios c : dy} — c: — d are independent of u,, equation (4) may be 

reduced to the form: 


f? = anf bf + ef? + df. | 

We now have d -20, d =c. From equations (1) and (2), therefore, it follows 
that the two-spreads u = const. are developables or cones.. They can not be 
cones; for, if they were, the three-spread itself would be conical, or else 
generated by planes. They are therefore developables. The equations of the 
three-spread may, therefore, be put into the form ' 

Vi = fi (u, Us; Us) aps gi (te, Us) + us gi (us, tis), i = 0, 1, is z n. 
Krom equations (2) and (3) we now obtain — i 
| | gesagt Bg + yg’. 
Hence the edges of regression of the developables u,= const. are tisse: -point 
tangent curves on the two-spread: 


X, = gi (Uz, Ua), tS Os Ley Me, 
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Conversely, consider a three-spread generated by a system of three-point 
tangents to a two-spread. Let the equations of the three-spread be 


Li = f, (Uy, Uy, Us) = gi (us Us) + Uy g? (Up, ts), ma Os away Mh, 
in which, since the generators of the three-spread are three-point tangents to the 
two-spread, 
g” =ag +89 t yg 
Tt therefore follows that thé three-spread satisfies the four equations: 


T~ — 0., 
1 1 
12 45:9 Jon 
flel fap, 
Peaaf+afitaf toy, . 
f? = af + aft + eof + 4^. 
Hence, the necessary and sufficient condition that a three-spread not generated 
by planes nor lying in an S, have, at an arbitrary point, a pencil of three-point 
tangents is that it (a) be a cone projecting a two-spreaa which has, at each point, 
a three-point tangent, or (b) be generated by a system œ? of three-point tangents to a 
 two-spread. | 
It will be supposed throughout, hereafter, that the tangent cones at P to 
the sections of the three-spread by the hyperplanes through the tangent S; at P 
are not all composite. Of the four generators of intersection of the cones of this 


pencil at P two or more may be consecutive. It will next be determined under 
what conditions it may happen that: 


` Case 2. Two Three-Point Tangents Are Consecutive. 


25. Let Up = const., ug — const. determine the system of curves the tangents 
to qu count twice as three-point tangents to the three-spread. Since the 


2 
cones x Crx du, du, = 0 and 2 E du,du,-—0 touch along du, = 0, du, = 0, 


two of “the four differential. did satisfied by the three-spread may be 
written in the form: 


2f bf 4 of? + dj, (1) 

fP = anf + bfi of? + dif? H ef”. | (2) 

It will be supposed, in this case, that the other two three-point tangents 

at an arbitrary point are distinct. The three-spread therefore lies in an S;. 
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Most of the results of the present discussion of this case, however, hold for any 
three-spread which satisfies two equations whick can be reduced to the form of 
equations (1) and (2), and which therefore contains a system œ? of curves the 
tangents to which count twice as three-point tangents. 


3 3 3 3 
‘Since the cones = E Eng AU, du, = 0 and x 2 Jn, du, du, = 0, at an 


arbitrary point P on the three-spread, tcuch along dw, = dw = 0, the tangent 
determined bv du, = du, = 0 also counts twice as a fundamental tangent in 
the birational correspondence (f| 15) between the tangents at P. Hence, | 
the tangent S; at a consecutive point (u, +- duj, Ug, ug) on uz = const., wu, = const. 
intersects the tangent S,; at (ui, ue, Us) in a plane which passes through 
du, = du, = 0 and the discrete fundamental line. 

26. Suppose, first, that the plane of intersection of consecutive tangent $ 
along an arbitrary curve of the system u, = const, us = const. is. invariant. 
The curve u, = const., uz == const. lies in this plane and the three-spread is 
touched along the curve by the plane. 

The three-spreads which are touched along: non-rectilinear plane curves 
by a system œ? of planes will be discussed in Case 5. Suppose therefore, for 
the present case, that the curves «, = const., ug = const. are straight lines. 
The necessary and sufficient condition that a ruled three-spread be touched along each 
generator by a fixed plane is that the three-spread be generated by a system oo! of 
developables or cones. 

That the condition is sufficient follows from the fact that the tangent plane 
to the developable or cone touches the three-spread along the generator. To 
show that the condition is necessary, let tae equations of the three-spread be 
written in the form: 

Vi = f; (Ui, us, ug) = gi (tz, Ug) + wy A; (tte, Us), $890. T oos 

The tangent S at (w,, uz, us) is determined by the generator through the point 
and by the line L joining x; = g? + u A to x; = gë -+ u As. Since, for all values 
of u,, the tangent S, contains a fixed plane, the line L must, for all values of 4, 
meet the plane in a fixed point or in a fixed line intersecting the generator 
through (th, t, uj). In either case, there exists a value of u, such that 


a (g? + wu A^) + b (g? + wu, À9) Heg 4- dÀ — 0. 


By a suitable transformation of the parameters this equation may be reduced 


Linear Partial Differential Equations of the Second Order. 117 


either to g? = À or else to g? = 0. Hence, the resipi is generated either 
by developables or by cones. 

27. Suppose, next, that the tangent 8, along Uy = const., tg = consi. all 
contain a fixed straight line. Since three consecutive /$; of the system all pass 
through each point of the curve u, = const., u4—oconst., the straight line common 
to the tangent 5; must coincide with w= const., u; = const. The three-spread 
is therefore ruled. Let its equations be: 


a; = fi (Uy, us, ug) = g; (us, Us) + 14 h; (t th) |, $220,1,....,m. 


> 


Equation (2) is now the condition that the six points. 
em gu eh, ap gi, = hi, 2; =g}, v= hi, $-0,1,....,m, (a) 


lie in an 5. Conversely, if these six points lie in an &,, equation (2) is satisfied " 
and the generators count twice as three-point tangents. . But the six points (a) 
lie in S, if, and only if, the tangent planes to the two-spreads x; = g; (tis, ug) and 
2 = hy (ug, ug), at corresponding points, intersect in a point. Hence, the necessary 
and sufficient condition that the rectilinear generators of a ruled three-spread count 
twice as three-point tangents to the threz-spread is that they join corresponding points 
of two two-spreads the tangent planes to which, at corresponding points, intersect 
in a point, | : | 

| The tangent S; to the three-spread along the generator Wai const. , Uz = const. 

envelope a quadric hypersurface in the S, determined by the points (a). This 
hypersurface has the generator for double line. . For, the tangent D; at (th, us, s) 
is determined by the generator through it and the Ene joining 


z =g? + uid to c = gë + u, A}, | $-0,1,....,0.. 


"When w varies, the latter line deseribes a regulus and the & determined by itc 
and the fixed generator envelopes a quadric hypersurface. 
. 28. Suppose, finally, that the tangent S, along an arbitrary curve of the _ 
system U = const., us = const. have, at most, a point in common. . We have 
` seen that the tangent S; at (u, + du,, um, ua) intersects the tangent & at 
(Uy, Uz, Uz) in a plane through du, = du; = 0 and the discrete fundamen:al line. 
Three ‘consecutive tangent S, along us = const., ug = const., therefore, intersect 
in a line. Since the osculating plane to w= const., end lies in the 
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tangent 43, this line goes through (u%, ug, us). It coincides, in fact, with the 
discrete fundamental line at (t, t; ug). For, let | a". 
2 m Aap f + buf” + Conf? + do ff + s f^ + ju", (3) 
E = dy f + ba f. t caf” + dai + esf” + Jaf? | | (4) 
be the remaining two differential equations satisfied by the three-spread. Then 
the line of intersection of three consecütive tangent $5 passes oe (a, Urn, Ug) 
in the direction - 
_ 8 « € « Jog — 265 Jon +1 o0 dy 
Cg. Cp» (€23 922 — € Jog) + £g 63$ — gg m = * o TCU 
But this is also the direction of the discrete fundamental line at (a, tis, uy). 
‘Along each curve u, = const., wu, = const., therefore, the discrete fundamental 
lines generate a. developable or cone. This developable or cone, obviously, 
touches the three-spread along u, = const., tẹ = const. If the locus of the 
discrete fundamental lines is a developable, the osculating |$j to the edge of 
- regression to any point is the tangent S, to the three- -spread at s. corre- 
sponding point. — i ; | 
Conversely, let wu, = const., us = const. be a system of curvés on a thrée- 
spread ` | S 
nu. E E RS 
such that the tangent S, along an. arbitrary curve of the system envelope a 
developable which touches the three-spread along the corresponding curve - 
Uy = const, ug = const. Let the equations of the three-spread generated by 
the ia of — of these developables be 
= F, Qn, Ay, Us), i= 0,1, ...., m. 
It then follows hes bat 2E : 
fice FM BF | dios Ft BEI y, FE +8 FY, i =0, 1, d Ny 
fia Fd gy FH y, FH, (fa FU Bs Fi ys Fo + Òs Fin, $-0,1,....,m. 
From these equations, it follows that the three-spread %; = j, satisfies equations 
(1) and (2). It is similarly seen that if the tangent S; to the given three-spread 
along u= const., ug = const. envelope a cone which touches the three-spread 
along u, == const., wu; = const., then equations (1) and (2) are satisfied. Hence, 
the necessary and sufficient condition that a system o? of twisted curves which generate ' 
a three-spread count twice as three-point tangent curves, is that the tangent i$, to the 
three-spread along each curve of the system envelope a dévelopable.or cone which touches 
‘the UOTE along the curve corresponding to tt. 


Linear Partial Differential Equations of the Second Order. 119 


Case 3. Two Pairs of Three-Point Tangents Are Consecutive. 

: 29. Let the directions of the two three-point tangents at an arbitrary point 
be ds = dus = 0 and du, = 0, dus = a duz. Denota ác + az by A. Since 
the three-spread has only a finite number of three-point tangents, A f! does not lie 
in the tangent Sj. The four differential equations may therefore be Eredua to: 


P=af thf FaAf tdf, (1). 


fP =aftbhfi'+oAf+daf? +edAfi, | (93) 
 A(Af) — asf d- bf! Ee Af + df? | (3) 
Af = aft hf + au Af+ d,f? +e, Af’. (4) 


From (1), the point c, = Af” is seen io lie in the 8, determined by the 
five points: | | 
xQ-——fn w—fn oof, wos, n= Afi . +=0,1,...., 0: (3) 
E | 


Hence the point a, x (A fi) = Aft + 2% fP lies in this S... Similarly, it is 


seen from (3) that the point x, = A (Af?) p in the same &,. Differentiating 
(2) with respect to wr, œ; — f] is seen to lie in the S, of (5). Hence, differen- 
tiating (1) with respect to uz, we find d; — 0, since z; = fP can not lie in this &. 

In the corresponding way it can be shown that d =C. rhea (2) we find that 


M lies in the S; of (5). Similarly, from (4), e = Ê (A A f’) lies in this &;. | 
Wi ia O 


But As (Af?) = EAT + sof Hence, se = = 0, since a, =f? does not lie in the. 


S, of a By a transformation of curvilinear coordirates of the form wu, = à, . 
Up = $ (ü,, Ü), us == (ds, tty), therefore, a may be reduced to zero. 
Suppose this transformation effected. The four equations now become: 


P= — af t 5f raf, (1) 

f8 2 asf 4- bf! pr ef? 4- dif? + af”, (77) 

f= uft bf tof, - | (3) 
B= uft uUa taf taU aS (4). 


From the first and third equations it follows that the two-spread wu, = const. ° 
. has two distinct systems of three-point tangents at each point on it. It therefore 
lies in an S. This & -is determined by 


2; — fi, a, =f, x, = fi, x, = f, ($220,1,....,m. 
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The consecutive /S; is determined, to infinitesimals of the second order, by 
-— 3 — fi. £13 ‘mon f2 1 £294? rie) 7187, 7 — 
a =f,+fedu,, x, ==fi+fPdu,, «=f; + fi Gus, m= f;* fi dus; $—0,1,....,m. 
But x; = fP and z, = f?? lie in the & of. 
E — f 1 — d? — 5 m f 12 y x 


Hence, the S; which gontai any two consecutive two-spreads uz = const. lie in 
an-$, and therefore intersect in a plane. 

The.equations of the three-spread can therefore always be put in one of the. 
following forms: 


jJ, =f (w, Us, Us) = lo (t5, us, Us) ji (us) + A (u, Ue, us) gi (us) : 
t b (u, Ups Us) gi (us) + li (us, Ulp , Us) gi” (ws), = 0, 1, ... 2} (6) 


a, = f; (t, us, Us Us) == lo (thy, tuo, Us) 9i (Ua) + h (ty, Ue, Us) 9? us) 


' + l, (t, Ug, Ug) gë (ug) + fs (Ur, he, Us) W, $220,1,....,m; (T) 
a= fi (t5, iis, us) = lo (Uy, Up, Ua) gi (Ua) + L (ty, Us, Us) gi (ta) | 7 
. + ls (th, Ue, Us) Li + by (uy, Ue, 05) Ms, $—0,1,....,nmj (8) 
Li = f, (Uy, Ug, Ug) = Uy (ty, Me, Us) gi (us) + L (tir, us, ts) Ki; | | 
T L (t, Us y Us) L; + h (Uy, Us, Us) M, i= 0, 1, E LT (9) 


where K;, L, and M, are constants. 

30. Conversely, any three-spread, the equations of which are of any one 
of these four forms, and on which the asymptotic lines of the three-dimensional ,. 
surfaces uş = const. of the system | 


gy = l; (t, Ug, us), J = 0, 1, 2, 3, 


are distinct, has, at an arbitràry point, two tangents each of which counts twice 
as a three-point tangent. 

| For, transform the parameters w, and u, in such a way that wu, = const. and 
ug = const. are the asymptotic lines of the surfaces u = const. Then 


I? — a0; 4- b, 4- eU, j =0,1, 2,3; 
1? = a,l; + bl + eU, j= 0,1, 2, 3. 


~ 


From these equations, equations (1') and (3) follow. 
Moreover, 2, = fP and v; = f2 lie in the S, determined by the tangent S; 
and x, = fj’, from which equations (2^) aad (4^) follow. 


M 
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Hence, the necessary and sufficient condition that a three-spread have, at an 
arbitrary pnn two pairs of consecutive three-point tangents is that it be generated 
by a system œ! of surfaces, the asymptotic lines of which are distinct and which lie 
in a system oo! of 8; such that consecutive S intersect in a plane.: Such a three- 
spread does not, in general, lie in an S. | 


.Case 4. Three Three-Point Tangents Are Consecutive. | 


31. Suppose, first, that the threefold three-point tangent curves are straight 
lines. Let the equations of the three-spread be: 
= fi (Uy, Uy, us) = Jı (us, Us) + Uy h (Us, s), $—0,1,....,m. 
The conditions that the lines u, = const., us = const. count three times as three- 
point tangent lines are that the three- spread. satisfy th» three equations: . 


f"- — 0, | (1) | 
f* — a,f - bf! - of? + af + oof, (2) 
FR Deaf + s ef" = af + daft + of? + hf + esf. (3) 


By differentiating ( 2) with respect to u, we find that d, e, = — (a+ + o. 
But, by differentiating (2) with respect to u, and uş and (3) with respect en Uy 
we find that dy €; == asa o,. Hence Ses 0. Hence, e, is independent of u. 
! | ; | 
By a transformation of the parameters u, and us which is independent of u, 
therefore, e, may be reduced to zero. Suppose this done. Since c, is now also 
' zero, the two-spreads wu, = const. are either developables or cones. | 
32. First, let the two-spreads u = const. be developables. The equations 


of the three-spread may now be written in the form: 


1 


x; = fi (Uy, Ue, Us) = ga (Ug, Us) + U gi (Uz, Us), > i = 0, 1, eese n. 
Equations (1) and (2) are now satisfied. The S, of - 
GE fi wj t = fis Us = ff, a, = fi”, $-0,1,....,m, 
coincides, for all values of u, with the 5, of 
t = gu, gg, a9), =g, w-—g, | i0, 1 4E 
since A 5 0, (3) reduces to the condition that | | 
Pe =agthgragtag@tag (4) 


16 
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Hence, the necessary and sufficient condition that a three-spread have, at an 
arbitrary point, two pairs of consecutive three-point tangents is that it be generated 
by a system œt of surfaces, the asymptotic lines of which are distinct and which (ie 
in a system oo! of S; such that consecutive S; intersect in a plane.: Such a three- 
spread does not, in general, lie in an &. | 


. Case 4. Three Three-Point Tangents Are Consecutive. . 


81, Suppose, first, that the threefold three-point tangent curves are straight 
lines. Let the equations of the three-spread be: 

E = fi (Uy, Ug, Us) =f (us, Ug) + tr hi (uz, Us), $£—0;,1,....,m. 
The conditions that the lines u, = const., us = const. count three times as three- 
point tangent lines are that the three-spread satisfy the three equations: 


‘f=, | (1). 


f anf bf pef + dof? + ef, (2) 
fF — 2e f” + id af" = asf + bf! T 05 f^ + d; f’ T ef”. (3) 
52). 


By differentiating (2) with respect to u, we find that dze, = —(a+5 Ti 
But, by differentiating (2) with respect to u and u and (3) with respect E ^ 
| Qe, Qe, " 
we find that d, e, = 2 Du c,. Hence o 
By a transformation of the parameters u and us which is independent of u, 
therefore, e, may be reduced to zero. Suppose this done. Since c, is now also 
' zero, the two-spreads u, = const. are either developables or cones. | 

32. First, let the two-spreads wu, = const. be developables. The equations 
of the three-spread may now be written in the form: 


Hence, e, is independent of 4. 


a, = fi (th, Up, Us) — £i (us, Us) + ty gi (us, Us), > t=O, l, ses, n. 
Equations (1) and (2) are now satisfied. The S, of | 

gh, AE m = fis =f}, eQ—ff  i=0,1,... 
coincides, for all values of u,, with the Ds of 

2 — gs, n=, m=, uw, = ji 5 q—gP. ($70,1,...., n. 
Since e, — 0, (3) reduces to the condition that 


g” — 849g +b ta g + d, g” d e, g”. (4) 
16 | | ; 


1 
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Hence, at any point P of any curve u = const. on the two- spread ; w, = gi (Ue, Us), 
the osculating S; to the curve lies in the 5, determined by the tangent planes to 
qx == gi (t, ug) at P and at the consecutive point on t = const. 

‘Conversely, let S ; 

9; = g (us, t), T= 0l, gy. 
be a two-spread in $, which contains a system «1 of curves such that, at an 
arbitrary point P of a curve of the system, the osculating S; to the curve lies in 
the: 8, determined by the tangent planes to the two-spread at P and at the 
consecutive poini along the curve. Suca a two-spread satisfies a differential 
equation which can be reduced to the form (4). The.tangents to the curves 
of the system generate 4 three- -spread the equations of which then becomé: 


w, = fi (Ui, Ug, Us) = gi (Ue, Us) + uy gi (ue, Us), ? — 0, 1, » Ae 
` This three-spread satisfies equations (1), (2) and (3), and therefore its generators 
count thrice as three-point tangents. | 
33. Suppose, now, that the two-spreads = const, are cones. Let the 
: equations of the three-spread be written in the form: 


| L; == fi (th, Ue, Ug) = gi (Ue, Ug) F th A; (us), $—0,1,....,n. 
Since & — 0, the condition that (3) be satisfied reduces to | | 
g? = asg + b g* + ec? + de + esh. l (5) 


Hence, at any point P ‘of an arbitrary curve u, = const. on a; = gi (ug, us), the 
 osculating plane to the curve lies in the 3, determined by the tangent plane to 
- ca; = gi (Ug, Uy} at P and the tangent line to 2; — A, (u;) at the vertex of the cone 
through P. ? a 

Coiresiy, let V be a swo-spread and o a curve in S,. Let tiers corre- 
spond to the points P, of C the curves C, of a system on V such: that the 
osculating plane to an arbitrary curve C, cf the system at any point P on it 
lies in the S, determined bv the tangent plane to V at P, and the tangent line | 
to Cat P,. Then the parametric equations x; = g; (ug, ug) of V and «, = A, (ug) 
of C can be set up in such a way'that (5) is satisfied for all yos of ?, and 
therefore that the three-spread ^ ^"  .. 


Ti = J; (us, utg) + t he; (us), $ == 0,1, 05 
generated by the lines joining the points of each curve Qs to the corresponding 


point P of O, satisfies (1), (2) and (3), and therefore has its generators for three- 
fold three-point tangents. | 
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Hence e, is independent of w,, and, by a transformation of the parameters v, 
and uz, may be reduced to zero. The four equations now become: 


f" - 0, | Qa!) 
^a bf aft E df 2) 
8 = asf + bg ft + esf? + dsf? + esf, | (3)) 

f? = af t f + of? + df? ef. (4) 


Differentiating (2') with respect to u, and (4 with respect to w, we find 
€, = 0. Hence, the two-spreads u = const. are developables or cones. Differen- 
tiating (1^), (2/) and (3) successively with respect to wu, and us, we find that the 
‘developable or cone u, = const. lies in the S, determined by 

G=fi, m= fi c€-—f «-—jf m=’, (ES T. eee A 
But x, = f?, and its consecutive derivative points with respect to w ini Ug, also 
lie in this 8,. Hence, the consecutive two-spread, corresponding to the value 
us, + du, of the puEetieter? also lies in this S,. Hach two-spread, therefore, 
lies in the intersection of two consecutive §,. Hence the three-spread is gene- 
rated by a system o! of developables or cones lying in a system œ! of § such 
that consecutive Š; lie in an S, and therefore intersect in a plane. 

Conversely, it is seen, by an argument analogous to that given in Case 3, 
that a three- spread generated i in this manner satisfies four equations of the type 
(1), (2), (3), (4) and, therefore, that its rectilinear generators count four times 
as three-point tangents. 

Hence, the necessary and sufficient condition that the generators of a ruled 
three-spread count four times as three-point tangent curves is that the three-spread — 
be generated by a system oo! of developables or cones lying in a system of S4 such 
that consecutive S, intersect in a plane. The three-spread does not, in i goasral 
lie in an &. f 

37. Suppose, now, that the fourfold three-point tangent curves wu, = const., 
us = const. are not straight lines. The conditions that the curves t = oodd. 
us = const. count four times as three-point tangents are: 


T=af taf taf tda, 2 (1) 
f? — ef? = af + bf! t af? + af, (2) 
J” — ef? = asf + bs f! + esf? + df? + es f, - (3) 
f* — e f* = a,f 4- b,f! -- ef? 3 d, Pr ef. (4) 


From (3) and (4) we obtain at once: 


J? — 2e f? + e e, f? = asf + bf! taf + asf? + ef^. (5) 
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Neuss e = 0, since du, — 0, TEN does not determine a Giese 
point, tangent. 


Differentiating (2) with E to u, and uz, we find that 


Sy T 1 def ee f 
lies in the S, of | 


g, — fis x, = fi, z, = fi, Es = fi, M — v 1=0, 1, E. n, (6) | 


Hone: by differentiating (5) with respect to. a we find that «,— n lies in 
this $. Differentiating (1) with respect to &4, we now find that c, + die; — 0. . 
Hence (1) may be written in the form: . Ty 


f? = asf +b + de (f? — ef’). (1) 
Differentiating this equation ‘successively wita respect to u,, it is found that the 
curve u = const., ug = const. lies in the 5, of (6). It follows that this curve 
must be a plane curve. For, otherwise, by expressing f? and f? in terms of 
f, f3, f" and f™, it would be seen that the entire three-spread lay in this 4. 
Hence: 


fU = af + bf + af”. B | B (7) 


From equations (1) and (7) all the others follow. Hence, if a system of non- 
rectilinear plane curves are three-point tangen! curves to the lai thas Me are 
fourfold three-point tangent curves. 

38. Let the equations of the three-spread be put in the nr 


= Po (us, | Way Us) Joi (us, Us) + dy (t, Ue, Us) P. (tus, Us) + ds (Uh, s, a Joi (Ua, Us), 
$ — 0, 1, QT | 
Bya linear transformation of Qo, Diy a, the TA -spreads %; = gy, 4 = gu and . 
$,—g, may be taxen to. be two-spreads which lie on the three-spread. Suppose 
this transformation effected. For each pair of values of u, and ug, the curve 
4i = const. , Us = const. goes through the.points a, = gy, c; = gu and a, = gs. 
Equation (1)) now becomes: 


Po (gi— ea 93) + Qi (gi — egi) + s (9 — e fi) = a go tg d Y Jae (1) 


, Let 6j; €; and eg be the values of e, at æ; = g-;, % = gy and x; = gy respectively. 
Substituting into (1") the values of u, which give rise to these three points and 
simplifying (1") by means of the resulting equations, we obtain: 


Po (E20 — €2) G5 F Pi (m — Ee) gi + Pe (Coz — &) G2 = 093 9o + £191 + Vaga 


X 
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But the plane of x; = gà, oy = Ju, €; = gh can not have more. than one point 
in the plane of x; = gm, Xı = Ju, v; = gu. For, otherwise, the five points (6) 
would lie in an &, and the three-spread would satisfy five homogeneous linear 
partial differential equations-of the second order. Hence, | 


Qo (Cog — E2) — Pr (€ — 63) — Pe (C2 — Ga) | 


PAM tnr OUT 277 -— 


j Op A 65 
where 0$, c, and Oy are depen n of 4. | 
Eliminating é,, We now obtain: .. "E 
' Po Py Fa (6 — ea) + D1 Pe So (Ger — €x) + z Do1 (6s — €x) = O. - 
Since this equation is of second degree in Do, $, and $,, the curves 


‘Us = const., us = const. are conics. 
Consider the four-spread generated by the planes. of these conics, 


q, = Joi (us, ug) + V1 Ju (Uz, Us) F Vo Jos (us, Us), 1=0, 1, j h, 


vis Vj, Va, Ug, Ug are the parameters. The inen S, at any point is the 24 
of the points (6). It is therefore invariant over each plane u= const., 4, = const. 
39. Conversely, let > i 


Tı — Jou (us, Us) + Dı gui (Uz, Ug) + vs gui ui ts) 1==0,1,... "uc (8) | 


be a four-spread generated by planes in such a way that the tangent jS, is in- 
variant along each plane. . Let æ, = 0; and æ, — 4); be two of the six points, 


L; = guy Li = gu, ti = ga, = Jh, 0; = Fi, L, = gas $z20,1,....,m, 
which do not lie in the plane u = const., uz = const. Let  . T , 
: g = ag + Pi + 7192+ t + Ty, 


gà = Qa Jo + Pigir + 4192+ m? T po b, 
and similarly for gi, g1,.g? and g. 
' Then the points in the plane Uy = const. Ug = const. which also lie in a con- - 
secutive plane must satisfy the equations: | 
d, (Gq + 9401 + 0203) + dus (7% + vi 7t + v 7%) = 0, 
dus (Ta + U: v; + v5 T2) + dus (Po + 01 + và f») = = 0. 


They therefore lie on the conic: 
09 +- 1A 01 Jd- Va Os My + $1 Ty + Vo Me 


9 , 
To F 9471 + UT, - oc vi Pr F s Pe i 
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This conie may be composite. Its Opa a is then a ruled three- -spread. Excluding 
this case, let 

= _ Qi (uh, ty, us) __ Qs (ty, Us, Us) 

n Qo (45; Us; Us) ii Qo (Uy, Ue, Us) 


satisfy (9) identically. Then the three-spread, 


qi e —h (w, Ug, us) = = Qo (15, Ug, Us) Joi (Me Us) + $3 (ty, Ue, Us) gy (Ue, Us) 
+ >, (t4, WU», ug) Ju (ur s), a eeeem 0, lpse- ny (10) 


satisfies two equations of the forms (1°) and (7). The conics u, = const., 
u;=const. on it therefore count, four times as three-point tangent curves. 
Since the conies (9) are not composite, the four-spread (8) satisfies nine. 

homogeneous linear partial differential equations of the second order. Since 
the four-spread is not generated by S; in such a way that consecutive S; intersect 
in a plane, it lies in an §;. Hence, the th-ee-spread (10) lies in an &;. 

Hence, the necessary and sufficient condition that a system œ? of non-rectilinear 
plane curves which generate a three-spread be three-point tangent curves to the three- 
spread, is that they be the system of conics in which each plane of a four-spread which 
ie generated by planes in such a way that the tangent S, is $nvariant along each plane 
is intersected by the planes consecutive to it. The conics then count four times as 
three-point tangent curves to- the three-spread. The three-spread generated b y such a 
. system of conics lies in an Ñs: 

The three-spread is, in this case, touched along the conics by the planes of 
the conics. When a three- “spread generated by a system œ? of plane curves is 
touched along the curves by the planes of she curves, the tangents to the curves 
are three-point tangents to the three-spread. Hence: 

The necessary and rane condition that a three-spread be touched along non- 
rectilinear curves by a system œ? of planes is that the curves of contact be conics and 
that the plane of each conic meet the planes ccnsecutive to it in the dnd of the conic. 


URBANA, ILLINOIS, January, 1910. 
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Some Properties of Lines in Space of Four Dimensions 
and their Interpretation in the Geometry of the . 
Circle in Space of Three Dimensions. 


Br C. L. E. Moors. 


The study of systems of lines in space of four dimensions is so closely related 
to the study of systems of circles and other geometric configurations that it has 
seemed worth while to develop this geometry and to interpret the results in ` 
the geometry of the circle. Klein* has suggested the study of lines in space of 
four dimensions as a possible approach to the study of systems of circles. The 
only extensive study made of systems of lines in S, is that of Castelnuovo; T 
büt this is concerned only with linear systems of lines, and as linear systems 
of circles have already been. studied by Koenigsl and Cosserat,§ no further 
reference willbe made to linear systems of lines. The properties of lines treated 
in this paper involve the first derivatives. 7 


Ruled Surfaces. 


We will define a line in a space of four dimensions S, by means of. the four 
equations 
xti = Ay + 042, 


Tz = Ag + 252, - | | ; (1) 
Vy = dg + aga, 


Oy — Z; 


and to define a ruled surface we will consider. a,, a), 45, &4, Qe, a; as functions 
of a variable . Throughout this paper the functions:are supposed to be con- 
tinuous and to possess first derivatives which are also finite and continuous. 


* «Einleitung in die Höhere Geometrie," Vol I, p. 242. : 

t Atti del reale Instituto Veneto, 1890—91. 

t “Contributions à la théorie du cercle dans l'espace," Annales de la Faculté des Sciences de peal t. 11, 1888. 
^ § “Sur la cercle considéré comme élément générateur de l'espace, Annales de Toulous, t. III, 1889. 


17 ^ | 


130 . Moore: Lines in apice of Four Dimensions and their 


The tangent plane ata itid z,t of the ruled ne (1) (the cooftcent 
being considered functions of f) is then — 


€, = a, + az + T a4 + 4 (a; + za), 
y = d, + 2 + Tas + dj (az + zas), 
Ty = ag + a42 + Taz -+ t, (a4 T Zag), . 
g,-z-d c, 
dà da 
| dt? dt* ^ 
express this plane as the intersection of two 3yperplanes, we have 


where 4, 7 are the parameters and a’,a’,.... denote If we 


Lı — 044—042 To — 0.— 099 — X4—2- 
o > aa 1 = 0, 
al + aiz a+ az O° | 
€,— Ay — A? — X&g— üg— ag Ze — 
Q4 Os 1 = 0. 
al +. al Akt age . 0 


Developing these determinants, we have 


; j | 
= 50e 
t — a — 0% al -+ alz ^ 
See ae | (3) 
The first. member of each of these equations is free from z, and therefore we see 
each of these hyperplanes depends linearly on z Now given z, and the two 
hyperplares, and consequently the tangent plane, is determined; and inversely, 
given pı, then z is determined and consequently pa. Hence, there is a (1,1) 
correspondence between the points of a generator v of a ruled surface and the planes 
tangent to the surface in these points; that is, the Chasles correlation holds for 
ruled surfaces in S,.* | 7 


* From (2) and (3) we have, equating the values of z cbtáined from each, 


(25 a5 — a, a;) Pı Pa + (ty Gy — g 1) p, — (@, à — 45 ,) p, = O (4) 
as the relation which must hold between p,, p,. If this relation holds, the locus of the plane [(2), (3)] is 
! 

— a — qm Wu 0 9, = Uc o Ep a ip Id 0 Be SE 
aca c cs eae, + (2,8, 4,6) 5 NCC e KS (2, 4, Uer. 0 
which is the equation of the hyperplane generated by the tangent planes to the ruled surface in points of a 
generator T. A 


(a, G5 — as a.) 2 


~ ———n 
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We. may consider aj, aż, aj, a1, a3, a a8 the homogeneous coordinates of 

this projectivity (correlation). If 

alas —agal — 0, | (5) 

| 0103—Q;0,=0, ` | (6) 

the hyperplanes (2) and (3) are the same for every value of z; that is, for every 

point of the generator r. Hence the surface has the same tangent plane the 

whole length of the generator r. Equations (5) and (6) are then the conditions 

in order that the correlation be degenerate. When this condition is given we 

easily obtain the tangent plane from equations (2) and (3). We will call such 
a plane a focal plane or singular plane. — 
If we solve (2) and (3) for z, we have 


_.  &% — py | | 
g = — ~ 2 
ai — 02 pi’ ( 

j / 
pis aa Ma s | | (3') 


Q4 — Qi p» 
(remembering that p, and p, are not independent). We see that (5) and (6) are 
also the conditions in order that z be independent of p, and p,. In this case to 
the point z of r corresponds each plane which passes through r. Such a point 
we will call a focus or singular point. It is easily seen also that (5) and (6), are 
the conditions in order that the generator infinitely close to r intersect 7, for 
the line infinitely close to r has for equations 


t= + 042 + da + zda, 
ly = Ay + yz + da, + zda, 
£3 = As + azz + da; + 2d o5, 
| EO— l 
Subtracting equations (1); we have 
da, + gd a = 0, 
da; + zda, = Q, 
dag + zda = 0, 


and (5) and (6) are at once seen to be the conditions in order that these equations | 
be consistent, . | mE 7 i | | 

Now if we consider aj, a2, @3, a, as, od as the homogeneous coordinates 
of a space > of five dimensions, each point of 2, will represent a. correlation 


„between the points of r and’ a singly infinite number of planes passing through r 


zs. m i : i E 
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and generating an.ordinary space $5. In this space > the intersection of the two 
cones whose equations are (5) and (8) represent the degenerate correlations. 
The intersection of these two cones is a variety V? of three dimensions and of , 
the third order; since the &; ai = aj = 0 is common to both cones, it is evident 
that the points of this 8, do not represent oopeneree correlations. We will 
designate this-variety Vj by ®. 
From equations (5) pus (6) we see thet the planes defined by 
a, + 2a; = 0, 

as + 205 = 0, E (7) 

a, + zaj —0 | ; 
stand in the variety ® for all values of 2 and represent the points of the 


generator r; that is, the points oz r considered as foci are represented by (7). 
We also see that the lines represented by 


E — 1 do = 0, 


Q4 — 103 = 0, : | f (8) 
7 nem 

a, — 0939s = 0, | 

ay — azp = 0 


stand in ® for all values of p, and p, and represent the planes passing through T; 
that is, the planes passing through r and considered as focal planes are repre- 
sented by the lines (8). The lines of (8) which represent planes tangent to the 
the same ruled surface are given by the values of p, and p, which satisfy (4). 
"e each line represented by (8) will cut each plane represented by (7). 


Congruences of Lines in Ñ, Cy. 


If di, 05, Az, Q4, Ay, ag are functions of two parameters u,, Usp, equations (1) 
` will generate.a congruence of lines in Sj. Then the correlations which belong 
to a-line r of the congruence, that is the correlations on 7 defined by all the ruled 
surfaces of the congruence which have r for generator, are represented in > by 
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[We have here supposed that wu, and uw, are both functions of a parameter t; 
then by varying these functions we get al! the surfaces of the congruence which — 
contain the line v.] The above equations show that the correlations in a con- 
gruence C, which belong to a line r of the congruence are defined in X bya 
i a >.) A line in E will not, 
in general, cut the variety «b. Hence: In general, there are mo developabies 
belonging to a congruence of lines in a space of gour dimensions S,; that is, 
‘there are no degenerate projectivities. 

Particular Cases. 1. The line (7) may intersect d: in one point. In this case 
there is one focus on 7 and one focal plane passing ihrough. (since the point 
in which (7) cuts ® must lie on a plane of (7) and a line of (8). If this con- 
dition is fulfilled for each line of the congruence, the focal points generate a focal 
surface, but the focal planes in general do not have an envelope. The congruence 
is. formed by the tangents to a system of lines traced on a surface. . 

2, The line (7) may cut d in two points, in which case there are two foci 
on r and two focal planes passing through r. If this condition is fulfilled for 
every generator r, the congruence will have two focal surfaces, and through each lune 
will pass two developables belonging to the congruence. Let M, N be the two foci 
on any generator r, and let Uu, v be the corresponding focal planes. The planev 
is tangent to the locus of M. . For any. line of the.congruence is tangent to both 
developables, and therefore tangent to both the locus of M and the locus of N.. 
Now as 7 moves, generating-one of the developables whose cuspidal edge is on the 
locus of N, it is always tangent to the surface generated by M; hence, the tangent 
planes to this developable are tangent to the locus of M, but these tangent planes 

are the planes v. This congruence is formed by the lines tangent to a sysiem of 
_ characteristics® traced on a surface in S. Every surface in §, can be the focal 
surface for such a congruence. à | 

3. The two points in which the line (7) cuts ® may coincide, in which case 
the two focal surfaces coincide and the congruence is generated by the tangent lines 
io a system of characteristics traced on a surface of the parabolic type. t 


line (7). (The parameters of the line are 


* See Segre: “Bu una classe di superficii degli iperspazii, ecc.,"" Atti di Torino, 1907. In this paper Segre 
has discussed a class of surfaces in S on which can be traced two systems of curves such that the tangent ` 
planes to the surface, in points of one of these curves, form a developable. Such curves he has called 
characteristics. It is shown that every surface in S, belongs to this class. 

+ A surface is said to be of the parabolic type when the two systems of characteristics coincide. ' In this 
cage the coordinates of a point of the surface satisfy a partial differential equation of the second order and of 
the parabolic type. ! 
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Specializations of the Focal Surface. In general the. foci in cases 1, 2, 3 
above generate surfaces, but they may generate curves in particular cases. . In 
case 1, if the focal surface becomes a curve, the congruence will consist 0o? the 
. cones of lines whose vertices lie on the curve; but here again these cones have 
no envelope. | 

If one of the focal surfaces in case 2 is a curve, the second surface can not 
be a general surface but must be the envelope of œ! cones wkose vertices lie on - 
the curve. This requires that the one system of characteristics should be auch 
that the tangent planes to the surface along points of one of these characteristics 
should form a cone, and in general this will not be the case. The first system of 
focal planes consists of the tangent planes of the cones, and the second system 
consists of the planes passing through the lines of the congruence and tangent 
to thecurve. The focal points on any line are the points where it cuts the curve 
and is tangent to the surface. 
|. If both focal surfaces become curves, then the developables become the 
cones of lines whose vertices are on one curve and which touch the other curve, 
If the two curves are straight lines, the congruence becomes a congruence in $. 

The two curves may coincide, "and, as in 83, the congruence consists of the 
pencils of lines whose planes are tangent to the curve and whose vertices lie on 
the curve. | 

Other specializations may occur, but in general they occur only for particular 
lines of the congruence and not identically. It may happen that the line (7) 
lies wholly within the variety o. This may occur in two ways: (a) it may lie 
in one of the planes (7), in which case there is one focus corresponding to this 
plane, but there are c! focal planes ‘corresponding to the lines of (8) which are - 
. cut by the line (7); that is, there is one focus on the line v, but œ! planes passing 
through r are focal planes. These focal planes generate an ordinary space 4;; 
that is, they forma pencil with r for axis.. For if wé consider any hyperplane 
in X, it will cut any given plane of (7) in a line s; and it is easily seen that the 
- relation which holds between p, and p; for the lines of (8) which cut s is a bilinear 
relation without a constant term, and this bv equations (2) and (3) determines a 
pencil of planes. (ə) The line (1 ) may co: neide with a line of (8), an which case 
each point of r is a focus but only one plane is a focal plane. . 

Examples of lines of the kind (a) would be the lines tangent to the curve 
of intersection of the two focal surfaces (if such exist). In this case we see that 
evidently the two foci have coincided in the point of tangency, but the two planes 
passing through r and tangent to the two focal surfaces are the two focal planes; 
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but we saw that if the foci coincide, the focal Bienes must coincide unless the 
line (1) lies in $6. Hence o Poe of the pencil determined by these two focal 
planes are focal planes. Lines of the class (b) would be illustrated by the lines 
of the developable (if such exist) which envelopes the two sheets of the focal 
surface. Evidently the two points o? contact of such a line r with the two sheeis 
of the focal surface are foci; but the two focal planes have coincided, and as the 
focal planes can not coincide if the focel points do not coincide, unless the line (7) 
lies in ®, and as there are two foci, there must be an infinite number. 
Triply Infinite Systems of Lines, C3. 
| If the coefficients a,,...:,a,,-.-- are functions of three variables w, ue, us, 
the coordinates of the correlation become | | | 
a = Od, du, Qa, dus Ca, dus 
Qu, dí Qu, dt Qua dt ’ 
aj = Qe du | 0a du, , 0m du, S 
. Ou, di | Qu, di. Ou; dt’ 
(IT) | | 


Qus dus , Oaz du 

Ou, dt To di * Buy di 

Hence the correlations which belong to any line 7 of the complex are represented 
in X by a plane (II). 

The plane II will cut the variety ® in three points: hee, through each 
line of the triply infinite system pass three developables.* The system of three 
parameters then consists of three systems of œ? pee The focal points 
generate three focal varieties of three dimensions $4, 4’, 9j". These varieties 
may be considered as the locus of the edges of regression of the three systems 
of developables. If we consider one of the developables whose edge of regression 
is on $$, for example, all the lines, of the developable are tnem to $5, $$, 
and therefore the planes of these developables are tangent to $4’ and 9j". There- 
. fore, if Mu, M, us, M;us are the foci and corresponding focal planes of a line r, 
the plane u, for example, is tangent to the loci generated by M, and M. | 

The system can be generated as the intersection of three special systems of 

o»? lines formed by — to three varieties of three dimensions; i. e., three 
Vice A ] 


Qa du 
ule Cg Mh 


“ 


* In the Rendi Conti di Palermo, 1890, Segre has demonstrated the general theorem that through each. line 
of a system of lines depending on n—1 parameters in a space of n dimensions will pass n—1 developablea, and each 
line of the system touches n —1 focal varieties of n —1 dimensions. Following the procedare above, this general 


theorem will be demonstrated later. 
` H . 
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—— Either two 9t three of the points in which II cuts ® may ioci: In the 
first case $5, coincide, say; then all the focal lanes are tangent to Qj, but 
only the K uj are tangent to Qj". Tf all three. points in which II cuts ® 
coincide, there is only one focal variety, and the focal planes are all tangent to 
. this variety. This system is formed by zhe tangent lines to c»? curves traced 
ona hypérsurface whose osculating planes are tangent planes to the hypersurface. 

Singular Cases. .1. The plane II may coincide with one of the. planes (7), 
in which case on 7 there is one focus, but each of the œ © planes passing through 
r.4s à focal plane; or | 

2. The plane IT may cut ® in a line of te) in which case there is one focal 
plane; but every point of r is a focal point; or ' 

3. II may cut one of the planes of s in a line, in which case one re point of T 

is a focus, but c * planes of a pencil are focal planes ; or 
| 4. II may cut one of the planes of (7) in a lina and contain one of the lines 
of (8). In this case there is one focus, but o! focal planes (corresponding to the 
lines of (8) which cut the- line in which II cuts the plane of (7)); but corresponding 
to the line of (8) we have one focal plane end œ" fecal points. Thus we see that — 
the plane and point corresponding to the lines in which II cuts ® play a sort of | 
double róle. 

5. The plane II may cut @ ima conic not lying i in a plane of (7 7); for an " | 
which contains two lines of (8) would intersect @ in a quadrie surface, and hence, 
if.IT lies in such an 83, it would cut in a conie. In this case each point of r 
is a focus and «o ! planes passing-through r are focal planes. This differs from the 
preceding case, because there is a (1, 1) correspondence between the foci and 
focal planes; that is, to each focus is associated a definite focal plane. The focal 
planes form a plane pencil. An example of this is furnished by a complex of 
lines in a space of three dimerisions. 

The above conditions are not, in general, satisfied identically, but. occur only 
for particular lines of the system. An example of lines of class 1 is the complex 
of lines through a point. In this complex each line is of class 1; that is, the 
relation is an identity. Another-example is furnished by the lines tangent to 
the curve of intersection of $4, $//, Qi". The point of tangency is the point of ~ 
contact, and the focal planes four in number are tke three planes tangent to the 
three varieties ĝi, $4’, $;" and the osculating plane ‘of the curve. But we SAY" 
thát there can be dr three focal planes unless II cuts ® in a particular manner, 
in. which case there must be an infinite number of focal planes. There is one 
essential difference between these two examples. In the first, through each line 
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pass an infinite number of. developables, while in the second, only four. In this 


~ second. case, strictly speaking, the lines tangent to the curve should be counted 


as a part of the envelope of the focal planes, but following the custom of con- 
gruences of lines in $5, we shall not include it here. | 

If the three varieties $4, $4’, 9j" have a common developable of tangent . 
planes, then the generators of this developable are examples of lines of class 2. 
On each line there are four foci, the. three points of contact with the three 


` varleties and the point on the edge of regression of the developable. But if 


more than three points of r are foci, then all the points are foci. In this case - 
also, strictly speaking, this developab_e should be counted as a part of the locus 
of the focal points, but here again we shall not consider it as such. E 

An example of a system of class 3 is furnished by the system of lines tangent 
to a surface. In this case the osculazing planes to the curves which are traced. 


-on the surface, and which have a given tangent line r, form the focal planes of 


the system. These osculating planes form a plane pencil. * 

Specializations. One of the focal hypersurfaces may” become. a surface. 
The system then consists of all the lines which. cut a surface and are tangent 
to two hypersurfaces. The developables corresponding to the focal surface 
consist of the cone of lines whose vertex is on the surface and tangent to the - 


.'two focal hypersurfaces. In the sams manner two or three of the focal hyper- 


surfaces may become surfaces. If on» of the focal varieties reduces to a curve, 
it is at once seen that two of the focal varieties must coincide in this curve. 
The system then consists of all the lines which cut a curve and ae are dias ans 
D a hypersurface or cut a surface. 


Bystems of «* Lines, C,. l 
If be coefficients à,, à,,.... are functions of a parameters Uy, Us, Ug, Uy, 
thé coordinates of the correlation are | 
, 0m du Qa, du m du, Qa, du, 
1 Ou, dt ` Ow. Ou, dt Ou dt’ 
Qa, du Oa, du, Oa, du, , Oa, du, 
Qui + Oua Y Qug di + Qu, di" 


-a 











(U) 


* 9 9 4 a a a 9 095 E 9 6 €. 9 3 9 $76 8 9 e à € r à 9/9 «e E * -» a 9 9 E * * 


7 Ou di ' Ou, di " Ou, dt ' Ou, dt" 


e Segre: ‘(Su ura classe di superficii, ecc.,”? p. 7. 


Oda du, , 4. T du, + day du, , Oa dw, 


18. 
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| We have seen that the points of the line 7 are represented by the planes of 
the system (7) and that the planes passing through 7 are represented by the 
lines of the system (8). Every Chasles correlation establishes a (1, 1) corre- 
` spondence between the planes of (7) and œ! lines of (8), but evidently not 
every correspondence of this sort represents such a correlation, In the first 
place it would be necessary for the o! planes shrough r which correspond to the 
æ 1 lines of (8) to generate an §;. Any S; in X cuts the yariety ® in a cubic 
curve, and thereby a (1, 1) correspondence is established between the points of r . 
. and o! planes passing through r; but not every such correspondence represents 
a Chasles correlation, for in X there are œ" spaces S, but there are only œ" 
Chasles correlations. In order to determine which of these cubics represent a 
. Chasles correlation, we will first find the condition in order that two correlations 


- . be in involution. 


By equation (2) a projectivity is established between the hyperplanes p, and 
the points z Equation (5) is. the condition in order that this projectivity should 
degenerate; hence, in order. that two projectivities (a/, aj, af, al, ab, af) and 

(al, a4, a, &{, ah, az) be in involution the pcints in the space X represented ` 
| by them must be conjugate with respect to the quadric (5); The same reasoning 
will show that the points should also be conjugate with respect to the quadric (6). 
Therefore the two projectivities are in involution when - 

al Q5 + Gi a, — ap ai — d504 = 0, (9) 
. a4 a4 + ai ag — aga; — @ u = 0. | (10) 
Then all the projectivities which are in involution with a given projectivity lie 
in the & formed by the intersection of (9) and (10). This & cuts ® in a cubic, 
and the points of this cubic represent the degeneraie projectivities which ‘are in 
involution with the two given ones; but in order that a non-degenerate projectivity 
should be in involution with a degenerate one, it is necessary that the singular - 
point and the singular plane of the degenerate projectivity should be corre- 
sponding elements of the non-degenerate one. Therefore we see that the corre- 
lation corresponding to any point of X is the same as that which is set up by 
the points of the cubic of intersection. of cb with the polars of the point with 
respect to the two quadrics (5) and (6). . Hence we have the theorem: The 
cubics which determine. a Chasles correlation ave the intersections of ® with the 
polars of the poinis of & with respect to the auadries (5) and (6). | 


V 
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. The space g which represents the correlations belonging to C, cuts o ina 
eubie, and uo a (1, 1) correspondence is established between the points 
of r and o! planes passing through r; but as we saw, these planes do not, in 
general, generate an /$;. . To find the locus of these planes, we need only find 
the relation established between pı and pz, and then from equations (2) and (3): 
find the equation of the ‘locus. Let the S; be given by the Teon | 


| | > A,aj == 0, | X Bal = 0. 
Then the condition that'this S, cut à line of (8) is 


- 


|! — 0 0720 0 

0 0 0 1 — fı 0 
= | 0 - O0 0 1. 0  —p, 
E A, A, A, l A, A; A, 


B, l B, ! B; B, $e B; B, 


This is the relation sought between pı and pa. It is easily seen from this deter- 
minant that there is no constant term or terms of the first degree in pı and pz. 
The determinant when expanded is of the form 


(0) | ipi t apip + pil + epipe + dpi + opt — 
and substeating the values of £1, 9; from equations (2) and (3), we have the cone 


a? tavs + böy +t eyz +d? + er =o, 
where | 
T= Ly — Ay —— Ay Nyy 
y = Ly — Az — Ag Ti, 
2 = dy — dg — dg 9. 


The condition that this cone should factor is the vanishing of the discriminant. 
Hence, in C, there are «v? lines whose cone, of singular planes factors into two 
ordinary spaces S5. These two spaces. have a plane Il in common. 

! If the space U is the conjugate of a point with respect to ®, that is, if it is 
. of.the kind described above, the (1, 1) correspondence, becomes a Chaales corre- 
lation; this, however, imposes three conditions. Hence, in C, there are œt lines 
(i.e, a ruled surface) such that the (1,1) correspondence established by U between the 
points of r and co ! planes passing through r, becomes a correlation of Chasles. 
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Singular Cases. 1. The space U may be tangent to d, in which case the 
intersection will evidently consist of the plane and line of b which pass through 
the point of tangency. The space J is evidently tangent to (5) and (6) in the 
same point, and consequently the curve of intersection revresents a Chasles 
correlation corresponding: to the point of contact. -Hence, there is one point and 
one plane which belongs to éach correlation on r (this point and plane correspond to 
the plane and line in which U cuts o). For consider any point Q' of U; its 
` polar with respect to (5) and (6) will evidently pass through the point of contact . 
Q of U, and consequently Q represents a point of r and its corresponding focal 
plane. . Hence, all the ruled surfaces which pass regularly through such a line v 
are tangent in this point and have this plane for tangent plune. 

If U is tangent to ®, five conditions are imposed; hence, in C, a are, 
in general, no lines of the kind mentioned above. | P 

2. (a) U may cut & in a line of (8). The cubic of intersection then — 
degenerates into this line and a conic, in which case the (1,1) correspondence 
between the points’ of r and œ! planes passing through r degenerates into two 
parts: (1) The line cuts each plane of (7); hence, there is one focal plane, but 
each point of r is a focus corrésponding. (2) The correspondence set up by the 
conic is still (1, 1). In this case the focal planes passing through r generate an sz; 

for in the determinant (B) all the minors of order 5 must vanish, in particular 
‘the minor formed by canceling the'second row and fifth column, Wiio gives the : 
following relation: 
A px Pa » bpr + ep =0; 
and m the iocis of the planes i is an S. 

. (b) The space-U may cut ® in two. lines of (8); then it will cut o in a 
regulus. In this case the correlations which belong to any triply infinite system 
contained in C, are represented by a plane which cuts @ in a conic, and the pole 
of the plane with respect to the quadrie will be a correlation in involution with 
all the correlations belonging to the triply infinite system. Within a system . 
like this there is a surface of singularities, and the whole behavior is like that 
of Ms lines i in an LI 


Fivefold Infinite Families f Lines, Cj. ` 


. The coefficients.are now functions of five parameters, and therefore the. 
correlations contained in C, are represented in X by an & cutting the hyper- 
surface ® in a cubic surface standing in the Sj. Every cubic surface in a space 


n 


“~ 
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of four R must be a ruled ities having a n directrix.. In 


this-ease the directrix must necessarily be a line of.(8). For the lines of d 


which.eut a line lying in.one of the planes (7) will generate a quadrie, because. 


the lines of (8) set up a (1, 1) correspondence between the planes of (7), and 


therefore to a line in one plane will. correspond a line in any other plane, and : 
the lines joining corresponding points of these two lines will generate a quadric. 
The S, cuts each plane of (7) in a line; and therefore each point of r is.a focus; 


and corresponding to any point there are «o^ planes passing through, r which are 


focal planes. These planes correspond to the lines of (8). which cut the line in 
which S, cuts the plane of (7) which corresponds.to the given point. The planes 
which have any given point for focus generate ‘an $,, and all these spaces 5; 
have a plane in ‘common (corresponding. to the directrix of the cubic surface). 
Between the points of r and these spaces S, there is then a (1, 1) correspondence, 
This correspondence may degenerate; then the spaces Sj coincide. This would 


necessitate that the lines which cut any line which 5, cuts from a plane of (7) 


would cut the lines which S, cuts from the other planes. If this happens, then 
it-is evident that the cubic surface will degenerate. ® is then tangent to dx 
The surface then degenerates into a quadric and a plane of (7); then there is 
one point of r (corresponding to the plane just mentioned) to which every plane 
through r corresponds. "e when we consider the quadric, we see that each 
point of r has the same o! planes for corresponding focal planes.. In any 


Kp OES ee Se 


| system C, there is a C, of lines of this kind, since the condition that 4S, be 


tangent to b imposes one condition, We may designate the lines of this C, - 
br the term singular lines. | | 
The lines of C; which pass through a given point generate a cone of three 


dimensions. The planes tangent to this cone in any given line T form an. ` 


ordinary pencil with r as'axis (?. e., generate a space 55), and the cones whose 
vertices all lie on a line r óf the Du have one common tangent plane. ‘Ifthe 
line ris such that the ` space Sj is tangent to ® (i. e., if r is a singular line), then 
the cones whose vertices lie on this line have an infinite number of common 
tangent planes. There are o * such lines. In the general case a plane tangent. 


to the cone isa plane which contains two infinitely near lines of the system C5; 


hence, from the above we see that through each line r of C; there em one plane 
which contains œ t lines of the system infinitely-near to v. 

In any hyperplane 5, of S, there.are œ? lines which SON to any G; | 
that is, an i$, cuts an ordinary complex of lines from 6. 
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Generalization. 
If we consider a ruled surface in a space of n dimensions, and use equations 


analogous to (1), the equations which define the correlation between the points 


of a- generator r and. the tangent planes of the surface passing through ` r are of 
the: form: 


() ZEE ma omm — af tale 
. ` Xz — Az —Aght, . ai A- alz í 
(2) Ly — Ay — U En — U taz 


Lg — Ag — Ug En - as 4 "ru P2» 


$09 OOS Se Re: RAC A eee ee ee eS ge "ew f 1 pg 


(n — 2) E Vy — Ay — O43, E ai + ajz 


ToT as 
177 Ay] — Qn 1 Tn an-ı + An? l 


The coordinates of the correlation are 
/ 
a, d, a3, eet tg dan-s; O41) al, as, a, ZIP Q5 25 ahis 
da ] a f : > : : 
where a= d saves Uis ao cu Va de Ob Oa wera hl being assumed to be functions 


of the parameter t. Then 

| | | mr mE : : 
| a; a4 — ài ai = 0, | s 
(A) | | Lf beet entere 


r ! E 7 E. ; r . 2 E f / 7 / / = z r ? : j : 
Ay 5.1 — 04.10) = O 


are the conditions that - correlation should degenerate. Then, if we consider 
ai, d$, +++, Ahir 04, «+++ 98-4 88 the homogeneous coordinates of à point in 
space, of 2n—3 dimensions, the degenerate correlations are represented by the 
variety (A) of n — -1 dimensions and of order n — 1, since the space a, = ų = 0 


is common to all the cones (4). The poinis of a generator r of the ruled. surface 
are represented by the linear spaces of n—2 dimensions : 


l al + ajz = 0, 
b i | i a3 + aiz = 0, 
3 + agz — 0, 
ecctcisi ctt y 


apt ` 
e R Bee Se SS E * . : ' ' 


/ f — 
On Fani? = 0, 
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where z is the parameter of the point on the generator. The planes passing 
HORE r are represented de the lines: U : 
E ui n= = 0, 
— ph a, == == 0, 
a — Pa a = 0, 
ai — 5,04 = 0, 


ay; — Pn—2 ani = 0, 
Q4 — Pn- An- = 0. 
Now, for the properties of systems of lines in a space of n dimensions we 
can study.the intersection of the variety (A) with the space which represents 
the correlations contained within the given system, just as in the preceding pages. 
If we have an (n — 1)-fold infinite ‘system (that is, if a,, 25, ...., Gni; 
93, 03, ey Ont are functions of n —1 parameters), then 
..Qa, du, , Qa, du 
n Pan du Y E Qu, , dí ? 


ea 


ai 





Qm, 4 du 
nt = Cvm di E Ou tu 4 Heeb chr 

The correlations contained in this system are therefore represented by a space of 
1 —1 dimensions. Now, a space of n —1 dimensions will intersect the variety 
(A) in n—1 points. Hence, we have the theorem due to Segre (Rendi Conti di 
Palermo, 1890): In S, an (n —1)-fold infinite system of lines has n —1 focal hyper- 
surfaces. Using the same reasoning as in Sj, we. see that each focal plane is 
tangent to all the focal hypersurfaces except net one which contains the focus 
corresponding to this plane. i 








` Application to the Geometry of the Circle in Space. 
_If the equation of the sphere be written in the form | 
t (a? + y? + £)—2ax —2b3y —202 4- 2d —0, (11) 
| the ratio of the five quantities ¢, a, b, c, d. will determine any sphere in space. 
The spheres of ordinary space can then be represented by points in a i of 
four dimensions. The radius of (11) is 
um a’ +- + à—2dti 


i? J 
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from which we see that the point spheres (spheres of zero radius) are represented 
by a pen in Sa; 


o= t! dé 2d6—0. | E . (12) 
The planes of ordinary spaces are represented by the hyperplane | 


This. —" is d to @ in the point (0, 0, 0, 0, I) zo which corre- 
sponds to the plane at infinity in ordinary space. The lines in the plane at 
infinity in ordinary space correspond in 5, to the lines in the hyperplane ¢ = 0 
which pass through the point o. The hyperplane £ — 0 intersects the quadric $ 
in an ordinary quadrie cone K, vertex o, the generators of which represent the | 
, lines in the plane at infinity tangent to the circle at infinity. The other minimum 
lines in: $$ are répresented in S, by tangent lines to this cone K. | 

The angle between two spheres (5, a, 5, c, d and (t', a’, /, e, d!) is given 
. by the relation 

aa 4-65 + cc — dt! —d't Vx es, i 

a/ C++ $—2dt TEUTA (14) 


In S, this vem the anhar monie ratio between the two points (t, a, b, c, d), 


cos Q0 = 


"ono ono on MR o^ o^ 4 wp >P Xg a 


quads os: 
If the spheres are aio. 


aa! + bU + ce — dt — d'i = 0; | = (18) 


and hence we see that the equation P 
| a + bu, + ous + du, + Eus =0 . . (16) 


— all the. spheres which cut the fixed sphere (— t, a, b, e, — d) 

E orthogonally. Then in S, the hy perplane represents all the spheres ie 
` to a given sphere. 

It is seen immediately from (11) that the spheres whose coordinates are 
(At+ ut, Aat+ ud; Ab $ ub, etud, Ad + ud) 

are the spheres of the pencil determined by the two spheres (t, a, b, e, d), 
(t, a’, b', c, d') ; or, if we consicer the envelope of these spheres, we may say 
that this represents a circle. But in & this represents a liné.. Hence, the 
circles in ordinary space are represented by lines in Sj. If we consider the line 
as defined by the two points in which it cuts $, we have the representation of 
circles due to Laguerre.* 


* Guvres, Vol. II, p. 54. 
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Two spheres are tangent if the line which represents their circle of inter- 
section is tangent tog. The circle determined by two tangent spheres is a point 
circle. Therefore the point circles of S; correspond to the lines of 8, which are 
tangent to @. In particular, the linés which lie in @ represent those circles the 
spheres of whose pencil are all point spheres. Therefore, the lines of correspond 
to the point circles composed to two coincident minimum lines. | 

-From (16) it was seen that the spheres of a hyperplane represent spheres 
orthogonal to a fixed sphere (represented by the pole of the hyperplane with 
respect top). But if two spheres are orthogonal to a fixed sphere, their circle 
of intersection is also orthogonal to this sphere. Then the circles of S; which 
are orthogonal to a fixed sphere are represented in & by the lines in an &;. 
Thus we have at once the relation between the ordinary line geometry and the 
geometry of circles orthogonal to a given sphere.* 

Circles which lie on the same sphere (i. e., which intersect in two id 
are represented by lines which intersect in |/S$j. Annular surfaces and circled 
surfaces in S; are represented in S, by developable and ruled surfaces respectively. 

. In & the plane is the intersection of two hyperplanes; hence a plane 
represents the circles which pass through two fixed points; viz., the points in 8; 
represented by the points of contact of the two hyperplanes passing through the 
given plane and tangent to ¢. 

If a (1, 1) correspondence is established between the spheres of two pencils, 
_ the circles of intersection of corresponding spheres will generate a cyclide. Then 
in S, a quadric surface corresponds to a cyclide in.ordinary space. Circled 
surfaces having two circle directrices which are cut by each circle in two points, 
are represented in &, by ruled surfaces having two right-line, directrices, and 
therefore which stand in an Sj. Hence, such surfaces are composed of circles 
orthogonal to a fixed sphere.+ | | 

In this discussion we shall limit ourselves to configurations which properly 
stand in an S, and not in an Sy, since the latter are disposed of in the paper 
referred to. 2 

All circles which are tangent to a fixed line in a fixed point are represented 
in S, by lines of a plane which is tangent to @. Two circles which intersect’ in 

a single point are represented by lines in S, which determine an S; tangent to ¢. 


* Moore: Annals of Mathematics, Series 2, Vol. VII, p. 57. Forbes: “The Geometry of Circles Ortho- 
gonal to a Given Sphere,” New York, 1904. l , 
t See Moore: Annals of Mathematics, Series 2, Vol. VIII. i E 
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: Üircled Surfaces. 


For interpretation in circle geomet?y we shall consider the following ruled | 
surfaces: general developables, developables whose generators are tangent to ¢, 
ruled surfaces such tha: the |$, determined by two consecutive generators is 
tangent to $, general ruled surfaces (t. e., surfaces such that the S determined 
by two consecutive generators is not (aian to 9). 

In S, there is one and only one line which cuts three given arbitrary lines.*- 
Hence, on a ruled surface in space of four dimensions there is.one curve which 
corresponds to the asymptotic lines in $5; we will denote this curve by the term - 
asymptotic curve. Two eonsecutive genera-ors of a ruled surface will determine 
an 3; in this way there are o»! spaces:cf three dimensions determined by a ruled. 
surface. Two such spázes S; infinitely near will intersect in a plane which 
contains the generator determining the Sj's and the tangent to the asymptotic 
‘curve at the point in which it cuts this generator. Hence, on a circled surface 
there is one curve such that the circle C which cuts three consecutive generators of the 
surface i in a point of this curve will also cut the same three generators again. Two 
consecutive generators of a circled surface determine an orthogonal complex of spheres, 
and two such consecutive complexes intersect in a CGT which is determined by C - 
and the generator which ti cuts. | 

We saw that there was a projectivity between the points of a generator T 
of a ruled surfece and- planes, forming a pencil, which pass through r. Con- 
sidering the tangent plane as the plane pencil of lines tangent to the surface in a 
given point of r, we have: The pencils of tangent circles which lie on the spheres of ` 
the pencil determined by a circle C ofa circled surface, all have the circle C in common; 
that is, each sphere which passes through C is tangent to the surface in two points of C. 
All the lines tangent to a ruled surface in §, along a generator r lie in an Sj. . 
Hence, all the tangent circles touching the circled surface in points of a generator 
are orthogonal to a fixed sphere; and therefore the lines joining the two points 
of contact of the various.spheres passing through C and tangent to the circled 
surface, must pass through a fixed point O, center of the fixed sphere. Now the 
following theorem can be stated: Hach sphere which passes through a circle C of 
a circled surface is tangent to the surface in two points; and the lines joining these 
two points of contact all mass through the same point O, and there is a (1, 1) corre- 
| spondence between these lines and the spheres of the penc. T - 

,* Segre: Rend: Conti di Palermo, 1890. | 


+ See Cosserat: “Sur le cercle considéré comme élément générateur de l'espace. " Demartus: “Sur les 
surfaces à génératrice circulaire,” Annales de I École aere Supérieure, 8rd series, Vol. II, p. 123. 
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In S, there is a quadrie tangent to a ruled surface along a generator. ' 
Therefore in circled space there is a cyclide which is tangent along a circle 
génerator of a circled surface and such that each circle of the cyclide cuts the 
given generator in two points; 7. e., has two-point contact with the circled sur- 
face. There are o? such cyclides.* | | 

Enneper's classification of circled surfaces can be obtained here by considering 
the various relations which the S, determined by two consecutive generators can 
have with respect to the quadric $. 


|  "Congruences of Circles. 
Using onora oni coordinates and letting 
x, = Q; (u,v) + ti (u, v), $—1,2,...., 5, 
be the equations of a line of the congruence, then the —— of the line 


infinitely near to this one will be 


z, = 4 (u v) + OP du + 20% dy 4 i (Ys (ts, v) + 9 Ys du + 5 Ys dy), 





and the S; which these two lines dotes is that Werema by the points 





|. 96, Ob; OU, oy, , .. 
Qi, Wis. 3, tut 2, d" 3, d" + 3 dv ; 


that 1s, T ^ 
a, = U, 


where NM are determinants from the matrix 


Qi, p Ps du T Ae " p. du +o Y dy ^ 


This hyperplane will be tangent to $ ar 

mE l > A? = 0. B 
[Here it is supposed.that the equation of @ has been put into the sum of 
squares] The 4, are of degree two in du, dv; hence in each congruence of lines 
there are four ruled surfaces such that consecutive generators determine an $ 
. tangent to $.' Therefore in circled space we have: Through each circle of'a con- 
gruence pass four circled surfaces such that each generator cuts the generator infinitely 
near to tt in one point.t | | 








* See Cosserat, loc. cit. 
ł See Darboux: «Théorie des Surfaces,” Vol. II, p. 5. Casserat, loc, cit. 
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We can take the point of tangency of the S to represent the S, itself, and 
in this way we have four surfaces of @ connected with each congruence. In. 
ordinary space the points of these surfaces represent the point spheres through 
which pass the two circles infinitely near; that is, these surfaces of $ represent 
. the focal surfaces of the congruence. l 

' A congruence of spheres is represented.in à, by a surface; and we saw that 
there were congruences of lines in S, composed of tangents to a surface along a 
system of curves, but such that the foca..planes have no envelope. Hence, 
a congruence of circles in which a circle intersects one infinitely near in two points 
is composed of the circle generators of a system of annular surfaces of a congruence 
of spheres. | 

Now if the system of curves traced on the surface F in S, is a system 
of characteristics,” the tangents to these curves are also tangent to a second 
surface 7 along a system of characteristics. (The tangents to any characteristic 
C of F touch F” along a characteristic C, but the lines are not tangent to C.) 
Now the pencils of lines tangent to P in two consecutive points of C' intersect 
- ina liner tangent to C on F and to C, on F'. 'lhen.in $, the circle corre- 
sponding to such a line r is a cirele ‘of the annular surface corresponding to C 
and of the annular surface corresponding to C,. Hence, this circle is tangent to 
| the focal surfaces of the congruences of spheres corresponding to F and P", and the 
focal surfaces of the congruence of circles corresponding to the lines tangent to F 
along the curves C are the four focal surfaces of the two congruences of spheres 
‘corresponding to F and F'.- The focal surfaces of any congruence of — can 
be made the focal surfaces of two such complexes of circles. 

The two pencils of lines tangent to P" in two points infinitely near of C 
intersect two by two on the line r. Therefore in the corresponding congruence 
of spheres in 8, the two focal points of any sphere and the two focal points of a 
sphere infinitely near, corresponding to two voints infinitely near of a character- 
istic O’, lie on œ! spheres of a pencil and hence on a circle of an annular surface’ 
corresponding to a characteristic of F. The two surfaces F and F' may be 
interchanged. The circle L corresponding to such a line r is called a principal 
circle of the congruence of spheres.t ! 

Then we see that, in general, a system of principal circles of a congruence G | 
of spheres is also a system of principal circles for another congruence G', and the 


* Segre: “Su una classe di superficii, ecc., Arti di Torino, 1907. 
t Darboux: ‘Théorie des Surfaces,” Vol. II. . 
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envelope of such circles is composed, of the four focal surfaces of the two congruences - 
of spheres G and G'. 

. If the surface F in & is of the parabolic type, the two systems of character- 
istics coincide and the surfaces # and F” coincide, and the two pencils of tangent 
lines in points infinitely near, of a characteristic, have a line in common; hence, 
in the congruence of spheres corresponding, the principal circles ate tangent four - 
times to the focal surface of the congruence of spheres. 

A futher specialization oceurs when the surface F in S, is a ruled surface. 
This corresponds to a congruence of spheres whose focal surface is a circled 
surface; that is, the congruence consists of o! pencils of spheres. The properties 
of such a congruence were discussed when circled surfaces were discussed. The 
principal circles of such a congruence are the circles of the circled surface each 
of which touches the focal surface in each point (i. e., lies on the focal surface). 

‘We saw that, in general, there were not more than two focal points on each 
line or more than two focal planes through each line, and that the two focal 
points must coincide when the focal planes coincided, but that it might happen 
that there was one.focal point and an infinite number of focal planes, or vice 
versa. The conditions do not occur in general for each line of the congruence. 
In congruences of’ circles, likewise, it may happen that there is a single focal 
sphere (corresponding to focal point) and an infinite number of focal point pairs 
(corresponding to focal plane in &,), or vice versa. An example of an infinite 
number of focal point pairs and a single focal sphere would be obtained if two 
congruences have an annular surface of principal spheres (spheres corresponding 
. to a characteristic on a surface in £). Then the congruence of principal circles 
will have the circles of this annular surface as singular circles of the kind 
described above. As in the case of lines in S, this does not mean that an infinite 
number of annular surfaces pass through a circle of this congruence. 


Triply Infinite Systems of Circles, Oz. 

We saw that in a three-parameter system of lines in S, there were three 
developables passing through each line; hence, in a three-parameter system cf 
circles three annular surfaces composed ‘of circles of the system pass through 
each circle of the system.* The lines of the system in &, touched three hyper- 
surfaces; hence, the circles of a three-parameter family are composed of the 
circles of œ? annular surfaces contained in a complex of spheres. Such a system 





* Bee Cosserat, Zoe: cit. 
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of annular surfaces is also geid in two piet complexes. The uds infinite. 
Lin of circles ean then be generated by the intersection of three systems of 
oo? circles composed of the circles on each sphere of a complex where it is cut 
by the spheres infinitely. close. 

We saw that a plane in S, corresponds to all the EOM vaii: pass through 
two points. We may therefore take this pair of points in S, as representing the 
plane in $,. The planes which pass through a line Z will correspond to the point. 
pairs on the corresponding circle. The hyperplane tangent to a hypersurface «j 
in a point P will correspond to a linear complex of spheres tangent to the 
complex of spheres which correspond toy. Toa plane tangent to 4j in P will 
. correspond a point pair on the sphere s which corresponds to P. Hence on s 
there are œ? such point pairs, and the lines of these point pairs all pass through 
the same poin: (center of the fundamental sphere of the tangent linear complex). 
All planes tangent to 4 and passing through a line Z will correspond to æ! point 
, pairs on the corresponding circle C. ` The lines of these point pairs form a pencil. 
In & we saw that the focal planes which pass through a given line / of C, were’ 
tangent to the three focal surfaces. Let us call p,, pa, pg the three focal planes 
corresponding to the focal points P,, Pa, Ps, and in circled space let Po Pay Ps 
be the point pairs corresponding to Pı, Pz, ps, and Sı, S2, 8, be the spheres 
which correspond to Py, P,, Ps; and let «4, s, y, be the complexes of spheres 
generated by 5,, &, 5, respectively. The plane p, was seen to be tangent to the 
locus of P,, P}; hence, in circled space-the oo! point pairs on the circle C (corre- 
sponding to 2) determined by the two complexes 4, and 4, have a point pair in . 
- common, but do not have a pair in common with the c! determined by 44. If 
these three pencils of point pairs have a pair in common, the complexes would be 
. Such that ẹ and 3,, for example, would coincide ; for in S, the focal plane p, 
would be tangent to all three hypersurfaces, and we saw that this could occur 
only if two of the focal hypersurfaces should coincide. If this condition should : 
happen for each singular point pair (point pair corresponding to a focal plane), 
then all three of the focal complexes would coincide. . 

Singular Cases. Corresponding to the singular cases s of lines in 5, we have 
‘the following singular cases for circles: (1) Hach point pair on any circle may 
be singular, but all corresponding to the same singular sphere; e. g., all the 
circles which lie on a sphere. (2) There may be only one singular point pair, 
but each sphere passing through the circle being a singular sphere. (3) One 
sphere may be singular and œ! point pairs of a pencil (4. e., the lines of the point 

| " 
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pairs form a pencil) correspond to it: (4) The singular spheres and point pairs 
may divide into two parts. In the first there is one singular sphere, but c! 
point pairs of a pencil correspond to it, while in the second there is one singular 
point pair, but each sphere is singular. (5) Each sphere is singular and there 
is a definite singular point pair corresponding to each sphere. These point pa:rs 
form a pencil. This differs from the preceding case in the fact that there is a 
(1, 1) correspondence between the singular spheres and the singular point pairs. 
An example of this kind of system is furnished by a complex of circles orthogonal 
to a fixed sphere. 
' Fourfold Infinite Systems of Circles, 0: 

The correlations’ between spheres and point pairs of a circle which belongs 
to a four-parameter family of circles form a linear system of three dimensions. 
Each sphere passing through the circle is a singular sphere and to each sphere 
corresponds a definite singular point pair. . 

In S, we saw that the singular planes generated a quadric cone having the 
given line of the system for vertex. To the singular plane in & corresponds 
. the singular point pair in circled space, and we shall now seek the envelope of 
the lines joining the singular point pairs corresponding to the spheres which 
pass through .a given circle of the system. . 

The line in circled space which joins the points of a point pair (4. e.; the line 
joining the points through which pass all the circles correspond to the lines j in § 
which lie in the same plane x) are represented in S, by the line in which z cuts 
the hyperplane ¢ whose lines represent lines in ded space instead of circles. 
For through the two points must pass one line and this line must be represented 
by the intérsection of and z. The quadric cone of three dimensions mentioned 
above cuts ¢ in an ordinary quadric cone of two dimensions. For the vertex of 
the three-dimensional cone cuts ¢ in one point and the planes of this cone cut t 
in lines which must pass through this point and therefore generate a quadric 
cone in £. A quadric cone in ¢ corresponds to a conic in ordinary space; hence: 
Each sphere passing through acirele of a four-parameter family is a singular sphere, 
and to each sphere corresponds a definite singular point pair. The lines joining the 
points of these singular point pairs envelope a conic. ) 

It imposes one condition on the parameters if the above conic should 
degenerate. Hence, in a four-parameter family of circles there is a three- 
parameter family such that the correspondence between singular spheres and ` 
singular point pairs degenerates. Such circles may be called singular circles. 


— 
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We saw that in a four-parameter family of lines in & there where o! lines 

such that the correspondence between singular points and singular planes was a 
Chasles correlation; then in circled space there are «o! circles in a four-parameter 
family such that the lines of the singular point pairs form a plane pencil. 
.^ Singular Cases. 1. There may be circles such that all the circled surfaces 
- which belong to the system and pass through one of these circles have a tangent 
sphere and Gorréspouding point pair in common. Such circles do not in general 
exist. | 
. 2. There may be a circle C for which the correspondence between the focal 
‘spheres and focal point pairs will degenerate into two parts: (1) One focal point 
pair which corresponds to'each sphere passing through C; (2) a (1,1) corre- 
spondence between the focal spheres and the focal point pairs. The lines of the 
point pairs in the second case generate a plane pencil. | 

3. There may be circles which behave like circles in a circled space formed 
by all the circles which cut a fixed sphere orthogonally. If this condition is an 
identity, we have the geometry of circles orthogonal to a fixed sphere. 

Fivefold Infinite Systems af Circles, C. 
. The correlations between spheres and point pairs which belong to a fivefold 
infinite system of circles form a linear system of four dimensions. 

"Each sphere which passes through a given circle C of the system is a focal 
sphere, and to each focal sphere correspond œ t focal point pairs. The lines of 
these point pairs generate a plane pencil and the o! pencils corresponding to 
the different spheres which pass through 4 have a line in common. There is a 
(1,1) correspondence between the spheres passing through C and these pencils 
of lines. | | ! 

. n a five-parameter family of circles there is a four-parameter family such 
that the above correspondence between spheres and pencils of lines degenerates. 
In this case all the spheres passing through € correpond to the same pencil of 
lines. Also to each of a simply infinite number of point pairs on C corresponds 
each sphere passing through C. The lines of these point pairs form a plane 
pencil. 
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On the Geometry of Line Elements in the Plane with 
Reference to Osculating Circles. 


E By Grorce F. GUNDELFINGER. 


Iniroduction. 


The position of a line element in the plane is fixed by three coórdinates 
(x, y, p). If we regard these coórdinates as functions of a single parameter f, 


e=2(t), y =y(i), p=p, 
we have an analytic definition of a dine-element locus. of œt elements. We associate 
with this line-element locus a point locus defined by n 
EP ema), y= y(t) 
and a line locus, which is the envelope, of the one-parameter family of lines 
défined by | | | 
y — y (t = pit) [x — æ ()]. 

If the point locus and the line locus of a line-element locus coincide, we call the 
latter a union, the analytic condition for such being . 
| | dy — p dæ = 0. | (1) 
There are two particular unions of especial interest — the point union and the 
line union — for the singularities of a general union arise from its extraordinary 
relation to these two.* m 

Now, if we regard the coórdinates of a line element as functions of two 
independent parameters | | 

` $£-x(5s, y-y(5s, p=pis), | (2) 

we have a line-element locus of œ? elemenis. Such a locus may always be resolved 


* Two unions are tangent when they have a line element in common, and oseulate when they have two 
consecutive line eléments in common. If a point union ora line union has more than one line element in 
common with a general union, that point or line is singular with respect to the general union; thus, for 
example, a double point or a double tangent; or if the two line elements are consecutive, a cugp or an 
inflectional tangent. That is, a cusp is a point whick osculates a curve. 


20 


^ 


154 — Gunperrincer: On the Geometry of Line Elements 4n the 


in infinitely many ways into œ! loci of o! elements, but in one way only into 
o unions. If we eliminate the two parameters from equations (2), we obtain 
in general* an ordinary differential equation of the first order, z 


| | | f(, y, p) = 0, 
whose integral curves are the o»! unions referred to. We associate then in general 
an ordinary. differential equation of the first order with a line-element locus of 
| «o? elements. | i 
The object of this paper is tò obtain theorems on the two types of line- 
element loci just considered. The problem in the plane.is changed to one in 
space by.a transformation due to ——3 viz., 


which sets up a à correspondence between the points (X, Y, Z ) of space and the 
line elements (z, y, p) in the p Hence, curves and. surfaces give rise to 
line-element loci of œ !-and of œ? elements respectively. 

Furthermore, under the.transformation 7 the equation (1) becomes 


Xd¥—YdX4dZ=0, - 5 1 (8) 


and hence only those curves in space which are integral curves of this Pfaffian 
equation give rise to unions in the plane. But these curves are those of a linear 
line complex whose axis is the axis of Z; that is, the tangents of all such curves 
constitute an assemblage of œ? lines lose Plückerian line coórdinates satisfy 
a linear relation. ` These coórdinates are defined by the two-rowed determinants 
of the matrix | n | 
Y: Z2 ij, 
i | dX dY aZ 0 | ] 
V1Z., 
p»-ZdY—Y4Z, p= aX, 
p= XdZ-— Za X, ;—dY, (4) 
= Yd. X — Xa Y. |. £s — d, "Ie. 
d Unless the æ! unions are all point unions. ; 
+ “Geometrie der Beriihrungstransformationen,” p. 247, The transformation given above differs slightly 


from Lie's transformation by the projective transformstion 





the change being made to facilitate the analysis. 
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which satisfy the identical relation 


` - Di Ps + Pe Ps + PaPa = 0. . (5) 


| The ee equation which the line coórdinates satisfy is with reference to (3) 
and (4) un seen to be 
ps = = Pa. 


We shall hereafter refer to this as the fundamental complex T. The aequatio 
directrix of the equivalent null-system is . 


nuX—XY—Z-2,—0. (7) 


The geometry in space which we shall interpret in the plane by means 
.of the transformation T is the projective geometry within the fundamental 
complex T; that is, the geometry whose group is the Gy of all linear trans- 
. formations under which the c? lines of T' form an invariant system, or in other 
words, all linear transformations which leave the equation (3) invariant. 

It will be shown later* that under.T the lines of T transform into circular 
unions in the plane, and we have already stated that equation (3) transforms 
into (1). Hence, the geometry in the plane is that geometry whose group is 
the T of all contact transformations which leave the system of o»? circlés in the 
plane invariant. Knowing then the distinct types of curves and surfaces E 
G4, in space, we are ina position to classify line-element loci of oo! and of œ? 

" elements with respect to Ii in the plane. 


$1. Line-Element Loci of o! Elements. 
Consider a general skew curve in space defined by 
X = f(t), Y= 9(), Z2=A(%). 


Then, under the transformation 7, 


e=i(Z+%)s 
y=2—F 
il Y) 


Py 


* See also ‘Geometrie der Berührungstransformationen." 
e 


166 GUNDELFINGER: On the Geometry of Line Elements in the 


the correspt«nding line-element locus in the plane is 


P l = D 


j^ -ig-gn. 


The point locus is defined parametrically by the first two of these equations, and 
the line locus is defined by the envelope of the family of lines. 


(A+ g)y —i0—3)«2(—79), 
which envelope has the following parametrie equations: 


' = i(a+2)— GE Vegy —gf +h’), 


i = h — ; inar i — gf! +t}! 
y tgr Sg 95 
' The equations defining is point locus and the line locus are identical when 


and only is fs! — f ths, 


which is the condition that the original skew curve be a curve of the complex T, 
or an integral curve of equation (3). This agrees with our statement that only. 
those curves of T give rise to unions in the plane. We shall refer to such curves 
hereafter simply as complex curves. 
THEOREM 1: The complex curves of space and such curves only give rise to 
unions. in. the plane. | : 
Consider now a genéral line in spaze. Its six coórdinates enter into the 
equations of its projecting planes as follows: 
P =p + Pz, 
Ps Y = pe Z — Pi, (8) 
ps £ = p Y — Ps.. 
The equations of the line may then.be written in the following parametric form : 
X= Pit — Ps ; 
Ps 
Nds | (9) 


ZZ — Pot T Pr TA l 
[^ l 
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The corresponding line-element locus is 
a = a [pot + (pi + p) t— pa), 


y = LL [pt + (5 —p91 + pil, 


E 

P—'iirs[] 

The point loeus, found by eliminating the parameter from the first two 
equations, has the equation , 


P5 t (o? -+ 3?) — 2i pi (Pi + pa) $ — 2 p; (Pı — — p) y + 4 ps ps = 0.* (10) . 


The line locus is the envelope of the family of lines 


| [p(y + $2) + 2p]? — 2(pi + 225 + Lpy —$2) — 2p] = 0. 
Eliminating ¢ from this equation and its derivative, we obtain 


pe (@ + y) ) 1p Pa) e— 2ps (m—2)9—[Us Po)’ 4i] =0. (11) 
Hence, ! | 

Teen 2: The point locus and the line locus of a general line in space are 
both circles having the same center. 

Since the coórdinates of the reciprocal polar le under r of-a given line’ 
are found by interchanging the p, and p, coórdinates of the latter, we can state 
by reference to (10) and (11) 

THEOREM 3: Reciprocal polar lines of T have the same point locus and the 
same line locus.. à 

Setting p, = pe, the general line becomes a complex line ind equations 
(10) and (11) both réduce + to 


Bs (a + y) — 20 (p + p)xs —2(»— Di) y + 4p = 0. (12) 
THEOREM 4: There is a one-to-one correspondence between the complex lines 
in space and the circular unions in the plane. 


Consider thosé complex lines which are perpendicular to the axis of Z. 
They are defined’ by 





4=k, 


X — KY. (18) 


* The constant term has been simplified by means of (5). 
f The constant term in (11) becomes — (4 pj? + 4p, p) = 4p, p,, by (5). 
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i ; t 
Hence, the corresponding unions are characterized by 


| v = i (k + K) = const., E 
yy = k — K = const., | 


‘evidently point unions. We shall refer to such lines as P lines. ^ 


THEOREM 5: here is a one-to-one correspondence between the P lines in space 
and the point unions in the plane. 


Consider those complex lines which ere perpendicular to the axis of F. 
"They are defined by 

Y= h, | l 
| Z-ÀX-H | , M 


t 


The corresponding unions are characterized by 


iar) 


p= LEA 99 


evidently line unions. Hence, we shall refer to these lines as L lines. 


THEOREM 6:. There is a one-to-one correspondence between ihe L lines in space 
and the line unions in the plane. 


We tabulate this correspondence as follows: 


Space. | | Plane. 


Point. Line element. 

. Complex curve. . Union. 
Complex line. Circular union. 
P line. Point union. 


L line. ' . Line union, 
` . | | | ! , 
. Consider now two general curves in space. If these curves intersect, their 
corresponding line-element loci have a line element in common; hence i 


THEOREM 7: If two general curves in space intersect, their corresponding point 
loci intersect and their corresponding line loci have a common tangent.: 
.. Let the two general curves' be tangent; then their corresponding line- 
element loci have two consecutive line elements in common; hence 
. THEOREM 8: Jf two general curves in space are tangent, their corresponding 
line loci as well as their comes ponteng point lcci are also tangent. 


t 
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Consider two complex curves. If they intersect, their corresponding unions 
have a line element in common; hence 

THEOREM 9: If two "n curves intersect, their corresponding unions are . 
tangent. í 

Apply this theorem to the interpretation of all the complex lines lying in 
a given plane. Since one of these lines is a P line and one an Z line, and since 
all pass through a common point, we state 

THEOREM 10: . Corresponding to all the complex lines lying in a given plane, 
we have a pencil of tangent circular unions, including the point union and the line 
union determined by the common line element. | 

If two complex curves are tangent, their-unions have two CORRCCUU VO line 
elements in common; hence 

THEOREM 11: if two complex curves are tangent, their corresponding unions 
osculate; and, in general, 

THEOREM 12: If two complex curves have contact of the n-th order, their 
unions have contact of the (n-+-1)-st order. | 

Applying theorems 11 and 12 to a complex curve and its TUM we 
obtain the following interesting correspondence: 

THEOREM 13: A complex curve and its tangents have the following inter- 
pretation in the plane: 


Complex curve. Union. 

oo.1 tangents. æ ! osculating circles. oc 
P tangent.  . | Cusp. * | 

L tangent. Inflectional tangent. * 
Stationary tangent. +} | | Hyperosculating circle. f 


X 
* 


Knowing the distinct types of curves under G4,,8 we obtain the following 
classification of line-element loci of o»! elements with respect to T0. $ 


* Note that the simple point and line singularities on a union arise not from singularities on the corre- 
sponding complex eurve in space, but from the relation of the latter to the P and Z lines of the comp:ex. 
For higher singularities on the union, however, the complex curve itself must possess singularities. For 
example, a node on the complex curve gives rise to 2 tac-node on the union. 

t The condition for a stationary point (cusp) on a complex curve is given by g! f — gi’ f! — 0. See 
‘Picard, Annales de V École Normale Supériewre, 2. série, 6. E 

t Note that a cusp on a complex curve does not in general give rise to a singularity, but an extraordinary 
point (vertex) on the unioh, unless the cuspidal tangent is a P line or an L line, in which case the union 
possesses higher point or line singularities. 

§ See Introduction. ` 
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Space. | Plane. 
| ln ` | | I. 
The general skew curve. : Skew * line-element locus. 
| II. "a : : | 
The general plane curve. | Plane” line-element locus; that is, 
E (See Th. 10.) | a general line-element locus of «! 


elements selected from a pencil of 
tangent circular unions. 


ILO TT, 


The general line. | Linear* line-element locus; that is, 
(See Th. 2.) one whose point locus and line 
3 | locus are concentric circles. 
IV. IV. 
The general complex curve. + The general union. 
(See Th. 1.) | 
V. | V. 


The complex line. f Circular, point and line unions.§ 


(See Ths. 4, 5, 6.) 


82. Line-Element Loci of .0? Elements. 


Consider a general surface in space defined by 
` F(X,Y, Z) —0. 


There is one complex line tangent to this surface at each point; viz. the inter- 
section of the tangent plane and the complex plane|| at that point. There'are 
then c! complex curves on a surface. The line of intersection becomes indeter- 
minate in two cases: 


TN (a) when the tangent plane is indeterminate; | 
(b) when the tangent plane and.the complex plane coincide. 


The first case is that of surface singularities, which we shall not consider in 
detail at this point, since it bears: no especial relation to the geometry within 
- the complex.** | 


. * The various types are named after the corresponding curves in space. 
+ No complex curve except the straight line ean be plare. 
1 Pand L lines are not in themselves distinct under Gir 
S These three types are not individually distinct. 
| That is, the plane determined by the null-system, See Iatroduetion, (7). 
1 The complex plane is never indeterminate. 
- It is to be remarked that if a surface possesses an n-tuple curve, then » complex curves on the surface 


pass through each point on this curve. 
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The second case is the more pona in the work that follows. A point 
on a surface where the tangent plane and complex plane coincide will be referred 
to as a singular complex point. It must- be clearly understood that süch points 
are not surface singularities, but are singular only with respect to the position 
of the surface in the complex. If such points are finite in number or infinite 
and at the same time. discrete, we shall call them complex nodes. If the locus of 
singular complex points on a surface is.a continuous curve, we shall call the 
latter a singular complex curve of the surface, for it is indeed complex. 

It is evident that an infinite number of complex curves on a surface inter- 
sect at its complex nodes, and that through each point on-a HIDEUAE popisa 
curve there passes one other complex curve of the surface. 

We wish to consider now the loci of such points on a general surface, where 
the complex tangent lines are P lines and L lines respectively. We shall call 
these loci the P and the L curves respectively of the surface. RT 

‘Let the surface be defined by 
| F(X,Y,Z2)— 0. 
Let P, (Xos Y, Z o) be a point on the surface. 

F(X, Y, 4) = = 0. 
The — plane at this point is defined by | 
X, a + Fy,. Y + F.Z— met epe 0, 
- and the de plane by 
Y,X—X,Y—2- dius = 0; 
The pencil of planes through their line of intersection is defined by 

Fe, + EY) XE (Fy, — EX) Y + (s, 8)2 (15) 

TZ-— X, Fy, — Y, Fy, — 2 Fz) = 0. 
This line of intersection is a P line if, for scme value of K, the equation (15) 
reduces to. «© ^^ MZ4+N=0. 
Hence, F,,+ KY,=0, | 
^ Py , KX = — 0. 
Eliminating K from these equations and omiiting subscripts, we obtain 
CX Fy + YF = 0. (16) 


We shall call the locus of this equation the P surface of F. Its curve of inter- 
section with F, which is not at the same time a singular curve” of F, is evidently 
the P curve on the surface. 


f 


* Note that the P surface passes through all the surface singularities of the original surface which are 
defined by Fg = Py = Fz =0. Thécompléx tangents at such points are not in general P lines. Note elso 
that equation (16) may reduce to an absurdity, in which case the P curve does not axist, or it may give an 
identity, in which case we have a ruled surtace F all of whose epeperavors are P lines. . These remarks apply 
equally well to the L surface. : 


21 
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. Similarly, we derive a an equation 
Fy + YF,;=0,. (17) 


whose locus we shall call the L surface of F, and whose curve of intersection 
with F, which is not at thé same time a —— curve, is pu L curve of thé 
cuie. 

Note that if both relations (16) and (17) are satisfied by the coórdinates 
of a point on F, then the tangent plane and the complex plane at that point 
coincide (see (14)). Hence, the singular complex points on a surface are defined 


by the intersection of the three surfaces 


Ir F(X, Y, Z) —0, _ 3: 
! ! X Fz 4 Y Fy =0, . (18) 
Fy + YF, =0. 


THEOREM 14: The P and L curves of a surface pass through its complex 
nodes. —— E | | 
If the three surfaces (18) have in common a curve ‘which is not a surface 
singularity of F, that curve is the singular complex curve of F. 
THEOREM 15: A surface im general has no singular complex curve. 

The interpretation is the following: | 


Space. | . Plane. | | ; 
General surface. General diff. equation of 1st order. 
F(X, Y, Z)=0. S f(g, y, p) =0 
c ! complex curves of F. | æ 1 integral curves of f. 
« ? complex tangents to F. | 2 osculating circles of integral curves. ' 
P surfacé: X Fz + Y Fy =0. Diff. equation: f, = 0.* 
L surface: Fy + X F; = 0. Diff. equation: f, + p f, = 0.* 
P curve. Point locus is locus of cusps on inte- 

| gral curves. T | 
L curve. . | Line locus is envelope of inflectional 
| | | tangents. T 

Complex node. Tac-point. 
Singular complex curve. Singular solution.§ 


*'For analysis see foot-note in $3. 

+ Obtained by eliminating p from f=0 and f5-0, the well-known p-discriminant locus. The line locus 
of the P curve is the envelope of cuspidal tangents. 

t The point locus of the L curve is the locus of inflections. 

$8 The singular solution satisfies the three equations 

f=9, fp=0,  fetpfy=0 

Note, however, that the P and L surfaces always intersect the original surface in its singular curves. 
A singular curve on a surface evidently gives rise to a tac-locus in the plane; the line elements along this 
: tac-locus also satisfy the three equations above." Usually we think of the line elements of the singular solution 
alone as satisfying these relations. 

Note that if the singular complex curve on a surface isa P line, the singular solution becomes a ray-point. 


} 
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| Since the geometry within the complex is projective, we shall consider first 
the complex characteristics of ruled surfaces and the corresponding line-element 
loci of œ? elements in the plane. We shall return to the general differential 
equation later. 

Since the tangent plane at any point on a ruled surface contains the 
generator through that point, it follows that the singular complex points on 
a ruled surface can lie only. on those generators which are complex lines.* 
Let Z be a complex generator; the complex planes as well as the tangent.planes . 
pass through Z for all points on-7. Hence, by the theory of “involution, for two 
"points at most on J, the two planes coincide. Having shown that the number 
of singular complex points on any complex generator is finite, we can state 

THEOREM 16: A general ruled surface can not have a singular complex curve. 

THEOREM 17: There are two complex nodes on every complex generator of a 
general scroll. 

THEOREM 18: There is one complex node on every complex generator of a 
general developable. | | 

. Consider developable surfaces: First a torse; in passing over the cuspidal 
edge of a torse the complex curves on the surface must acquire a cusp.T 

THEOREM 19: The cuspidal edge on a general torse is the locus of stationary 
: points on its complex curves. = 

We shall now center our attention on ruled surfaces all of whose generators 
are complex lines; they are evidently complex PE complex torses and 
planes (complex cones). T 

By Th. 17, we obtain | | 

THEOREM 20: There are two singular complex curves on every complex scroll. 

We shall refer to a complex scroll all of whose generators are P lines as a 
P scroll, § and to one all of. whose generators are L lines as an L scroll. ||. 


i 


* There are always some complex generators on a Bene -uled surface. Let the surface be defined by 
the intersection of the two planes 
PeZ = Pi? t Pas Pa T = Fa Y — Py 

where the p's are functions of a single parameter ¢: The equation in ¢, p, — p,, determines the complex 
generators. 

t Unless the tangent to the curve at that point is tangent also to the edge, which is PTEE 

t This theorem is due originally to Picard, loe. cit. 

8 Pserolls are defined by X= Y f£(Z). Bee (13), $1. 

| D serolls are defined by Z— Y X —f(Y) See (14), 81. 
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One of the singular complex curves on an Z scroll is the line at infinity in 
the XZ plane. We wish to consider complex scrolls both of whose singular 
complex curves are complex lines. Select two non-intersecting complex lines 
in space. The locus of complex lines meetiúg both of these lines is by the 
theory of one-to-one correspondence a quadric uos Conversely, consider a 
complex quadric. The tangent planes at the two complex nodes on a complex 
generator cut the quadric each in a second generator, which must also be | 
complex; hence | e 

THEOREM 21: The two singular A curves on every complex quadric are 
two generators of the other system. | : 

THEOREM 22: There is one singular complex curve on a complex torse — its 
cuspidal edge.” | 

THEOREM 23: The complex point in a plane is a complex node. 

' It is evident that a complex scroll in space must give rise to a differential. 
equation in the plane whose integral curves are circles: an Z scroll, in particular, 
to one whose integral curves are straight lines, that is, a Clairaut type; while 
'a P scroll goes over into c»! point unions. Hone we may state 

THEOREM 24: All space curves lying 2n the same P ser roll have the same 
point locus. . ! 

THEOREM 25: All space curves lying on the same L scroll have the same 
line locus. | | n 

We associate with a general surface, a .? scroll and an Z scroll which touch > 
the surface along its P curve and L curve respectively. Hence, they both touch 
the surface at the points where these curves intersect; viz., at the complex nodes. 
It follows then that these points are singular complex pomis on, the scrolls 
themselves, and hence 

THEOREM 26: The singular complex curees on the P and L scrolls of a surface 
pase through the complex nodes on the surface. 

Interpreted in the plane by means of Fheorems 9, 24 and 25, this becomes 

> THEOREM 27: The locus of cusps on the integral curves of a differential equation 
des the envelope of their inflectional tangens at the tac-points. 

We wish now to classify differential equations (line-element loci of œ? ele- 
ments) with respect to Ij. We shall árst enumerate the distinct types of . 
surfaces in space under Gj). In classifying surfaces, we must notice that while . 


* Note here the extraordinary case of the complex curves on a surface being tangent to its singular 
complex curve. . 


x 
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all complex lines in space form an invariant system, the P. and the L lines are 
not in themselves distinct types, and properties of a surface depending on these 
lines are not invariant. On the other hand, the complex singularities — the 
complex node and the singular complex curve — are invariant properties. 
Ruled surfaces all of whose generators are complex lines, since they always 
possess singular complex curves, can be classified directly from this point.of view. 


Complex Ruled Surface. 
| VI. 


General complex -scroll with two 


general singular complex curves 


(IV). 
. VII. 
Complex scroll one of whose singular 
complex curves is ' a complex line 


"General one-parameter 


One - parameter 


Diff. Eq. whose Int. Curves are Circles. 


UNT. | 
family of 
circles with a double envelope. 
VIL. 

family of circles 
touching a curve and a fixed 


(V). circle. * 
: . VIII. VIII. 
Complex quadric. All the circles touching. two fixed 
(See Th. 21.) circles. * 
. 0 IX. | | Ix. ! 
Complex torse.  _ All the circles osculating a given — 
- (See Th. 22.) eurve. 
Plane. Pencil of tangent circles. f 
(See Th. 10) | p 


We know that the remaining distinct types of N under Gy are the 
general surface, the general scroll, the general torse and the general cone. By 
Theorem 16, none of the last three can have a singular complex curve, while the 
general P may or may not possess one. But the distinguishing character- 
istics of the corresponding differential r in the plane are obtained from 
a consideration of the arrangement of the «o? complex lines in space- which are 
tangent to the surface. Since these correspond to the osculating circles of the 
integral curves in the plane, we see that the basis of classification is the distinct 
_ arrangements under T of the oo? circles which osculate the integral curves, and 
hence the significance of the ütle of the paper is realized, |. 





* The two fixed circles may also be points or lines. 
f Note that all the line elements through the tac-point satisfy the differential equation (see Th. a 
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Now if the surface is a developable, then the tangent complex lines lie in 
its co! tangent planes, which clears up tie arrangement for the torse and the 
cone — the latter being distinguished from the former in that its tangent planes 


have a point in common. 


For the general surface the arrangement is general. 
The case of a general scroll needs more consideration. 


We fix our attention on 


one generator; the complex lines tangent to the surface along this generator meet 
also a second line (the reciprocal polar) and hence are the generators of a 


complex quadric. 


I XI. , 
General surface: Tangent lines have 
no particular arrangement. 


XII. | 
General scroll: The ©? complex tan- 
gent lines can be grouped as the 
generators of æ! complex quadrics 
which touch the scroll each along 
a generator.” - 
(See Types III and VIII. ] 


|... XII. 
General torse: The œ? complex tan- 
gent lines lie in o! planes: 
(See Type X.) 
XIV. 
General cone: The æ? complex tan- 
" gent lines lie in o! planes having 
a point in common. 


XI. 

General differential equation: The os- 
culating circles have no particular 
arrangement. - | 

XII. 

Scroll} differential equation: The œ? 
osculating circles can be grouped 
into oo! families. The circles of 
each family touch two other circles 
and osculate the integral curves 
along a circle. The tangents to 
the integral curves along the latter 
circle envelope a concentric circle. 


XIII. 
Torse diferential equation: The œ? os- 
culating circles can be grouped 
into-æœ 1 pencils of tangent circles. 


XIV: 

Cone diferential equation: The arrange- 
ment is similar to that in XIII, 
with the specialization that there 
is one pencil having one circle in 
common with each of the other 
pencils. 


The properties here given of these Zour types of diiferential equations 
sufficiently characterize them ; but they have additional properties by far more 
: interesting, reserved.for the following section. 


* This last clause is very important, since the envelcpe of ow! ruled surfaces is not necessarily a ruled 


surface. 


t We shall name the differential equation after the — surface, 
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§ 3. Reciprocation: 

The linear line complex I' is invariant also under the correlation which it 
defines when regarded as a null-system, for then each line of T is itself invariant. 
This fact gives rise to a theory of reciprocal line-element loci in the plane. 

Let'us recall the notion of reciprocation in space. Consider a general sur- 
face S of œ? points and of œ? tangent planes. Then under the null-system (7) 
we associate o? complex planes with the o? points on S; they envelope a sur- 
- face S which is also the locus of the œ? complex points of the tangent planes of $$. 
We refer to S and S as reciprocal surfaces under I". 

The points on S and S are in a one-to-one correspondence such that if 
P and P are corresponding points, the tangent plane to |S at P is the complex 
plane of P, and the complex plane of P is the tangent plane to S at P. The 
line joining P and P is evidently a complex line tangent to both surfaces as well 
as to the integral curve on each surface passing through its points of contact 
` respectively.. The reciprocation may be looked upon as a transformation which 
takes one point on a complex line over into a second point on the same line. 

In the plane, there are two differential equations D and D corresponding 
to S and S respectively. Corresponding to ihe line PP is a circle which 
osculates an integral curve of D and of D on the line elements e and € respect- 
ively. That is, in the plane we have a transformation which takes each line 
element over into a second line element on the same circle. 

Let the equation of the surface S be 





F(X, Y, Z) =0. S 7 (19) 
The equations of transformation in space are | 
Iu P E E (20) 
Z-—Z-M a E 


arid the equation of the reciprocal surface 8 is found by eliminating X, Y and Z 
from equations (19) and (20). | 
Let D have the form | . 
‘ Ta f (v, y, p) — 0. l | (21) 


NEN oed Mdb co 
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" The equations of transformation in the plane are 
- 2 (1 +p") Sofu 
I RFR 
TX 2(1--»)f,f. 
l p — Ps — S) — fafu 
| (fj — f2) — 2P fafu 


| 


.(22)*- 





4 


* From the Lie transformation 


we obtain the following relations: 





4Y? $ 
rr = I+ p. 


, Now, from equations (20) we obtain 





Ps= fe E 


S a l l 4Y 
- Fps Fruin a zF | 


Fz z= tS + Jy . 
Equations (25) then, by reference to (24) and (26), become 
Tiy  z-piy iU 297, 
wo 9 0 ath ’ 
. z—iy z—iy, il+ pi, 
“eae Tay, 
i— P 26f.— JA + p) 
itp h+ E-P 








^ 


Adding and subtracting the first two equations and solving the last for p we obtain equations (22). 


3 
1 


- 


- 


` 
* ` | 
^ r 
* 
, 
, 
+ 
* 
r 
+ 
* 
t 
+ 
t 
* 
+ 
. 
+ 
3 
| 
- 
` 
* 
| 
1 


(23) 


(24) 


(25) 


(26) 


(21) 
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and the — differential equation is found by dlimtusing 2, ye and ps from 
equations (21) and (22). 

Let us collect here some of the properties of a general surface and its 
reciprocal. l | | 

(a) The «? complex tangents to one are also the.co? ? complex tangents to - 
_ the other; or in other words; the complex curves on both surfaces have the same 

oo ^ oo? tangents. (See Th. 13.) | | 2 

(b): The P lines tangent to one are also tangent to the other; that j is, the 
-P curves of both surfaces lie on the same P scroll, (See Th. 24.) 

(c) The Z lines tangent to one are also tangent to the other; that is, the 
D curves of both surfaces lie on the same L scroll. (See Th. 25.) — 

(d) The complex-nodes on one surface are also complex nodes on the other, 
and the two surfaces touch at these points. (See Th. 27.) | 

(e) If one surface possesses a singular complex-curve, the other possesses 
the same singular complex curve; the two surfaces touch along this curve and - 
the complex curves on one surface are tangent one by one to the complex curves 
on the other along this curve. (See. Ta. 11.) | 

The interpretation in the plane is as follows: | 

TuEOREM A: Associated with a general ordinary differential equation of the 
first order is a —— differential equation such that: 

(a)* The œ? osculating ee to the integral curves of o one osculate ae the 
integral curves of the other. 

(b) Both sets of integral curves.have the same locus ope: cusps. 

(c) Thein flectional tangents to both sets of integral curves have the same envelope. 

(d) This envelope touches the locus of cusps, and the points of contact are common 
tac-points on both sets of integral curves. ` 

(e) Lf one differential equation has a singular solution, the other n the same 
singular solution, and the integi ‘al curves of one osculate those of the other along this 
common envelope. : 

Consider a general scroll in space. ' Its reciprocal surface is a second scroll, 
whose generators are the conjugate polars of the generators of the first, such that: 

(£) The complex lines tangent to one scroll along a generator are tangent 


* Each property in the plane follows from the property in space with the corresponding quier given . 
above, where the theorems, which enable 18 to make the interpretation, are also referred to. 


22 
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to the reciprocal -— also: along a generator which is tie conjugate polar of- 
the first. (See Ths.:2, 3, 21; also Type VEI) — | 

(g) The complex generators on one scroll are also complex ‘generators on 
the other. (See Ths. 4, 17.) - 

TuroreM B: Associated with every scroll differential equation is a second 
reciprocal scroll differential equation, and in addition to having the Propert (a), 
(b), (e) and (d)* stated in Theorem A, they are so related that: 

(f) Their œ? common osculating circles ean be grouped into co! families. The 
circles of each family touch two other eircles and asculate the integral curve of both 
differential equations. along the same circle. The tangents to both seis of ida 
curves along this circle envelope a common concentric circle. | 

(g) The two differential equations have ir common a number of integral curves . 
which are circles, and an infinite number cf integral . curvés of both fh, differential 
equations touch these circles at two points. 

Consider a developable surface in space. Since it has but a single infinity 
of tangent planes, its reciprocal surface must degenerate into a locus of co! points - 
— hence a curve. We shall say, then, that such surfaces have degenerate 
reciprocals. .It is evident that the reciprocals of the re differential 
equations in the plane are then line-element loci of æ? elements, We shall say 
that such differential equations have dégenerate reciprocals, + This fact does not, | 
however, detract from the interest in süch equations, but rather adds, fór the 
line-element locus of «o! elements has very important rélations to the integral 
curves. | oO | | | 
. Consider in particular a general torse: 

(h) Its reciprocal is a skew curve which is met by all the œ? complex lines l 
tangent to the surface. (See Type I.) Hence 
|... (i) The P curve on a torse and the reciprocal skew curve of the latter lie 

upon the same P scroll. (See Th. 24.) | | 

(3) The L curve on a torse and the reciprocal skew curve of the latter lie 
upon the. same L scroll, (See Th. 25.) 


* Property (e) is ruled out by Theorem 16. 
. t The analytic’ condition that the reciprocal of a differential equation f (x, y, P) = 0 be degenerate is 
expressed by the vanishing of the functional determinent In the equations of transformation (22). 


4. ` 
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(1) Since the tangent plane touches a torse along a generator, it follows 
that the complex lines lying in that plane are tangent to the complex curves of 
the torse along a generator. (See Ths. 10, 2 and 11.) 

(k) Since each generator meets the cuspidal edge of the torse, and since the 
complex curve at that point has a cusp, it follows that one complex line in each 
plane is a stationary tangent to a complex curve. (See Th. 13.) 

(m) The generators of the torse (4. €, the tangents to its cuspidal edge) 
are the conjugate polar lines of the tangents tc its reciprocal skew curve. (See 
Ths. 2, 3, 8.) 

The interpretation in the plane follows: 

TuzonkM C: A torse differential equation has the following properties: 

(h) The o? osculating circles of its integral curves can be grouped into œ! 
pencils of tangent circles, the common line element in each pencil giving rise to a 
skew line-element locus. 

(i) The point locus of this line-element locus is the locus of cusps on the integral 
curves. 

(J) The line locus is the envelope of inflectional tangents to the integral curves. 

(k) There is one circle of each pencil which hyperosculates an integral curve, 
thus giving rise to a locus of hyperosculation.* | 

(1) The circles of each pencil osculate the integral curves along a circle, and the 
tangents to the integral curves along the latter envelope a concentric circle. 

(m) The first set of circles thus determined are enveloped by the cuspidal locus 
and the locus of hyperosculation, while the concentric circles touch both the envelope 
of inflectional tangents and the envelope of tangents drawn along the locus of hyper- 
osculation. — . 

We associate with every general torse in space a second torse defined by 
the envelope of the c! complex planes of the points on the cuspidal edge of the 
first. We shall refer to these as related torses. They have the following properties: 

(n) The cuspidal edge of one is the reciprocal skew curve of the other. 

(o) The complex lines tangent to one along its cuspidal edge are tangent 
also to the other along its cuspidal edge; that is, the c»! stationary tangents to 


——————————————Á———ÓÓ——^—R^A——Q——€———P—————— REA 


* ''he second line-element locus of œw! elemerts thus determined is that corresponding to the cuspidal 
edge in space. 
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the complex curves on one torse are also stationary tangents to the complex 
curves, on the other. (See Th. 13.) . | s | 

(p) Consider one of these common stationary tangents. Let it meet the 
cuspidal edge of the first torse at P. and the cuspidal edge of the related torse 
at P', Then the complex lines through P touch the related torse along that 
 genérator which is tangent to its cuspidal edge at P', and the complex lines 
through P' touch the other torse along that generator which is tangent to its 
cuspidal edge at P. These two generatorn, are conjugate polar lines. (See 
Ths. 2, 3 and 8.) 


The interpretation follows: 


Turogg D: Associated with every torse den equation is a related* torse — 
dicen equation such that: e | 

(n) The cuspidal locus i the integra curves ao one is the locus of praelio 
on the integral cur ves of the other, and. the envelope of inflectional tangents to the 
integral curves of one is the envelope of the tangents drawn to the integral. curves 
along the locus of hyperosculation of the other. 

(o) The œt circles which hyperosculate the integral curves of one hyperosculate | 
also the integral curves of ihe other. 

(p) Let C be one of these common hyperosculating circles and let P Éi P' be 
the two points of hyper ‘osculation. Consider the two pencils of circles tangent to C 
at P and P! respectively. The circles of one pencil osculate. the integral curves of one 
differential equation, and the circles of the second pencil osculate the integral curves 
of the other along the same circle ©. . The tangents drawn to both sets of integral 
curves along C, envelope a common concentric circle C,. The o! circles C, are 
enveloped: by both cuspidal loci, while the concentric cireles C, touch il i a 
of inflectional tangents. | 

. It is interesting to note that the entire configuration discussed in the last : 

theorem is built upon a single skew line-element locus of. œt elements, just 
as the configuration of related developables in space is built upon a single skew - 
curve — the cuspidal edge of either one of them. Since one cuspidal edge 


& 
wen 


* Not reciprocal. 


t It is essential that the Üne-element locus be skew and not plane. (See Theorem E.) 
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uniquely determines the other, so in the plane we associate a second skew line- 
element locus with the first. The two sets of pencils of tangent circles deter- 
mined by these line elements are respectively the osculating cireles to the integral 
curves of the related torse differential equations discussed in Theorem D. 

Consider now a cone: 

(q) Its reciprocal is a plane curve which is met by all the co? complex lines 
tangent to the surface. These include also taose complex lines lying in the 
complex plane of the vertex. (See Type II.) 

See (1) and (j) under torse. 

(r) The complex lines lying in a tangent plane are tangent to the complex 
curves on the cone along an element. (See Ths. 10, 2 and 11.) 
| (s) The elements of the cone all pass through its vertex (see Th. 7) and are 
the reciprocal polars of the tangents to its reciprocal plane curve. (See Ths. 
2,3 and 8.) | 

The interpretation is as follows: 


TuEOREM E: A cone differential equation has the following properties : 

(q) The œ? osculating circles of its integrat curves can be grouped into œ! 
pencils of tangent circles. One circle from each pencil belongs to a special pencil. 
The common line elements of these pencils thus give rise to a plane line-element locus 
and a particular isolated line element.* | 

See (1) and (3) of Theorem C. 

(r) The circles in each general pencil osculate the integral curves along a circle, 
and the tangents to the integral curves along the latier envelope a concentric circle. 

(s) The first set of circles thus determined al! touch the cuspidal locus and pass 
through the point of the particular line element, while the concentric ctrcles all touch 
the envelope of inflectional tangents and the line of the particular line element. 

Up to this point we have considered tae reciprocals of general surfaces, 
scrolls, torses and cones together with the corresponding interpretation in the 
plane. This has also involved the reciprocation of non-complex curves in space. 
The interpretation of complex ruled surfaces and their reciprocals gives rise to 


ppu 
e ma eta 
b ——««——————————————— 


* Evidently the line element corresponding ta the vertex of the cone. 
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. nothing of particular interest in the plane from the standpoint of the ordinary 
differential equation of the first order, for the osculating circles in this case 
reduce to the integral curves themselves. However, the reciprocation of all the 
distinct types of surfaces and curves will be found to be equally important in 
the discussion of complex congruences and their interpretation which will appear : 
in a later paper. | | 

` REMARE. It is evident that the geometry within a linear line complex can be equally well interpreted 
by other transformations aside from the-one used in this paper. (Ses ‘‘Geometrie der Berührungsiransfor- 


mationen,” p.238.) But this one is perhaps the most important, since it contributes to the theory of the 
osculating circle. 
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Binary Modular Groups and their Invariants. 


By. Leonard HuaxNE Dickson. 


1, In the first part-of this paper I determine all subgroups of the group T. - 
composed of all binary transformations of determinant unity with EEE in 
the Galois n F of order p”. The order of T is | 

— p^( p” — 1). 

I determined the subgroups x: T in the spring of 1904 and made use of the 
results in investigating * the subgroups of the general ternary and quaternary 
linear groups modulo p, as well as in my study of finite algebras.t 

The subgroups of T may be derived(as in $9) from the subgroups of the 
linear fractional group. We may however prcceed independently (§§ 2-7). The 
latter method naturally brings out more clearly the properties of the homo- 
geneous groups, and moreover furnishes mazerial needed in the construction 
of the invariants (§§ 10-13). The linear fractional groups ao be derived 
by inspection from the homogeneous groups. | 

The exceptional character of the case p — 2 is more marked in the case of | 
homogeneous groups than in the case of fractional groups. Moreover, the 
homogeneous and fractional groups are identical E p=2. For these reasons I 
assume here that pa. 


Canonical Forms and Conjugacies of the Transformations of T. 
2. Each transformation of T is given either of the notations 
a BN, dant By dicis 
Te 3) PLE (8—8y—1. (a) 
If this replaces a linear function J by pl, then p isa root of the characteristic 
equation 


Ap-r-—(FBptico ^. 07 RO 


*AMERICAN JOURNAL OF MATHEMATICS; Vol. XXVII (1905), Vol. XXVIII (1906), 
t Gottingen Nachrichten, 1905, pp. 358-393; see $4. : 
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H A(p) is ifreducible in 7, (1) has the canonical form 
0 | : | 
Lo iet d ET. (3) 
If A(») has two distinct roots in F, (1) is oe within T with 
n= ( rd je ER (4) 


-But © the roots are ud (1) is conjugate within I' with 


Sam ae m (5) 


Ncw T, transforms Si... into S41 s. Thus the transformations (5) with @ = 0 
ar» conjugate with |$,,; or /$,,,, where » is a fixed not-square. The latter 
tyoes are seen to be not conjugate. 


Commutative and Di-cyclie Subgroups. 


3. If aisa primitive root of F, T, generates a cyclic C, ,, where s = p”. 
Here s > 3, in view of the assumption (4) that A*zE 1. Then the only trans- 
formations (1) commutative with 7, are the 7,, and T only ones transforming 


T. irto its inverse .7^" are the 7, T, where T= íi Evidently 7, and 


T ^ are the only transformations of O; conjugate uu T Hence C, is 
invariant only in a di-cyclic G., ,. 

A di-cyclic Gy, i is generated by two operators A and B, where A is of period 
9L aad B? = A*, B3AB = 4^; it is said to have the cyclic base Cy, = {A}. 
T vo operators BA‘ and BÆ (i< 2k, J< 2k) are conjugate within Gy, if and 
orly if ¢ and j are both even or both odd. Since the inverse of BA‘ is BA***, 
the cyclic C, generated by the B4? form one or two conjugate sets according as 
kis wdd or even. Let d be any divisor >1 of b and set à — £[d. If u is a 
fixed one of the integers 0, 1, ...., 6 — 1, BA” extends the cyclic base 1.4? of 
oxde* 2d to a di-cyclic G1. These ò groups are all conjugate within Gy, if à is 
odd, or if à is even and & odd; but fall into two distinct sets of conjugates if à 
amd k are both even. If dÆ 2, this process yields every di-cyclic subgroup of 
G,,, Since a Gua has a single cyclic Cya. If d= 2, then & is even and we may 
set E 72. The only operators of period 4 in Gie are 


At BA! (6 220, 1, ...., 2k — 1). 
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‘Hence a di-cyclic subgroup G, contains at least four B.A‘ and hence two distinct 
operators BA” and BA’, not inverse to each other. Thus 
rÆs, rÆs + k (mod 2%). 

Hence G, contains their product A*7"T* which is neither A” nor, the identity. 
: Hence G, contains A"? and may be based on the cyclic {A**!. Every di-cyclic 
subgroup of Gy, may be based on a cyclic 1.451, where ò= k/d is a divisor d k. 
For each divisor 8, there are 8 di-cyclic subgroups G,4— | 4°, BA", u = 0, 1, ...., 
ó— 1, forming one system or two systems of conjugate subgroups en as 
ò and D are not both even or both even. : 

In the GF[p’"], x” — 1 has a primitive root x. Then f, generates a 
cyclic C,,,, invariant only in a di-cyclic G4, y. 

We next determine the di-cyclic subgroups of I whose cyclic bases are sub- 
groups of C,4,.. Now T contains 4s(s + 1) conjugate cyclic C,<,, each invariant 
only in a di-cyclic G,,-,:. The latter are all conjugate under T, since an 
operator which transforms G into G" transforms every operator commutative 
with G' into an operator commutative with G’. If 2d, is any even divisor > 2 
of s = 1 and d; is the quotient, I contains 4 s(s + 1) conjugate cyclic Cza, each 
serving as a cyclic base for ò+ di-cyclic Ga, forming one system or two systems 
of conjugates under G,,, according as not both or both à4 and 4(s = 1) are 
even (by above theorem for k= 4 (s = 1)). .For d. Æ 2, two subgroups Ga of 
Gaz) are conjugate within the latter if conjugate within T. Indeed, the trans- 
forming operator must be commutative with Coi the only cyclic subgroup of 
this order in either of the Ga; and hence with the unique cyclic C,+, contain- 
ing it. Hence if 2d. is any even divisor > 4 of s F 1 and the quotient is à, T 
contains in all s(s? — 1) + 4d... di-cyclic Gig, forming one system or two systems of 
conjugates according as à— and 4(s == 1) are not both even or both even. In the 
first case a Gaan is invariant only under itself ; tn the second case, under a di-cyclic 
Ga... ' pr | | 

Consider next the divisor 2d = 4 of s + 1. The sign = must be such that 
4(s =F 1) is an integer co. All the transformations of period 4 of T belong to the 
conjugate cyclic O. Each di-cyclic G, contains 3 cyclic Cj. Now T contains 
le(s + 1) conjugate C,, each serving as a base for ô di-cyclic G,. Hence F con- 
tains in. all zz s(s? — 1) di-cyclic Gy. 

A maximum di-cyclic Gg contains c di-cyclic G,, forming one system or 
two systems according as g is odd or even; namely, according as s = p” is of the . 

28 
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form 8h-+ 3 or 8h+1. Since the G,, are all conjugate under I, it follows that, 
if c is odd, all the G, are conjugate; while if c is even, they form at ‘most two ` 
systems of conjugates under F. Suppose that, for o even, they form.a single 
system.. Then in view of the total number of G,, each would be invariant under 
exactly 24 transformations of a subgroup G,. But, for c even, each G is one 
of c/2 conjugates under a certain Gy and is therefore invariant under a sub- 
. group of order 16 of G,,. Hence the $t s(s* — 1) di-eyclic G, contained in T form 
. ome system or two systems of conjugates. according as 8 =p" has the form 8h + 3 or 
8h+1. In the former case, a G, is invariant in exactly a Gu; in the latter case, 
under a- Gig. 
For B= 0, S, 4 is of period p and we .g of period 2p. Now 


Sa y = A fe? a3 | l (6) 


whose inverse is S,.,-,, transforms S,,, into. S,,,, where t=a’8, while no 
transformation other than the S4 p transforms S+, g into one of like type. The 
2s transformations $4, By where 8 ranges over the field, form a commutative 


group, since 
Sin, s Dins = By asse Sai e D, 8 = Di s Sg — 9-1, g—à* (7) 


` This commutative group ,G,, is therefore invariant only under the group G., ; 

of the transformations-(6), and hence is on2 of s + 1 conjugates under T. The 

same is true of the commutative group G, formed by the $ ,. | | 
By Linear Groups, $ 249, with (2; 1) replaced by 1, this G, has BOXER. 


qn— d) — p^ — p) (qn =p") (8) 
(pn—1)(p"— p) (PP) (p^ — p") 7 

subgroups Gm and each is invariant.in a largest group H of order lp" p" — 1), . 
“where 7=2or1 according as n/k is even or odd, while the value of & depends . 
upon the particular G,m chosen. Thus the G, is one of a system of 
(p^ — 1) 4- (( p*— 1) conjugates under I. | 

Consider next a subgroup of G, coniaining iS, gp d B 4-0, it contains 
Sty a = D ga; by (7), and hence S, sg, Where c is any integer. Hence it contains 
ÝL, 801, s = S1. Thus in every case the subgroup contains |$ 4.4 = T. ,;.and is 
therefore a Gam given by the extension of one of the preceding Gym by T. 
This Gym contains a single Gm, while T; is invariant under I. Hence, if: 
m 2» 0, Gam is invariant only under the above group H. | 


DICKSON: pany M odular Groups and their 1 wvariants, 179 


A ENEIT Sua ‘oups of Gs 


2004 This group G is composed of the transformations (6); viz., S, p Zi; 
where u — b/a. A rectangular array for G may be formed by takne as the 
first row the transformations S,,, which form the invariant subgroup G,, and 
as right-hand multipliers the T, of the cyclic C, ,. In any subgroup G" of G 
the totality * of transformations of period p give rise to a commutative Gm 
invariant in 'G". A rectangular array for G" with the transformations of Gm 
in the first row has the property that the transformations in each row are all. 
found in a row of the array for G. . In fact, two transformations A and B of G' 
lie in the same row or in different rows of the array for G' according as AB is 
or is not in Gn; namely, is or is not in-the first row of the array for G. Hence 
. the quotient-group G'/ Gm is a subgroup Gg of the cyclic group G/ Gn. 

. Fora o?zE 1, the period of S, , is the exponent to which a belongs, since 


? ; 2 
Sh Seas, CRO ah buses pan mac 1) 
Hence G contains 2(s—1) sane E N B a of period p or 2p, and s*— 35--2 


of period dividing s — 1. Hence G contains s cyclic CC®, no two having in 
common an operator other than 7,,. They are conjugate within G, since $,, 
transforms Sa,» into Sa, 5, where B = b + u(a? — a). , Their subgroups GOD, for 
the various divisors d of s — 1, furnish all the cyclic subgroups of G other than 
those of period p or:2p. We proceed as in Linear Groups,t p. 271, beginning 
with line 22, and replacing Gm by G;,» (composed of the ‘Sh, ,) in the last line. 
We conclude that. G! is one of p"—"( — 1)+1(p* — 1) conjugates under V. 
Here £ and / have the same meaning:as in $3.- 


Remaining Subgroups Containing Operators of Period p. . 


5. We proceed as in Linear Groups, pp. 272-278, with the following 
changes.f ` In place of lines 7 and 8 on p. 273, read: “there are d marks y, the 
distinct powers of a primitive root of 4d —-- 1." . In equations (251) and (253), - 
replace + 2 by +2. At the bottom of p. 273 and on p. 274, replace (2; 1) by 1. 


" *1f no operator of period p occurs, G^ is a cyclic subgroup of one of the C, j and has been listed in $3. 
tIn lines 3 and 11 from bottom, change o , 0 to æ, 2, and “within which Gym is self-conjugate ? to. 
« which transforms G5» into itself." 
l Errata on p. 274: 1. 8, poterehunee k and m; 1. 14, delete ** with 2/% odd.” 


--— 


180 Dickson: Binary Modular Groups and their Invariants. 


7 


Thus (252) now reads 22 
| p "—i£d&ipi— 1) SU(p™ — 1), 


whence ^ =m. But d divides‘ (p^ — 1). Hence either (A) din = p*—1 or . 
(B) Z= 2and d= 2(p*— 1). On p. 275, line 6, wè employ x = — 1 (instead of - 
' -+ 1) and reach the desired result. For p — 8, the treatment requires the fol- 
lowing modification. Since the subgroup contains P, 4 any mark +0 in the 
G.F[ p^], it contains the p"d = 6 transformations V, , P4, A= 0, 1, — 1. The 
a+ s of V; — V, 44V, is a; 4-09; ty which may be made zero by choice of 


f yi = +.1. Employing P, „V; , we have the new y; unity and a + à still zero. 


It follows that, for p > 2, ‘the group in case (A) is the total group B, of trans- 
formations of determinant 1 in the G.F[ pf]. 


For use in (B), where p > 2. -we replace in the lemma on p. 274 period 2 
by period .4, namely, Vj— P7. In § 258, there are. now d marks 4; the 
orders of the groups are now twice as great; the dihedron is now di-cyclic. 
Instead of T, we consider the C, generated by M. In the third line of p. 277, 
read ** 2fp*( p*— 1) substitutions of period 4"; in 1. 11 read: “distinct from V, 
and VP, and of pu 4" We thus reach 2( p* — 1) substitutions V, , V; . of 
period 4, and hence p*— 1 cyclic ©. If M is the number of the V; leading to . 
. a single C, = (V, , Vj, the total number of the latter is even in the text. It 
follows that either Q = 92 p'(p'* — 1) or else Q = 120 and p*=3. In the first 
case we employ the subgroup of the p*( p* — 1) transformations V.a (of index 2 
under the group of all the V, ,) and show that it is extended by the V; to the 
dips B, of all binary transformations of determinant 1.in the GF[p*]. Hence 

Ga 1 Bz; P, where P? belongs to B,, and % is the square root of a 
primitive root of the GF| p*]. Thus G is a group in the GF[*]. 

In the second case, Gi) has one set of 1 -- fy" — 10 conjugate (5, and one 
‘set of 15 conjugate C, each invariant in exactly a di-cyclic G,. Hence there 
are 5 conjugate G4. It is shown in $86, 7 that Gis of the homogeneous icosa-. 
hedral type and occurs as a subgroup of T in the GF [3"], n even. | 

As in § 255, the largest subgroup of T' in which the total binary B, in ‘the 
GF [ p"] is invariant is B, if n/k is odd, and |B}, Pat ifn[i is even; while the ^. 
latter is invariant only under itself. The groups of the: latter type (occurring ` 
only when n] k is even) form 2 sy stems of conjugates under T. The groups of 


type B, form two systems of conjugates if n/k is even, and one system if. njh 
is odd. . 
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Subgroups Containing no Operator of Period. p. 


6. Every transformation other than T, of such a subgroup Ga lies in a 
unique largest cyclic subgroup C, of Gp. ‘Two such C, have in common no. 
operator other than 7,. According-as C, is invariant within G4 only under 
itself ‘or under, a di-cyclic* Gg based on C4, it is one of a system of Q/d.or 
Q/2d conjugates under Go. Let 7 be the number of such systems. The 
enumeration of the transformations oft, leads-to the relations 

Q=d4+3(4—-I Gy (eH or 2), (9) 
Ozfd  : (—1,....,7) (10) 


where à = 2 if G' contains T, 8 — 1 ifitdoes.not. Indeed, if G contains T. 3 
every Gz, contains 7_,. Since T, is the only transformation of period 2, it 
suffices to show that d; is even. . If S is of odd period c, ST_, is of period 26 
and (S T. 1 — $71, so that the cyclic {S Z} contains S. Next, if G does not 
contain 7_,, Q and each d; are odd. In each case Q and d; are multiples of à 
and we may set | 

Q — Q/à, d; =d}, | (| ESL osos. 


When these values are inserted in (9) and (10), we obtain the beluis written 


in accented letters, at the beginning of § 256 of Lixear Groups. Employing the - 


results obtained, we reach the following conclusions. If r=1, then f,=1, 
Qi =d,, and G is a cyclic Ca. If r= 2, we may interchange fy and f, if 
necessary and set f,— 1, f,— 2. Hither dj = 2, W = 2d}, or dj = 3, d; = 2, 


Q/—12. In each ease, Q is even and G' contains 7_,, so that à — 2. ‘In the 


first case, d; = 4, d, = 2d, where d; is odd (otherwise C4, would not be maximal), 


and G is a di-cyclic G,,, already considered ($3). In the second case, d, = 6, 
d, = 4, Q — 24. Thus G, contains a system of 4 cyclic C, each invariant only 
under itself. Since they have only Ti, in common, G5 is isomorphic with a 
subgroup G9, necessarily the alternating group on 4 letters. Since the latter 
has an invariant G,, Ga has an invariant G,. This also follows from the fact 
that the 4 C, contain 8 operators of period 6, 8 of period 3, so that there are at 
= most 8 operators of periods powers of 2; but G contains a di-cyclic G, based 





x 
* Dihedron in the case p —2 not considered here; then 6 = 1 below. 
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on Ca. Hence the di-cyclic G, is invariant. Thus* Gy, is of the homogeneous 
tetrahedral} type, with the generational relations 

—1, B= A’, BAB = At, 0?—1, C3AC—B, C3BC- AB. (11) 
Although falling under another heading, we note that, for p" = 8, the total 
group I' is of this type f (cf. $8). 
| For 7-8, each /,-— 2 and we may set dj = 2, e ô = 2. Hither 
d, = 2, Œ = 2d, whence Gy is a dM eyclic Gay. OF d =3 di = 9 4 5. 
Q! = 12, 24, 60, respectively. For dj = 3, we have d=d,=6, d= 4, 
Q = 24; this case is to be excluded, since C, is invariant only under a | 
Ga, = Gy, and hence is one of two conjugates, whereas the operators of Ce, 
transform it into at least 3 distinct gi? ups. For d; = 4, we have d; = 8, d, = 6, 
d= 4, Q= 48. Since f, = 2, there are 4 conjugate C,, each invariant in a 
di-cyclic Gie. No two of the latter have a C, in common. Hence the group 
common to all four G4, is a C, or is composed of 7,,. The first case is excluded 
since a C, is not invariant in Gs. Hence T,, alone transform each of the 4 con- 
jugate C, into itself. Thus G, is isomorphic with the symmetric group on 
4 letters, having an invariant G,. Hence Gs contains an invariant di-cyclic G,. 
Hence (83) this G4, occurs only when p” =8A + 1 and is then uniquely deter- | 
mined by its invariant G,. We may determine Gy abstractly by the properties 
that it contains a single operator A of period 2 and that the quotient-group 
G/ 1l, A} is of the octahedral type. The latter is generated by B and C, 
where Bt= C? = I, (BOY =LI. Arrange the operators of Gy into 24 sets 
S, S,.4. It must be possible to choose two sets $, S,A and S,, S,A such that 

St, (8S, AY, $2,(0$, AY, (S, At. 8, A’)? 

are all in the set 7, Z4. ‘If & — 7, then (4AF = A; if S2 — A, then (S, Ay — I 
Hence, by choice of the notation, we yx set jS2— L Since S, -E A, I, we 
have (SAVEL Hence (4HY — A. If S =T, then S? — A or en whereas 
BIL Hence | i 
S sd SS) 3.84. 1 AS = 84, AS, = 54. (1 2) 


Tt ÁÀ— 


* It is not the direct product of G, and a C,, acd hence by Burnside, Theory of Groups, p. 103, case (iv), 
is of type (11). Note that Burnside's proof is faulty; C— 473 is A and not 43. But if CA BO = B-14-1, 
set A 4B, B= Am1 Then C~ AC — B, C-B,U—E1—4ABA-3 —A,B,, so that his conclusion is proved. 


; ENE I il 
+ A = (iza izh BI(—as.) o= (F ie +2 je maa). 


_ fol (11 WE 4 
ZEIT B= (13). e (35 , modulo 8. 
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This is a complete set of generational relations for a Gig. Indeed, every element - 
can be written in the form SA or S, where Sis a product of S,, S,, and includes ` 
24 distinct operators in view of the relations defining the octahedral Guy. . This* 
G contains a single Gy of type (11), 12 operators of period 8, 8 of period 6, 
18 of period 4, 8 of period 3, 1 of period 2, and identity. A neat group. of 
this type is given in §11. 

For dj = 5, we have d, —10, d, = 6, d d. Q —120. Each C, is invariant 
only in a di- belie Gs. Hence there are 15/3 conjugate G. Thus each G, is 
invariant only in a Gy, necessarily of type (11). The 5 conjugate Ga, have only _ 
T,,in common. Indeed, their common operators form an invariant subgroup ' 
of Gi and hence of each Gay. Buta homogeneous teirahedral G,, has besides 
I, Cz, Gy (cases requiring no further discussion) the single further invariant sub- 
group G,. But the five G, in the five G,, are all distinct. Hence G4/17,.] is 
the alternating group on 5 letters, viz., an icosahedral group. Further, G4 has 
a single operator T' , of period 2. Hence? there is only one type of such a group 
and its generational relations are 


A=], AB= BA, AC= 04, P'—1, 0 —I, (BOY =A í (13) 
Addlioush listed elsewhere, the total group I for p = 5 is of this type. f 


Number and Conjugacy of the Homogeneous Icosahedral Subgroups. - 


7. For p” = 5, T itself is such a Gio. For p*— 5", we employ the result 
at the end of $5 and conclude that the Gi) fall-into two systems each of 
5"(5°"—1)/240 conjugate groups if n is even, but into one system of se 1)/120 
conjugates if n is odd. 

For use below we show that a ou has 120 sets of gener ators A, B, C. For 
p" = 5, [= Gi» has 6 cyclic C;, and each operator of period 5 is conjugate with 


at least one (o t) u nota multiple of 5. Taking the latter to be C, and giving 


B the form (14), we find that BC has o/—a-F uy, '—0. Hence. (BCYy—A-—T , 
if, and only if, a + uy 4-9 — 0. Thus y — uw. Then 8 =—u(1 +a +o). | 
Thus there are 5 — B for each C and hence 24.5 sets of generators. 


* It is of type 52 in Miller's list, Quarterly Journal, YOR XXX, p. 258. 
+ Burnside, Theory of Groups, p. 877%. 


4 
i For example, A = E u ip 2 -(? : = {0 j) modulo 5. 


* 


a ' * E é 
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Next, let p42, p 4E 5. Then p"(p'" — 1) is divisible by 120 if, and only 
if, p? — 1 is divisible by 5. First, let A='}.(p"— 1) be an integer. Let p be 
a primitive root of the field; then p^ is of period 5. Set - 

: | | 
Q , 
6 (5 si) B-(T 5, aó— By —1, a+d+4+1=0% (14) 
Then BC has a' = p'a, F= 7^8. Hence (BCY = A= T if, and only if, 
; pra + g^*à = 0. 
The three conditions. give ` ! 


1 
p^— 1? 


=C As. 
j= pa, By = gag CE PRG 





Qo — 


If 6 — 0, then p^ — — 1, whereas p^ is of period 5. Hence to each of the p"—1 
values $0 of @ there corresponds a single value of y. But T contains ($3) 
exactly i p"( p” + 1) conjugate cyclic C;. Hence there are 2p"( p*?* — 1) sets of 
generators A, B, C of homogeneous icosahedral subgroups. | 

. Next, let g — 4(p" + 1) be an integer. Our group T is simply isomorphic. 
with the group of binary hyperorthogonal transformations in the G.F[ p]: 


($8, +=, | | 5 
where a denotes a”. Let B have the form (15), so that a +a -+ 1=0. Set 
f(J? 0 x " l 
C= e jo)? =i 
Now BC is of the form (15) with a’ =a. Hence (BOF = T gives 
ad? + aJ? = 0. 
For a given J, these conditions are satisfied if, and only if, 
| | € Jo 22 = g — J9Y-2 
se co A J?) d 


The final sum is an element zE 0 of the GF| v^], so that there are p" + 1 values 
of 8. Now T contains i"(p"— 1) conjugate C. Hence again there are 
2 p"( p°” — 1) sets of generators of homogeneous icosahedral subgroups. . | 

But each G4 has 120 sets of generators. Hence, when p” 1 is divisible 
by 5, T contains in all. p”( p? — 1)/60 homogeneous icosahedral groups. 


* This is the necessary and sufficient condition that B? = J. 


i 
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In the first case T, transforms OC into itself and B into a transformation 
with-a and à unaltered, but with @ replaced by ¢”9. The latter may be made 
equal to.unity or a particular not-square. Since the C; are all conjugate, it 
follows that there are at most two systems of conjugate Gp). But if there were 
a single system, their number would’ be at most p"( p?" — 1)/120, contrary to 
` the above. Hence* there are two systems of conjugate homogeneous IRURE 
groups within T', and each 1s invariant only under itsaf. 

In the second case we employ the transformer 7;« to (15) and find that a is ’ 
unaltered, while @ is multiplied by J”. But the ratio of two values of 8 is a 
power of J. Hence we may set 8 =1 or J. Hence the preceding result holds 
also in this case. | 


Summary of ihe Sign of T (o> 2). 


8. One invariant O,; 4 p"(p" + 1) conjugate cyclic Ca, for every divisor 
d. > 2 of p" F1; p"(p^— 1) 4e, di-cyclic Ge, forming one system or two 
systems of conjugates according as ( p" =F 1)/2e, and ( p" =F 1)/2 are not both even 
or both even, where e~ is any divisor 72 of ( p"=F1)/2; p"( p” — 1)/24 di-cyclic 
G,, forming one system or two' systems of conjugazes according as p" = 8A + 3 
or p^ = 85-1; N(p"+ 1) commutative G, m each one of (p —1)+ t(p^— 1) 
conjugates, aher N is given by (8) and / = 2 or 1 according as n/k is even or . 
odd, while £ depends upon the particular Gyn (k=n if m=n); N (p* 4-1) 
commutative G5» each one of (g*— 1) 3- I( p* — 1) conjugates; certain systems 
of p"-"(p?^ — 1)+1(p*— 1) conjugate G,», ; 7 systems each of p^-*( p" — 1) 
+ l(** — 1) conjugates, of the type of the total binary B, of determinant 1 in 
the GF[p'], k a divisor of n; for n/k even, two systems of groups, each 
invariant only under itself, of the type | B}, 7.1, e a square root of a primitive 
root of the GF[p"]; for p^—8h =+ 1, two systems.each of p"( p?" — 1)/48 
. conjugate homogeneous tetrahedral G,, and two systems each of this number of 
conjugate homogeneous octahedral G; for p” = 8h + 3, one system of 
p'(p^—1)/24 conjugate Gy; for’ p” = 10A + 1, two systems each of. 
p”( p” — 1)/120 conjugate homogeneous icosahedral Gy); for p = 5, n even, 
two systems each of 5"(5?^ —1)/240 conjugate Gim; for p= 5, n odd, one system 
of 5^(5*" — 1)/120 conjugate Gp). | 


* Employing Linear Groups. p. 284, and foot-note to p. 285, we may show that the groups fall into a single 
system within 1 IX h where ¢= pl, We may show that if p^ — 5A +1 = 4£— 1, there is a single system 
withiu the group of binary transformations of determinanis +:1 in the initial field. 


24 


- 
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For p= 3 or 5, Gx or Gs is also listed under B,, k=l. 

"For example, if p” = 3, I'— G4, contains only the following subgroups 
other than identity and itself: an invariant C,, an invariant di-cyclic G,, one 
set of 3 conjugate C,, one set of 4 conjugate Oz, and one set of 4 conjugate Cs. 


. Derivation of the Homogeneous from the Fractional Groups. 


9. The subgroups G of T may be derived from a list of all linear 
fractional groups of determinant unity.* If G is of even order 2g, it con- 
tains 7', and hence may be derived from a fractional group G" of order g by 


replacing each fractional transformation o of 6 by the two homogeneous . 


+e 


transformations id ea Next, let G be of odd order. Then G' is of 
| order odd arid must (by the list cited) be of one of the following types: 


E A cyclié group of order dx, an odd divisor of 3(p" = 1), generated 


by (3 T $33). da primitive root of ô = 1. Ifthe isomorphic er ae Ay, 


contained (— 0 — a ; it would be of order 2d. Hence H is cdi and 


generated by > 33iJ. 
(ii). A commutative group of order p” Som Oed of ` certain F A The 


homogeneous H,m can not contain C 0 2) of period 2p. Hence H is com- 


posed of the F 1) with the same range of values for u. 


(iii) A group G,m, given by extending an invariant Gyn by a cyclic C, - 
In view of the preceding cases, H is given by the extension of Him b à c 
cyclic Ha. 

From the list awa we now readily Bonds the list in $3. Note that the 
former list includes a cyclie group of order any divisor d, of i( p” -F 1). If d is 


* Linear Groups, p. 285. In the long expression for the number of sets of the Gm, the first factor pt 
should be p?=—1.. The reference to Professor Moore’s original paper should be chenged to Decennial Publi- 
cations of the University of Chicago, Vol. IX (1904), pp. 141-190. 
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odd, we obtain by (i) a homogeneous cyclic group of order d; while by exten- 
‘sion by T ; we obtain a cyclic group of order 2d, a divisor of p^ -E 1. If d is 
. odd, we obtain only the latter type. Hence we reach the homogeneous cyclic 


C, = where e may be any divisor of ; d Fl. 


1 


Invariants of Bina y Groups. 


10. Let G be a group, of order g, of binary transformations of deter- 
minant unity in the GF[p"]. Lety — 1 or 2 according as T', is not or is 
contained in G, and set o = g/y. `A point (a, y), in the sense of homogeneous 
coordinates, is one of at most o distinct conjugates under G. A point is called 
special if it has fewer than o conjugates; namely, if it is invariant under some 
transformations other than 7,, of G. Each system of special points determines 
a relative. invariant. If we have determined two independent invariants J 
and X of degree o which take on the same factor f, under each transformation 
t of G, then any invariant J which vanishes ior no special point is a product 
' of linear functions of J and K. An integral invariant J. with coefficients in 
the GFT p"] is an integral function of J and K with coefficients in that field.* 


Invariants of the Cyclic and Di-Cyclic Groups. 


| 11. Consider a cyclic group of order d, a divisor > 2 of p" — 1. It is 
. conjugate within T with a C, generated by. T, where 6 is a primitive -root 
of ò = 1. The only special points are (1, 0) and (0, 1), the corresponding 
invariants being x and y. Now o =d or d/2 according as d is odd or even. 
Further, a and y° take on the same factor 6^ =ô under 7,. Hence every 
invariant is of the form . 


I 


ayha” + ky”). 


Next, consider a cyclic group of order d, a divisor > 2 off p"-- 1. It is 
conjugate within T with a C, generated by Ü 


m mC B 3 Q^ — lp 4- 1— 0, irreducible. l (16) 


Since § has the canonical from T. p is a primitive root of p? = 1. Now S 


d 


* eas GMS HUNE Amer. Math. Society, Vol. XII (1911), p. 4. 
+ The present treatment applies also to divisors of p^» — 1, but is not £s simple as the preceding. 
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leaves invariant only (p, 1), (p, 1), which are the only special points under G. ~ 
Hence the invariants are functions of | l 

A= a—py, u-z—p'y (17) 
S multiplies these by p^! and p, respectively.. The invariants with coefficients in 


the GF[p"] can be expressed in terms of the absolute invariant Á — Ap and 
two linear combinations of A^, u^, for example, 


B=0 +u) 0-08—£)93—). - (18) 
Under S these take on the factor + 1 or — 1 according as d is odd or even. 
Examples. Ep” = 3, d= 4, then /— e, d= a? 4- y, B=v’—y, Cay. 
If p^ = 5, d= 3, then l= — 1, Az a? + zy +g’, 
` O = 8(æy + ay’), B= a — yY? — 8ay’ + 60/2. 


For 2e an even divisor of wp — 1, consider the di-cyclic group 


PENES 


The points invariant under a power 'of T. are (0, 1), and (1, 0), which are 
interchanged by Æ. The corresponding invariant is Q = zy. Next T,E leaves 
invariant only (+ ia, 1). Now — 1 and a are powers of e. The e points, 

( P5 = (iett, 1) (k-0,1, ...., e — 1) (20) 


form a system of special points. Indeed, T replaces Pi by Piu, while E. 
replaces P; by P$.. Fore=0 or 1, we get the invariants 


I; = Tife — itty) = a — (i) i ls 


Under 7, both I, and J, take on the factor — 1; under E, I, takes on the 
factor — (— 4)* while J, takes on the factor + (— $)'. We have the identity 


B— H-aQ. (22) 
Ir* p” = 4l— 1, so that i does not belong to the field, the fundamental system 
for invariants with coefficients in the field is Q and 7, 7, = ge — (— 1)yy*. 


For 2e an even divisor of p" + 1, consider the di-cyclic Ge generated by an 
operator B of period 4 and an operator S. cf period 2e, given by (16), where ` 
. now pis a primitive root of p” = 1. Thus B is of the form (1) with à = — a. 


* [f p^ — 4L-- 1, we may replace iy by y and obtain the ordinary dihedron invariants. 
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Then SB = BS- if and only ify — 8+ al. Introduce the conjugate imaginary 
variables (17); then | 


Am (B p^ b= (a E r= p(B + pa), — r = E + pa). (23) 


In the new variables A, u, the only points invariant under the powers of S are 
(0, 1) and (1, 0), which are interchanged by B. The corresponding invariant is 
| | q = Aue = a — ley + y. E (24) 
Next, S*B leaves invariant only (+ irp, 1) Now — 1 = p°. Hence the 
invariant point belongs to the system | 
| Pim(Bg*,1) —— (k—0,1,....,6— 1), 
where EK z-cirg, c=0 or 1. Now S replaces P} by Pi, while B replaces 
P; by Pe... Thus the corresponding invariants are 
| | J, — A — Rep’. | (25) 
When p is replaced by p^, à and u are interchanged, while v is replaced by — 7^, 
so that E^ is replaced by its reciprocal. Hence* 


L= (1 — E, (26) 
` remains unaltered and hence belongs to the field (F, 2). In case ? belongs to F, 
the fundamental invariants are g, h, h; in the contrary case, q, ll. Under $, 


J, takes the factor — 1; under B the factor — (ip^). 
For example, let e= 2. Taking / — 0, we have 


8$-( j ü B (5. P o? + — —1. (27) 

These generate a di-cyclic G,. We may taket ag #0. Then © 
q=e+ty, Q =a? — 3e|-xy— y, Q= aH Batey — y? (28) 
form a fundamental system for G,. S leaves g unaltered and changes the sign 


of Q, and Q,, while B leaves Q, unaltered and changes the sign of q and Qz. 
The relation between the absolute invariants is 


g + BQ} + a? Qi — 0. | (29) 


* We note that Æe is not unity for all the v = pn + 1 sets of values of a, B (each set being given by a root 
of rv c 1); in fact, the e values of r which make Re — 1 are r = — ip!^— (k= 0, ..., e— 1). In case e and v 
are such that values of r exist for whick Re =1, we may employ the invariants J.(p — b), whose coefficients - 
lie in F. l - l : 

+ 1f the field contains i, we may take 3 = 0 and obtain a simpler system. 
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Saal of the T otal Group and a Related Group. 


12. The group B, of all binary transformations of determinant unity in 
the G.F[p"] has (Transactions, l. c.) the fundamental system of invariants 


Lary ay", Q= (ey) yr) ^ 0 (a0) 
Consider the group G = {B,,.7.}, were e =, p being a primitive root 


of the GF[p"]. Then £^! = — 1. Hence 7, multiplies L pu Q by — 1. 
Thus Z and Q form a fundamental system for G. | 
We have noted that, for p" = 3, B, is of the homogeneous tetrahedral 
type Gu. The group G = |B,, 7.], where &?z— 1 (mod 3) is of the homo- 
. geneous octahedral type. Indeed, : 


B= Gra a) &-( D A= d be 1) (31) 


belong to G and satisfy relations (12) which define G3. Hence, | in treating the 
invariants of G, and G4, we may set p3. V 4 


Invariants of the Homogeneous orahe and. Octahedral Groups. 
| 18. In viéw of the preceding remark, we take p,» 3. If p" — 41+ 1, 
so that ^/ — 1 belongs to the field, we may employ Klein's first * form of Gy; 
' then the fundamental system of invariants with coefficients in the field ist 
$, v, tif “ —3 belongs to the field, namely, if p" = 8% + 1; but is @y and t 
df p” = 3k + 2. The simplicity of this system of invariants rests upon the fact. 
that @ and xj are biquadraties (involving only even powers of the variables). 
For the outstanding case p” = 47 — 1, in which ^/ — 1 does not belong to the 
field F, we proceed to show that no biquadratic (whether involving irrationalities . 
. or not) is invariant under a G,, with coefficients in F. Indeed, we show that no 
biquadratie, other than a perfect square,Í is invariant under a cyclic trans- 
formation S of period .3 with coefficients in F. Let the factors be a + cy, 
a+: dy. Then, apart from multiplicative constants, § leaves one factor unal- 
tered and permutes the remaining three. Since S is of period 3, it has the form 


Gf) 

| | g —-l1-—e" | s 

with the characteristic equation o*-L- ó + 1 = 0.' Since p#3, S leaves no 
* «Ikosaeder," p. 35. 


+ Ibid., p. 51. 
{ Such a quartic is not invariant under a G,,. 
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linear function absolutely unaltered, Let therefore S multiply a Ee cy by a cube | 
root o of unity. The resulting conditions determine e and f. ` Thus 


ag p +o Tena’) 


|| $9 — eg 

This replaces x + ey by « + dy, where* 
| d(2eg + = = 2ca" — co — 20g. 
finos S shall replace x + dy by x — dy, we get 
ee ee ee a 


Eliminating d, we find that 
(209 ot + w= — x | 
ents the coefficient eg + o in S equals 3 (— 1 zc 4), which is m in F. 
Without imposing any restriction on the order p" of F other than p 7» 3, 
we determine all sets of generators of G, satisfying relations (11) and such that 


LUE MC. | 

| e-( 1i a): (32) 
Note that all cyclic €, are conjugate under I'; we choose a simple operator C in ` 
order that the quartic invariants shall be simple. -Since A shall have period 4, 


a-(t ES! R= O40 = ae side (33) 


The conditions for C1B8C — AB and |A| = 1 reduce to u 
CLP ex1i+d—c, &é—d+@+d4+1=0. (34) 
. The points invariant under C are (o, 1) and (o*, 1), where o is a cube root Æ 1 of 


unity. Under 64,6 — ay and £ ej ry (i= 1, 2, 3) form a conjugate'system, 
where f 





_e—@e prede 2e d 
| accu ren ge E rec (35) 
Evidently Tirita = = — 1. We find that 


igi uj cap igit 2ed + 38 + 2 + d — 9)/D, 
AER C NER Em | 


Èr T, = — i =o — 3. 
7 





` * The coefficient of d and COHOPISNSROE in — d are nof zero, since y is not a factor of the quartic by 
hypothesis, 1 : 

t We may dvoid the cases in which a denominator vanishes. Note that c=0 or d. requires that 
d? +d+1=0 and conversely; that d = — 1 requires c? 4- c -+ 1-0. We treat later the case in which 
o occurs in FY : 
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Hence the invariant inia is 


= (x — oy)[ + oa?y + (c — 8)xy’ — y^]. (36) 
If semi gioca ee S004 | 
Q= al + galy + (0 — og = 2)" + o(4 — gyxg? ay (G7) 
JOf* p"= 3k + 1, o belongs to the field. We may then set c = 0 and get 
4=(_ a 9) B=(_8 "^ E as) 
Q = (a? — P + 41 — a? )ey— ay}. '  . (39 


When Q is known, we can by simple differentiation (Klein, Z. e., p. 52) 
determine another quartic and a sextic invariant. , 

We may also determine G,, so that its invariant G shall be of the simple 
form generated by (27). The.only transtormation C of period 3 and deter- 
minant 1 for which $C == CB, BC = CSB, is | 

t(a— B—1 tia+@+1 
o7 Qi 8-1 Hoe +8 1) LOSS 

Now § leaves invariant only (+ i, 1), B only (a + i, 8), SB only 
(8 +i, — a), while. B interchanges the (+ i, 1) and also the (8 +i, — a), 
and S interchanges tbe. (a + i, 8) and also the (8 + i, — a). Further, C re- 
: places (+ 4, 1) by (a + i, 8), the latter by (8 = 4, — a), and the last by (+ $, 1). 
Hence the six points form a system of conjugates under Gay. The corresponding 
invariant is the product of the three quadratic invariants (28) of the G,. The 
quartic invariants are now more complicated than (37). l 

In case p^ = 8h + 1, 2 is a square, and we may extend Gy to Gg by either 
a —a 
a-a 
that D is commutative. with S and transforms B into SB. 


- of the transformations D = ( ) ,a@ zz 1/82, which alone have tlie properties 





* In the contrary ease we employ suitable produets of the invariants derived from (37). 
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linear function absolutely TE Let the-efoce S multiply 2— - ey by a cube 
root o of unity. The resulting conditions determine e and f. Thus 


ga W Qo Co? n emu 


This replaces æ + cy by x + dy, weet 
E d(2eg + a = 20a — co — 9c g- 
Since S shall replace x + dy by x — dy, we get 
—d= — e ae + d) cg + "t 


Eliminating d, we find that 
` (2cg — e? + a= = 
Hence the coefficient cg + o in S' equals 4 (— 1224), Lidl is not in F. 
Without imposing any restriction on the order p” of F other than p 7» 3, 
we deter mine all sets of generators of Gy satsfymg relations (11) and such that 


g=(~1 7} | (32) 


Note that all cyclic C; are conjugate under I'z we choose a simple operator C in 
order that the quartic invariants shall be simple. -Since A shall have period 4, 


Went | B = 0740 = ini d— 20— ey . (83) 


The conditions for C 1BC-— AB and |A| = 1 zedcce to | 
 ezzi-Fd—e, c-—ed-- 8 --d--1- 9. - (84) 
- The points invariant under C are (o, 1) and (o? 1), where o is a cube root =F 1 of 


unity. Under Gx, «— oy and 2 F ry (6— 1, £ 3) form a conjugate system, 
wheret | 











| yop Ega "5g : | l (85) 

Evidently TiTa = = — 1. We find that 
oan tnt nm (hd + d4 att 20 + d — a)/D, 
E EUR OP 


art. = — x =o =g 
i 











* The eoefficient of d and Heuomine tor in — d are not zero, sice y ils not a factor of the quartic by 
hypothesis, ; 

t We may avoid the cases in which a denominator van£&hes. Note that ¢=0 or d. requires that 
d? + d+ 10 and conversely; that d= —1 requiren, € --e-F1-C We treat later the case in which 
o occurs in FY ` 
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Hence the invariant quartic is 


Q = (x — ay)[a* + oxy + (0 — 8)ay* — y^]. (36) 
If we set g=0 — o, we get 
Q == a! + gaily + (1 — oy(g — 2)y" + e(4 — gey’ + ay". (37) 
If* p = 3k + 1, o belongs to the field. We may then set c= 0 and get 
ia) M (88) 
Q = (x — ey) pg + a(1 — a’ )zy — ay] c . (89) 


When Q is known, we can by simple differentiation (Klein, 7. c., p. 52) 
determine another quartic and a sextic invariant. 

We may also determine G,, so that its invariant G, shall be of the simple 
form generated by (27). The only transformation C of period 3 and deter- 
minant 1 for which SC = CB, BC = CSB, is 


_ fi(a—8-—1 z(a + 1 
T m etsy. ww 

Now © leaves invariant only (+ 2, 1), B only (a - îi, 8), SB only 
(B +i, —a), while. B interchanges the (+ ?, 1) and also the (B +1, — a), 
and S interchanges the (a + i, 8) and also the (8 + i, — a). Further, C re- 
: places (+ i, 1) by (a + t, 8), the latter by (8 =F i, — a), and the last by (=F 1, 1). 
Hence the six points form a system of conjugates under Gy. The corresponding 
invariant is the product of the three quadratic invariants (28) of the G,. The 
quartic invariants are now more complicated than (37). | 

In ease p” = 8h + 1, 2 is a square, and we may extend Gy to Gi, by either 


of the transformations D—(^ ^ % , à = 1/2, which alone have the properties 
a a : 


that D is commutative with § and transforms B into SB. 


* In the contrary case we employ suitable products of the invariants derived from (87). 


The Group of Turns and Slides and the 
Geometry. of Turbines.* 


By Epwarp KASNER. 


me 


We begin by considering certain simple operations or transformations on 
the oriented lineal-elements of the plane. A turn T, converts each element 
into one having the same point and a direction making a fixed angle a with the 
original direction. By a slide S, the line of the element remains the same 
and. the point moves along the line a fixed distance Æ. These transformations ^ 
together generate a continuous group of three parameters which we denote 
by Gsf 

Applied to a simply infinite system of curves, iba operation T, produces a 
system of isogonal trajectories, while |$, produces equitangential- trajectories. 
Repeating the operations, 7. e. applying Gs, we obtain from a given system in 
general co? new systems. Certain systems, namely those with automorphic trans- 
formations, produce fewer trajectorial systems. These are readily determined. 

If any transformation G is applied to tae œt elements of a point, the 
new o! elements form a configuration which we term a turbine, A turbine 
consists of o! elements whose points form a circle and whose directions are 
equally inclined to that circle. The transformations G, obviously convert tur- 
-bines into turbines. . There exists a larger group Gs of fifteen parameters having 
this property. 3 | . 

The geometry of turbines is most readily handled by means of a certain 
representation between the oriented elements of the plane and the points of 
three-dimensional space, in which turbines correspond to the straight lines of 


* Read before the American: Mathematical Society, December, 1908. 

tIn any space of constant curvature an analogous group, isomorpbie with the displacement group of the 
space, may be obtained, Thus, for ordinary space the requisite e'ement is the feuillet, consisting of a point, 
line, and plane all incident with one another, and there are three fundamental operations. In a space of: 
variable curvature the operations on the elements generate a group involving in all probability an infinite 
number of parameters. l 


25 


"a as 
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space. Those turbines which are unions, namely, the œ? (oriented) circles, 
correspond to the lines of a certain linear complex JL. In Lie's famous 
representation of circles by the lines of a complex, the lines not belonging to 
the complex are not considered; so the concept of turbine does not appear. 
Furthermore our representation is one-to-one, while Lie's, which employs non- 
oriented elements, is one-to-two. 

We next consider the analogue in the plate of configurations in space which 
are polar or conjugate with respect to L or the related null-system. In particu- 
lar we are led to the concept of conjugate differential equations or systems of' 
curves in the plane. This is made use of to prove quite simply and naturally 
Scheffers’ theorems on isogonal and equitangential trajectories.* These results 
are included as special cases of general theorems (numbered 8 and 9 below) 
- concerning systems derived by applying any one-parameter subgroup of Gs, 

instead of the particular subgroups S and 7. | 


~ 


. $1. The Group Gs. 

All turns T, constitute a one-parameter group 7; and all slides $, a one- 

parameter group S. We now prove 
. Tarore] 1. All turns and slides generate a three-parameter group Gs. ` 

We note in the first place that if any two successions of turns and slides 
have the same effect upon one lineal element they will have the same effect 
upon all elements. In the second place we may convert a given element into 
any other element by a succession of the type | 


7. S, T. E o (1) 


. Hence a succession of any number of turns and slides will be equivalent to. 
some succession (1). The parameters a, k, 8 are clearly CERERE hence the 
theorem stated. 1 

For the analytie representation, it will be convenient to define an element, 
not by the usual (a, y, y, but by the coordinates (u, v, v employed by 
Scheffers: v is the perpendicular from the origin, v is the angle between the 
perpendicular and the initial line, and the derivative v' = dv / du, which we shall 
also denote by w, 1s the distance between the foot of the perpendicular and the 
point of the element. 


* Mathematische Annalen, Vol. LX (1905). 
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The slide S, is then u = u, vy — v, w, = w +h; we write it simply 
"EE | u, v, wk. l à (3) 
The turn 7, is | | 
l uta, vcosa t+ wsina, —vsina+wcosa. ` (3) 
The product (1) is then o 


u+- o 4- 8, v eos (a + B) E sin (a + B) +k sin B, 
— v sin (a + 8)+weos(a+8)+keos g. (4) 


Introducing new y parameters, we may write our group G; in the form 
uty, v cos y + w sin y + a, — v sin y + w cos y + b. | (8) 


Since turns and slidés are not contact transformations, it is clear that the 
transformations (5) will not usually be contact transformations. The conditions 
for a contact transformation give b = 0, and sin y= 0; that is, k cos 8 = 0 
and a 4-9 -—0orz. The resulting transformations are of one of the forms 


TST x T, De T, 
-F 2 


The first jenen a dilatation D,; and the second, which may be written D, Tp, 
represents a dilatation accompanied by reversal of orientation. 

Hence the only coníact transformations i in the group G; are dilatations, and 
dilatations with reversal of orientation. 

Our group may be written in the simple form . 


S, D, T.. | | (6) 


As the independent infinitesimal transformations generating the group, we may 
take the infinitesimal slide, dilatatión, and turn. The symbols of these gen- 
erators in the Lie notation are respectively 


ð Q Ó ð Q T" 

Ow? w’ Ou ^ "Ov "Qu^ — (7) 

In terms of the. parameters k, d, a in (6), the multiplication of two 
transformations of the group G; is given by the same formulas as arise in the 
combination of two plane displacements with the usual parameters (x, yo, 0). 
[t is of course easy to see that the two groups are simply isomorphie: each may 
be regarded as a “group of parameters” in relation to the other group. 
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Corresponding to the translation subgroup, we have in Ga ^ 
ne ` G,= S, Da, . (8) 
which is thereforé an invariant subgroup. By these transformations elements 


are converted into parallel elements, the sense being also preserved. It may be - 
noted that any operation of G, is commutative with any displacement. 


$2. Systems of Curves with Auto-transformations. — - 


As a simple application, we may readily find all systems of oo! curves 
which admit an infinitesimal transformation of the group Gy. 
From (7) the general infinitesimal transformation is 


|| 0 ð Q 
8 By F(a + 2) By E (a3, | (9) 


If this is, to leave invariant the system whose differential equation, in line 


ł 


l : d TN 
coordinates, is w = d. J(u, v), then 


afa + (af + 5) f, av — e — 0. | 
The general integration may be avoided by reducing to certain canonical forms. 
First assume a 0. Then by means of transformations S and D we ‘may 


ð 


Ó P ; . 
reduce (9) to x Tc eq that is, to a turn. The invariant system 


must then consist of. points. Applying D and S reversed we see that the 
required system consists of equitangentials of o! congruent circles; or, what is | 
the same, of isogonals of a set of congruent circles. Next assume a=0, If 
also b — 0, the transformation (9) is simply a slide and the required system 
consists of c! straight lines. If b+ 0, it may be reduced to &=0 by means of 
aturn. Hence the required system consists of isogonals of a se; of straight lines. 
THEOREM 2. The only systems of œ! curves which admit an infinitesimal 
transformation of the group G are those composed of the tsogonals, for a fixed 
angle, of any set of equal circles (including the case of any set of straight tines). — 
' Given a system of æt curves, and applying the constructions for isogonal 
and equitangential trajectories in all possible combinations, we obtain in gen- 
eral oo? new systems. The systems described in the above theorem are dis- 
tinguished by the fact that they possess fewer than œ? derived systems.* 
*The usual number of derived systems is c *. The number vill reduce to c if the original system 


allows two infinitesimal transformations, The only real system of this kind is that composed of parallel 
straight lines. 


~ 
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| 


Our results may be obtained aye) oy considering the action of the 
infinitesimal G, transformation or the one-parameter group generated by it. 
Each element is converted successively into, the elements of a turbine. In the 
case of T the paths are points, and in the case of & they are straight lines. 
In the general case it is easily seen that the pathe are œ? congruent turbines. The 
required differential equations are generated by c! of these turbines. 


83. The General: Turbine Group Gy. 
A turbine is defined as a series of o! elements obtained from the elements ' 
of an oriented circle by means of a turn. The equations of a turbine are of 


the form . ' | 
v = Å cos u +-B sin u + C, d a E EE . (10) 


The result is a circle if D=0. It is a point if. C= D = 0., .If the base circle 
of the turbine is a straight line, the analytic representation becomes | 
l u EE Co, CW + Cw + G= 0. 


Both turns and slides convert turbines into turbines. We now prove > 4 
THrorim 3. AU element transformations converting turbines into turbines 
constitute a fifteen-parameter group Gs. .. o 
The direct attack is rather long but not difficult. The differential equations 
defining the œ * turbines are m 


dw dw Bw dv 


di du?» dw dw: (11) 

Expressing the invariance of this set under an infinitesimal transformation 
a ð ð | Pur 
Iure ES sa: (12) 


we find a set of partial differential equations for E, 4, ¢ whose solution gives | 
E = [2av + 28w + a4 — b] cos u + [28v — 2aw 
+ a, + ae sin u + 2yv + 2dw + d, 
= [B + w) + aw + aw + a] cosu + — a(o? + w?) 
+ bw + baw + bs] sin u -+ jw — v ) 4. Qyow + cw + cw + ds, 
C= [— ale? + w’) + bw + byw + ba] cos w — [B(v? + u’) 
«o +aw + aw + as] sin u + y(w? — v?) — 20ow — ev + ew + ds; 
involving fifteen parameters. 


(13) 
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The group G; is of course a subgroup of G4. The contact transformations 
in G4; constitute the Go converting circles into circles. 


$4. Representation in Space. 


The group Gis may be determined most readily by means of a certain new 
set of coordinates for oriented elements, namely 


Ae, Y vo—dw, Z= (v + woe. (14) 
The equations of the turbine (10) then become linear, 
Y= Ag. + Lt; Z= us X +A, (15) 


where l J 
A= A 4 iB, d = A — iB, u=0 FD, uy — C—4D; - 
so that for real turbines A, A, and u, uy are pairs of conjugate complex numbers. 

We may regard (14) as establishing a correspondence between the elements 
(u, ?, w) of the plane and the points (.X, Y, Z) of ordinary space in cartesian 
coordinates. Jn this representation, which we designate by R, the œ* turbines of 
the plane are pictured by the œ* straight lines of space (THEOREM 4). 

It follows that element transformations converting turbines into turbines 
must correspond to collineations in space and hence constitute a continuous 
group Gs. 

If we define points in space by homogeneous coordinates (X,, X,, X, X,), 
we may write the fundamental representation E in the more symmetric form 


AX iX, X: X, m e" : (o — iwe : (o + dw)elf : emt, (14/) 


The element corresponding to a given point of space is 


u = — log X, wes rg m) v-ir—4. 


Therefore if we consider only the finite elements of the plane and exclude the 
points for which X = 0, the correspondence A is one-to-one,” 
To an arbitrary curve in space corresponds an arbitrary series of œ? ele- 


ments in the plane. The series will constitute a union if de — w du = 0; 
that is, if ` 
dZ--XdY-—Ydx-o. (16) 


* The representation X is closely related and essentially equivalent to the familiar representation of 
Lies in which the circles of the’ plane correspond to the lines of a linear complex. Cf. Lie-Scheffers, 
` « Berührungsiraensformsíiionen," p. 249, Lie, however, does not orien; the elements, s2 that his correspondence 
is one-to-two; end turbines are not introcuced, so that only lines belonging to the linear complex are 
represented in the plane. 
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This Monge equation defines a certain null- sayatem in space. We obtain the 
same null-system by examining the æ? straight lines of space corresponding to 
the o»? circles of a plane. The condition that the turbine (14) shall reduce to a 
circle is D = 0; hence the corresponding straight line (15) satisfies the con- 
-dition u = ug. This defines a certain linear complex of lines, which we denote 
by L. The related null. -system is of course (16). 


THEOREM 5. Unions in the plane are represented; in space by the curves 
satisfying (16); that is, curves whose tangents belong to the fundamental linear 
. complex L. The lines of this complex — to the circles of the plane. 


$85. The Operation N. Conjugate Configurations. 


The fundamental linear complex L defines a correspondence such that to 
each point corresponds a certain plane passing through it (null-system). If any 
configuration is given in space-we may construct the polar or conjugate con- 
figuration. Employing our representation R we obtain two configurations in . 
the plane which we also term conjugate. The passage from a plane configuration 
` to its conjugate, we describe as operation N. 

The polar of a point in space is a plane passing through it. finos the 
conjugate of a given lineal element consists of œ? elements cocircular with it. 

Conjugate straight lines in space lead to conjugate turbines. These have 
the same circle as point locus and the elements are symmetrically related to the 
elements of the circle. The self-conjugate turbines are of course simply circles. 

The conjugate of any series of elements is a new series of elements each of 
‘which is cocircular with three consecutive elements of the given series; and 
| vice versa, since the operation N is involutorial. 

To a surface in space corresponds by # a field of x” elements in the diui 
that is, a differential equation of the first order with its system of œ! integral 
curves. If the surface is a plane its image is a parabolic pencil of circles. All 
the points of an arbitrary surface in the neighborhood of one of its points lié in 
a plane (tangent plane). Hence all the elements of an arbitrary field or system 
of œ! plane curves are cocircular with some definite element, that is, belong to a 
definite parabolic pencil of circles ; this may be called the approximating or 
tangent pencil. 

-~ .We thus arrive at the important concept of conjugate differential equations 
of the first order, or conjugate systems of curves. | 
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THEOREM 6. To a general system X of œ! curves in the plane corresponds. 
by the operation N a definite conjugate system X. Those elements of X in the 
infinitesimal neighborhood of any one of the elements of 2, are cocircular with one of ` 
the elemenis of X; and vice versa, the relation being mutual. $ 

. The only exception arises in the case where the system X has for its image 
in space a developable surface. The field of elements in this case is generated. 
by o»! turbines each having an element in common with the consecutive turbine. 
Such a field is peculiar in that the conjugate configuration is not a field but 
„merely a series of c! elements. A still more special case arises when the image 
surface is a plane. The field then consists of all the elements cocircular with a 
fixed element; that is, X is a parabolie pencil of circles. In this case the 
conjugate configuration reduces to the fixed element. 

The conjugate of a differential equation, f(u, v, v) = 0, is most sidii 
derived by introducing the coordinates X, Y, Z. If the given equation then 
. takes the form Z = F(X, Y), the conjugate equation is obtained in the form 

uem FX, Y) by eliminating X and Y from 


X-z—H, F= Fy, AT A EA | aa (17) 


relations which follow immediately from (19) below. 

For any collineation of space there is a definite conjugate collineation 
with respect to the null-system. Hence for any element transformation G of 
the group G of $3 there is a conjugate transformation 


= N4GN- NGN (75 5 (18) 


also in the group. If C and C are conjugate configurations, so also are CG 
and OG. The determination by a construction in the plane follows from the 
fact that if e and & are cocircular elements, so also are eG and dG. We now 
‘prove | | 
TuHxoREM 7. The conjugate of a transformation belonging to the group G; 
generated by turns and slides, also belongs to that group. 


*If we consider a congruence of lines belonging to L, we see that the two focal surfaces are conjugate 
with respect to L. Hence in the plane a general congruence of œ ? circles may be regarded as composed of l 
the circles of curvature of two distinct systems of o! curves, = and =. Cf. Liebmann’s discussion in the new 
edition of Pascal's Repertorium, Vol. II, p. 500. 
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For this purpose we write our polarity in: the form of. a transformation 
from the surface element (X, Y, Z, P, Q) to the surface element. 


— Q, P, Z — XP — YQ, Y, —X. (19) 
In the same coordinates the transformation G, is 


ell / | : 
X, oY +e, Z+ dX, Lpet,1Q. (20) 


| Galeulating G from (18), we find that it has the form (20) with new parameters 
| ezzl[jo, =de, c'e. (21) 


In terms of the form (6) for the group G5, it may be shown directly that 
the conjugate of the transformation S,D,T, is S ,DAT ,. 

In particular the conjugate of T, is T ,, and of S, is S ,. Hence if two 
systems of curves are isogonally or equitangentially related, ihe same will be 
true of the two conjugate sets, results equivalent to those of Scheffers. À. simi- 
lar result holds for two systems related by dilatation. 


$6. Generalization of Scheffers? Theory of Trajectories. 


Consider a general system: X of œ! oriented curves. Scheffers applies 
the one-parameter group of turns on the one hand, obtaining «c! systems 
(isogonals), and the one-parameter group of slides on the other hand, ob- 
taining o»! new systems (equitangentials). The two sets of results relating to 
circles of curvature and reciprocity relations for the doubly-infinite systems 
thus derived are written in parallel columns and a certain (non-projective) duality 
appears. We may, from our point of view, obtain these results simultaneously 
as special cases of one theory by starting with any one-parameter subgroup G, 
of the group G;. Applying G to the given system Z, we obtain œ! new 
systems or, collectively, a doubly-infinite systam X,.* 

For the group G, the path of each element of the plane is a turbine K. | 

There are œ? of these turbines, all congruent: we denote the totality by Kp. 

To state the results it is necessary to consider also the conjugate group G,. ‘The 

| path turbines for this will form a second set of œ? congruent turbines Kp. The 

two sets of turbines are built on equal circles, but the angles at which the 

elements are inclined to the circles, while equal in magnitude, are on opposite 
sides of the elements of the circles. 


* It is assumed. of course that the given system Z is not irvariant under G,. 
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| The general results for any group G, which are obtainéd synthetically or 
suiiviedio without difficulty, are as follows: 

. THEOREM 8. Consider any one of the path turbines K of the set KE, connected 
with G,. Each element of K determines a curve of the doubl y-infinite system: X, 
generated by applying G, to. any eimply-infinite system =. The locus of the centers 
of the «o ! circles osculating these curves at these elements is a straight line. These vo! 
circles hence touch a certain turbine K! of the set K, conj ugate to Ky} | 

' TuronEM 9. According to the previous theorem, the system X, obtained by 
applying G to X; induces a definite correspondence PM the set of turbines K, and 
the conjugate set K. There exists another system Dz, obtained by applying G, to x, 
for which this correspondence s precisely reversed. 

For the group of turns (or slides), the sets K, and K, are points (or lines), 
and we obtain Scheffers’ results for isogonals (or equitangentials). It is to be 
observed that, in the general case, the sets of c! osculating circles are linear 
in the sense of Lie's (higher) geometry of circles, but not usually i in the sense 
of elementary circle geometry. 


COLUMBIA University, NEW YORK. 


* A single — arises when the group @, is the dilatation group D. The æ Voseulating circles are — 
then obviously concentric. 

. tToa given E will correspond, not its own conjugate X, but some pubs: of the coniugate set E. Just 

which member, is determined by the curves E. 


The Rational Plane Quartic as Derived from the N orm- 
Curve in Four Dimensions by Projection and Section. 


By J. R. CONNER. 


§ 1. Introduction. 


"The theory of the rational plane quartic has been a subject: of study among 
mathematicians for years, but although many interesting properties of the curve 
have been developed, there is still much, w work to be done before it can be said 
to be thoroughly known. Veronese * has shown that any rational curve of 
. order 2 may. be regarded as a projection of the rational norm-curve of order n 
In.a space of n dimensions; and similarly that any rational curve of class m 
may be regarded as a section of a developable of the norm-curve of order m 
in m dimensions, He calls attention to the usefulness of the method of projection 
and section as an approach to the study of curves in general, and, in particular, 
to the study of rational curves. The theory of the rational quartic in space has 
been treated from this point of view by Marletta,+ who later applied the same 
method to the study of the rational quintic in space.{ Stahl$ deduced many 
properties of the rational plane quartic by projection from space, as an intro- 
duction to an- extended analytic treatment of the curve in the plane. In this 
. paper I shall deduce some of the properties of the rational quartic in the plane 
from those of the norm-quartic in four dimensions by projection and section. 
The method of the paper will be in the main synthetic, though analysis will not 
be entirely dispensed with. It is not to be hoped that, within narrow limits, 
a thorough treatment of the subject can be given; I shall be satisfied if in a 
-~ rather sketchy account I succeed in demonstrating the suggestiveness and fruit- 
fulness of the method. 

* Veronese, Math. Ann., 19, p. 208, 

T Marletta, Annali di Mat., Ser. 3, Vol. VIII, p. 97. 


t Marletta, Reng. Palermo, Vol. XIX, pp. 94-119, 
$ Stahl, Journal für Math., 101, p. 300. 
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. Many of the theorems as stated are known. I have not thought it necessary 
to give minute references for all of these. A great many references.to the . 
literature will be found in the works cited. Much use is made throughout of 
the properties.of the rational quartic in space. An historical account of this . 
curve and references are to be found in a work by Berzolari:* Sue Combinanti 
dei sistemi di forme binarie annessi alle curve gobbe razionale del quart’ ordine. - 

It may be of interest to the casual reader to know just what of novelty may 
be expected of the paper. The correlation of invariants and a type of covariants 
of the plane rational quartic in $8 is, in the main, evident from the point of view 
of the plane, but has not, so far as I know, been pointed out in all its generality. 
The fact that a number of properties of the rational plane quartic may be made - 
. to depend. on one fundamental idea, as, for instance, the idea of syzygetic lines 
and planes (8 9), seems worthy of note. The three-to-one correspondence of $ 11 
_ furnishes an example of a class of geofnétrical transformations that will, I am 
sure, be used more and more as their properties become better known.t 

I take this opportunity of expressing my indebtedness to Professors Morley 
and Coble of the Johns Hopkins University, whose suggestions and encourage- 
ment have been invaluable in the preparation of this paper. I wish also to 
express my appreciation of the financial aid of the Carnegie Institution, without : 
which my presence at this University would have been impossible. 


82. Notation. 


In a space or flat of four dimensions, F,, there exist flats of lower dimensions: 
F,, F, Fy, Fy. The zero-dimensional flat, Po, is a point; there are «4 of these - 
in Fi. Similarly, there are respectively o»5, 0°, oo * Fps, F/s aud Fs in F,. 

' We shall frequently usé the words point, DM plane and. space instead of the 
symbols Fj, Fj, F, and F3. : 

There are two general classes of operations with which we shall deal: 
projection and section. We may indicate the operation of projection by the 
Roman letter, F, with a subscript 0, 1 or 2, the subscript indicating the dimen- 
sions of the flat from which the projection is made. Similarly we may indicate 
the operation of section by the Greek letter ©, the subscript 1, 2 or 3 referring 
to the dimensions of the flat by which the section is made. We distinguish flats 
of the same dimension by superscripts as F®, @®. Thus a projection of a curve C 
from a point 1 on a plane 2 may be indicated by CP OP. ` 


* Berzolari, Ann. di Mat., Ber. 2, Vol. XX, p. 101. 
f Cf. Sturm: Die Lehre von den geometrischen Verwandtschaften, Vol, IV, p. 420. 
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Just as in ordinary space we have systems of 1, œ? and c? lines, viz., 
ruled surfaces, congruences, and complexes, so in F, we have systems of eod, 00%, 
3, »o* and œ" lines, and the dual systems of 21, 07, 0%, and oo * planes. 
There are two ways in which we may interpret our operations on these: 1) we 
may ask for the elements of the system incident with a given flat; or 2) we may 
ask for the result of the operation with the flat on the elements of.the system. 
The ürst of these we indicate by a dot (.) preceding the sign of operation. Thus, 
let K be a.system of «* planes in F,. K.ỌẸP represents the totality of the 
planes of the system lying in the space a; these touch a surface ina. K.F «bf? 
is a complex of lines in a, the traces on a of the planes of the system K which 
pass through the pointa. K.F PP. pf? is the complex curve of this complex 
on the plane x, if z is in a. i ! 

We shall use, in the main, the letters a,b,c, ...., ©, y, 2, ...., as symbols 
for points, or, with subscripts, as their coordinates; and the letters a, B, Y, ..., 
E, n, 6, .-.., im a similar way for spaces. 

We shall consider the norm-quartic in F, as fixed throughout our discussion, 
and shall call it R. Its osculating planes are known to lie on a three-way spread - 
of order 6; we shall call this X. Dually we shall use the letter § in referring 
_ to the two-way locus of tangent lines of R. This is also of order 6. 

If no ambiguity can result, the letters F and ® indicating projection and 
section will usually be omitted (§ 4). E 


oo 


$3. Certain Spreads Associated with R in F,. 


It will be well to consider in the first place a few spreads covariantly 
connected with R. The norm-curve is the ideal medium for the interpretation , 
of the idea of apolarity, and we shall make extensive use of this notion here. 
Any F; in F, meets R in a set of four points, thus defining a quartic in the binary 
domain on R; dually, through any point of F, there are four hyperosculating 
spaces to F, and a point also defines in this way a binary quartic on &. The 
apolarity-condition of these two. quarties is merely the incidence condition of 
point and space. 

We may give & parametrically by 


w= $-— —t, vy — t, £y = — t, v, =e; (1) 
or, in spaces, l _ 
& —U, £—A4U0, & — 6 Ü, Es 4t, & = 1. (2) 
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The quartic determined by any point x may be obtained by substituting in the 
equation of the point, (Ex) — 0, the parametric values of £; as given by (2). 
This is 


ott + 4c, 09 + 605 09 + A m6 + m = (mt) * — 0, (3) 
and the quartie determined by any space £ is | 
| Eg — Ext + EC EC E E LU ER (Et) * = 0. (4) 


The apolarity-condition of the quarties (3) and 0 is merely the incidence- 
condition of x and £: 


|E w| zx Eoo + Eva + Eoo + Esos + Ey ay = 0. (5) 
We use the symbol 7,, , for a binary involution of groups of m points 
in which & given points in general determine uniquely the remaining n — £ 
of a group. | 
It follows from (5) that the involution, J}, of binary quartics apolar to 
the quartic (3) is cut out of R by Spaces on m. 
An ^ a of quartics 
(a t)* + A. (bt) = 0 (6) 
is determined by the points of the line joining the points a and 6; the involution 
of quartics apolar to all sets of (6) is 


(at) + 2(80) + u(yt) —9, | (7) 
where a, 8, y are three linearly independent spaces on the line. 
If we put any. invariant condition on (3), we have a spread in F,, the locus 
of points giving quartics on Æ for which the given invariant vanishes. The 
quartic has two invariants, g and g. We have the corresponding spreads: 


g» — Ly 04 — Å £y Bg -+ 303 = 0, 


X9 wy Ly 
93 L— Ly To Qs — 0. 
Lo Tz Uy 


g, is à quadric spread in /$j, the locus of points defining self-apolar quarties 

on AK. 
If the quartics defined by points æ and y are apolar, y must be on the space 
on the four points defined by a, and conversely. We ie have an involutory 
* [t is convenient to regard the zs or £'s in this way as coefficients of binary forms in ¢, and to use the 


symbolic notation in the ordinary way in the manipulation of these coefficients. (4) differs from (3) in the 
way in which the coefficients are associated with the powers of t. The arrowhead is intended to indicate this. 


Norm-Curve in Four Dimensions by Projection and Section. 207 


correlation connecting x and y. It is a polarity, exactly the polarity of the 
quadric g,.* For the apolarity-condition of the quartics (wt) and (y £} is 


o Yet 94 Yo — 4 (X1 Ys + Xs 41) + 6 2s ys = 0, 
the polarized form of g,. 

In a polarity in F, we have polar point and space, and also polar line and 
plana, p and zt say. 7z may be regarded as the axis of the pencil of polar spaces 
of points of p, or as the locus of polar points of spaces on p. Or, polar points 
and spaces of spaces and points of either p or x are incident with the other. 
Similarly, polar planes of lines on z contain p, and dually, and polar planes of 
lines meeting p have a space and a line in common with zt (meet 7 in a line), 
and dually. Polar lines of planes meeting p meet x, and dually. 

Let us next consider gs: It is the locus of points defining catalectic quartics 
on A, or the locus of points such that the spaces on them cut out of R mvolutions 
Iı with a neutral pair. If yz on È is a neutral pair of the involution defined 
by a point x, then any two points on k may be eut out by a space on tyz; 
there are therefore o? spaces on xyz, and c, y and z are on a line, œ is there- 
fore on a bisecant line of R, and we have: 

gs is the locus of lines bisecant to R.+ 

Any spread of lines bisecant to a curve in P, is only a two-way locus of 
spaces, the tangent spaces coinciding along a bisecant line. For, let 


a, = Q (t) (? = 0, 1, 2, 3, 4) 
be a curve. The spread of bisecants is 
Ji — $i (s) + 2s m (t). 
The tangent F, at a point (s, £, A) is the determinant 
d d d V 
y» $90, GAO Ea, eA |=, 


which reduces to ' 





= 0, 





d 
Yi» (8), (t), Zalo), 3; 0 





and as this is independent of % our statement is proved. In particular, the 
hyperosculating space of the curve at a given point contains two consecutive 
pairs of lines of the spread, and hence must touch it along the tangent line to 


* Clifford, Mathematical Papers, p. 912. 
t Cf. Segre, Hem. Torino, Ser. 2, Vol, XXXIX, p. 36. 
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the curve at the point of ny e gg ig a two-way of spaces of class 4 
as'we shall show later. 

The spread & is the locus of points defining quarties with two equal roots; 
S is the locus of points defining quartics with three equal roots. = is, analyt- 
ically, the discriminant of (z£)* —— 0; Sis the complete intersection of g, and gz. 
' Their orders, 6, are obvious from this. 

The quadratic invariant of (4) defines a spread of class 2, ya. Y is easily 
seen to be identical with g,. The cubic invariant of (4) defines a spread; ys, of 
class 3. It is the dual of g, and hence must be a two-way of order 4. We 
reserve its discussion for a later section. 

There are œ? planes trisecant to R, and œ? lines in each; lines which carry 
trisecant planes to R are therefore in a system of cc 5 lines, a Aypercomplex. We 
shall call this the hypercomplex Q. To determine the order of Q, let us con- 
sider the surface Q..P(?4(?). This is obviously the locus of lines trisecant to 
k FP. The latter curve is a rational quartic in a, and its trisecant lines 
are known to lie on a unique quadrie. It follows that the spread of lines of Q 
on a, Q. Fí?, is of order 2, and we have 

Lines carrying planes trisecant to R are in a quadratic hypercomplex. 

The — line to R at any point ¢ may be written 


d 
yw mad AT 
or, homogeneously, | 
— Ot Oc; 
diu Rud" (8) 


where x, have the values given in (1). The line (8) meets any space & in the 
point determined by the equation 2 | 


(Ey) — vi EG -4 aE = 0 





? 


whence we may take 








Qt 3 J 
and ET | 
| Ou, O(Et — Om; O(EtY: _ 4 
hn Oh = JÍz, (£ ty'], (9) 


where we indisifs by J the Jacobian of a, and (£t). 
The equations (9) are a parametric representation of the rational sextic curve 
. eut out of S by the space £ ; using our operational symbols, it is Sf. 
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If (€¢)* is the point ¢, taken four times, the equations (9) have the common 
factor |¢z,|°,. and (9) thus reduces to a rational cubic. £ is in this case a hyper- 
osculating space of R, or, as we may say, a space of R. (9) is now only the 
polarized forms of the walues of x as to 4. We have therefore the theorem: 

The first osculants of R are cut out of S by the spaces of R 

The parametric representation of the curve Z b? is also easily found. The 
osculating plane to R at the ge £ is 

| Q* q 

yi^ Sa ULETE 
where’ à, u, v are homogeneous variable parameters. This meets the plane 7 
which, let us say, is defined by the pencil of spaces 


(Ex) +2(n2)=0, © 


Can, e Ti Fr 
of’ Ohoh Ot 
FE PE PE T 
OB’ 3408’ Tap o — E 
an Pn a 

Ot’ OtOo&5' - Od 

-where we have written £ for (Et)! and n for (ntf. A- curve (11) is evidently 
completely defined as soon as we give the pencil of spaces (10) or the pencil of 


binary quartics on Æ which it defines. 


+959, 


in the points given by 


Ji 


§ 4. Section by a Space. 

In the operations of projection with which we shall deal only points and 
lines are involved as the elements from which we project; similarly in the 
operations of section we are concerned with planes and spaces as the elements 
by which the operation is determined: No ambiguity can result if we omit the 
symbols of projection and section, F and d, and write merely the symbol of the 
element involved in the operation; thus Rpr is the result of projecting R from 
a line p on a plane x.. The dot (.) will be used in the sense previously explained 
“to indicate that we are asking for the elements of a given system of planes or 
lines incident with the element by which the operation i is determined. 

. The curve Sa is the dual of Raa. Sa is a curve in the.space a of order 6 
and class 4; it is a rational quartic of planes. Its four cusps are obviously the 


* Cf. Berzolari, Annali di Mat., Ber. 2, Vol. XXI, p. 7. 
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four points Ra. It is the complete intersection of the cubic-surface ga and the 
quadric surface g,a. Let bi, Pi, As, 8, be the point, plane, line, and space, 
respectively, of & at the point 4. Then p,a is a point of Sa; we may name. this 
also with the parameter i. ma and ĝa are the line and plane of Sa at the 
point &. g a and ggo are the loci of points whose four planes of Sa give quartics 
respectively self-apolar and catalectic. Since 6, touches g along the line p,, 
it follows that @,a, the plane of Sa at the point ?, touches gœ at this point; 
i. €., Sa is an asymptotic curve on gsa.* | 

We have seen that the cubic osculants of R are the curves SG,. If a 
rational curve is projected into a lower space, its osculants are projected into 
the osculants of the new curve. [t follows that the osculants of Raa are the 
curves Saa. 

Dually, the cubic osculant ¢ of Sa is the envelope of the system of planes 
nm, 6,0; in other words, the envelope of the system of planes into which the 
planes zt, of R are projected from a point £ of Æ. It follows: 

The osculants of Sa considered as point-loc are the curves R b,a. 

itb, is a cubic cone projecting Æ from the point b, of it. It follows that 
Eb, is on g. Or: 

gs $8 the locus of the curves Rb,a, the cubic osculant of Sa considered as 
point-loci.t 

It is easily seen that Rb,a is on the cusps of Sa, touches Sa at the point t 
and has the same osculating plane with Sa at t. Two osculants Rd,a and 
Hb,a meet in one and only one point of a apart from the four points Ra, 
namely, the point b bya. Three osculants of Sa, Rb,a, Rb,a, Rb, a, meet, 
two by two, in three points of a line, the line b,b,5,.a. Now 6,6,b,, is a plane 
trisecant to E, and b,bybya is a line on this plane. This gives us an inter- 
pretation of the complex Q.a in a: 

The three points of intersection, two by two, of three osculants of Sa are on a 
line. Such lines are in the quadratic complex Q.a. 

The planes of the tetrahedron Ra are singular planes of Q.a, since 
obviously every line on one of these planes carries a trisecant plane to R. 
Hence : 

Q.a ts a tetrahedral complex; the points Ra are the vertices of the funda- 
mental tetrahedron. 


* Segre, loc. cit. + Study, Leipz. Berichts, 1886, p. 9. 
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If zx is a plane ina the conic Q.z touches the lines eut out of the faces 
of this tetrahedron by 2. 
| J% contains the six lines joining the four vertices of this tetrahedron, and 
is therefore a four-nodal cubic surface, with the points Ra for nodes.* The 
conic Q.zt therefore touches four lines whose vertices are on the cubic curve 
gan. There must be an infinity of such Ioureimes, one defined by every space 
a on 7t. | 
The four tangent planes from a line of a to gœ are on the tangent spaces 
from this line to g. It follows: 
` ga, tm spaces, is a two-way of class 4. 

Tangent spaces to gg may be regarded as spaces bicaneent: to R. Dually 
we have: . 

The double. spread of X. is a two-way, ys, of order 4, and a three-way of 
class 3. . a | 
ys may be regarded as the locus of points of intersection of pairs of planes 
of R. | | | i 

$5. Mapping of gaa on a Plane. 

Some light is shed on the figures with which we are dealing by the mapping 
of gx on a plane, z. We can represent plane sections of ga by cubics of the . 
threefold linear system ¥ on the six points of intersection of four lines 1, 2, 3, 4 
in æ. The six points may be named 12, 13, 14, 23, 24,34. Now any cubic of $ 
meets any of the four lines, 1 say, in three points 12, 13, 14, and hence, if a 
cubic V is forced on another point of this line, it must degenerate into 1 and a . 
conie on 23, 34, 42. In other words, a plane section of ga on the map of any 
point of 1 is on the map of every point of 1, and it follows that 1 is represented 
by a single point of gga. That this point is a node of ga follows from the fact 
that conics on 34, 42, 23 meet 1 twice, and hence every plane section on the 
point 1 of gœ passes twice through that point. 1, 2, 3, 4, therefore, map into 
nodes of ga. The points 12, etc., give the six lines joining the nodes. The 
lines of the diagonal triangle of 1, 2, 3, 4 map into three lines on a plane, the 
three further lines of gœ. These lines are important and use will be made 
of them later. | | 

Consider three points cz, y, z of æ which, with the six pcints 12, etc., are 
base-points of a pencil of cubies. Such a set of three points meps into the three 


* Segre, loc. cit. 
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points of intersection of ga with a line p ina. Now «c, y, must be on a conic. 
with 23, 34, 42, the map of this conic on gza being the plane section joining the 
node 1 to the line p. It follows that 2, 3, 4, zy, yz, zæ are six lines of a conic, C. 
By a similar argument 1, 2, 3, xy, yz, zz are six lines of a conie, necessarily the 
same conic, C. æy, yz, zx therefore touch a conic of the range on 1, 2, 3, 4. 
Therefore we have 

The three meets of gga with a line are maps of the vertices of a triangle circum- 
scribed to a conic of the range on 1, 2, 3, 4. 

It follows easily from this that the maps of the conics of this range are the 
asymptotic curves of gœ. Sa is therefore the map of a conic, C, of the range 
on 1, 2,3,4. The points of contact of C with 1, 2, 3, 4 give the cusps of Sa. 

A. first osculant of Sa is a space cubic on the cusps Ra and touching Sa 
at a definite point, being thereby uniquely determined. Hence: 

First osculants of Sa are the maps of tangents to C. The tetrahedral complex 
Q.a is represented on n by triangles circumscribed to C, the vertices of such a triangle 
mapping into the three points in which a line of Q.a meets gza. 

This last theorem is the object of this section; the representation of the 
four-nodal cubic surface on a plane is well-known. 


S 6. The Curve Xm. 


Es is the dual of Rpa, and is a rational curve of order 6 and class 4. If 
f, is the space ¢ of E, we call the line B, the line t of Sa. The point ¢ of Ez 
is 7t,7t, 7t, being the plane of E at the point ¢. Sz is a group of six points, the 
intersections of gon and gn. From a point of the group Sz three spaces to R 
and hence three tangents to Xzt coincide. The points Sm are therefore cusps 
of 27. 

Spaces on 7 meet k in sets of a pencil (J, 3) of quartics 

(at) + A (Bt) = 0, (1) 

where a and are two independent spaces on x. The space a -+ A — 0 is 
incident with every point of ~. It follows that all quarties of the pencil (1) 
are apolar to all quartics determined on R, or X zt, by points of x, and therefore 
(1) is the fundamental involution of 32. Hence: 

Quartics of the fundamental involution of Zn are cut out of R by spaces on m. 

It will be of advantage in the study of the curve X7 to consider the spreads 
determined by E on a space a on z. It should be remembered, however, that 


4 
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in-this way we isolate a set of the fundamental involution on =, and hence all 
curves thus obtainable on zx are not intrinsic to Sw alone. We have considered 
in a previous section some of the geometrical forms determined by R on a space a. 

-- Xa, the developable of Sa, meets z in Sa. The cusps of Sz are the six 
points where Sa meets z. The osculants of €t are the intersections with zt of 
the developables of the osculants of Sa. We see at once that o 

The curve ggn may be regarded as the locus of cusps of cubic osculants of > n. 

There are a pair of lines of Q.a through any point, «, of ggn and on 7; 
they touch the conic Q.z. Now we have shown that the lines Q.a are lines 
bisecant to cubic osculants of Sa; these two lines therefore pass through the two 
further cusps of the osculant to Jx which has a cusp ata. It follows that — — 

. The conic Q . 71 is the locus of cusp three-lines of cubic osculants s of yn, or Q.a 
is the Stahl conic K of Za” 

The determination given above for cubic osculants of 5x from the point- 
forms of the osculants of Sa does not apply if a, is a point of the set Ra. But, 
regarding the cubic osculants of Sa as the systems of planes nyara for varying 
t', ny and a, being plane and point of R at !/ and ¢ respectively, it is obvious 
that the osculant at a point ¢ of the set Aa is the quartic cone with three 
cuspidal generators which projects Sa from the point ¢ We thus obtain proper - 
osculants of $= for the points corresponding to Ra, as we should. The grouping 
of the cusps of the four osculants to =a at four points of a set of the fundamental 
involution and the one-to-one. eon of the conic K io £7, are geometrically 
obvious here. 

The hypercomplex dual to Q is a quadratic system of œ" planes, Q' say. 
There is a double infinity of planes of @ on any space a. They touch a 
quadrie which we may call Q'.a. This quadric is the locus of lines carrying 
three spaces of R or three planes of Sa. Q'.a is therefore the unique quadric 
touched by planes of Sa. If  . i 
| | (a t)! = 0 
is a quartic giving the four points Ra, then (at)! is a set of.the fundamental 
involution of $x; the sets of three planes of Sa on lines of Q'. o, define, as is 
known, on Sa the apolar cubics of (a2)! — 0. On any point of the conic Q.a 
there are four planes of Sa and their traces on z give the four lines of 52 on 


this point. Three of these planes meet in a line of Q'.a. By means of the 


E 


* Stahl, Journal für Math., 101. p. 304. 
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fourth plane Q’.az is in one-one correspondence with a and. the point | 
of Q'.a is incident with its corresponding line of Ez. | Q'. an is-therefore a 
perspective conic of X m, that particular perspective conie associated with. the 
definite set (a £)* —.0 of the fundamental involution of Xz.* It may be defined 
as the locus of points in z three of whose tangents to 2a define an apolar 
cubic of (a t}. - 

We have said that the two-way Yg, the double spread of $, is of order 4 
and class 3. It follows that the surface y,aa is a surface of order 4 and 
class:3, a Steiner quartic surface. Every space section of y, must be a rational 
quartic: since every plane section of a Steiner surface is a rational quartic. 
The curve y;a is the double curve of Sa, the developable of oe Yea, OF - 
merely ygn, are the four double points of X n. ! a 

The quartic curve ya lies on a unique quadric surface i ina. This quadric 
surface meets zt in a conic on the four nodes of £z, and we shall see later that 
it cuts out of Xz in addition the set of the fundamental involution associated 
with the space à on zx. It may be regarded as the -locus of lines in a trisecant 
to y,.. We see thus that. planes on lines trisecant to.y are in a quadratic 
system. This system and its dual hypercomplex of lines. are important and we. 
shall denote a later section to their consideration. 


P § 7. Projection of R from a Line. 

The projection of R from a line p on a plane a, in our notation the 
curve Rpr, is a projectively general rational quartic on the plane x. Using a 
former notation for points and lines of E, the point qpr is the point ¢ of Rp 
and the line p, pn is the tangent to FK p x at this point. 

Spaces on p meet z.in lines, They cut out of R the sets of parameters 
of intersections of lines with Røn. The fundamental involution of kpn is 
defined by the scheme of points common to all of these spaces; that is, by the 
points of p. For convenience we shall consider æ as the polar plane of p as 
to g, or as to R. We have then that the fundamental involution of Rp n is 

.defined either by points of p or by spaces on z. Dually the fundamental 
involution of Ez is defined by ihe same scheme of points or spaces. The 


. *Two plane curves, one given in lines and the other in jont, are said to be perspective if they are in 
one-one correspondence and ibt QE point and line are incident, See Stahl, Math. Ann., 38, pp. 561 
and 575. A rational plane quartic has œ $ perspective cubics, one being determined uniquely by an arbitrary 
binary cubic; it has o ! perspective conics, one associated with each set of the fundamental involution. 
Compare Coble, AMERICAN JOURNAL OF MATHEMATICS, Vol. XX XII, p. 352. 
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on defined on Sn. by tangents through a point.of 2 is UEIOEEUDEM 
on E either by points of # or by spaces on p. 

The.polar point of any space on p as to g, is on z. The is point of the 
space joining p to any line p' of st is the polar point of p' as to'gan. . If p' 
touches Rpa, two roots of the quartic cut out of R by the space pp' coincide. 
The polar point of the space pp’ must therefore be on X, since > is the locus of 
points of F, defining quartics on R with a double root. It follows: . 

The curves Rpn and Xi m.are polar reciprccals as to the conic gy. 

gan is the locus of points defining self-apolar quartics on E zt and the locus 
of lines cutting out self-apolar quarties from Rpa. It touches the stationary 
lines of Rpa and is on the stationary points of Sz. 

An interesting system of configurations is determined on .x by projecting 

from p the six lines joining the four points Ra where a is a space on zt. The 
four planes on the points Ra meet x in lines of the Stahl conic K of X. 
The six lines on Ra meet ~x in the intersections of these four tangents to this 
conic; these are points of gn. Projecting from p, the points Hapa are a set 
of the fundamental involution on A pz. The projection gives us the following 
theorem : 
The six lines joining the four points of a set of the fundamental involution 
on pn meet ga7t in six points of a four-line. hese four lines touch the Stahl 
conic K of Xm, determining on the latter conic, which is in natural one-one corre- 
spondence with Rpn, the set of the fundamental involution. — 

We may point out that the curves K and g47 are the polar reciprocals of 
the dual curves as determined by Rpr as to 3,7. | | 

The locus of lines in F, joining points in which spaces on a given plane x 
meet A is a ruled two-way of order 9. For any one of the varying spaces 
meets this two-way in the curve gani and the six lines. This nonie two-way is 
elliptic, sincè its lines are in one-one correspondence with gz. Its lines project 
from p on y into the lines of a curve of class 9. Hence: 

The lines of complete ,four-points of sets of the fundamental involution on Rpr 
touch a curve of class 9.and genus 1. 
We may also state the more general theorem: 
Any involution 


(yt + A(Btj = 0 


on Rpr determines in the same way a cubic and a conic bearing a relation similar 
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to the above to the four-points of the involution. Lines of complete four-points of 
the involution on R pn touch a curve of class 9 and genus 1. | 

For this involution determines a definite plane x’. Using this as the plane 
in E po we have the theorem as we have stated it. 


$88. Connection of Invariants of Rpn and a Certain Type of Covariants of 2m. | 


Let a, 8, y be three independent spaces on the line p from which we are 
projecting. We may at once take as coordinates in the plane zr. 


X, = (a2), . 
X; = ($ x), (1) 
X, = (y 2). 

The quartic E pz is then 
A, = (a tf, 
X; = (Bt), | (2) 
X, = (y £)*.* 


The projection of any point of F, from p on zt is given at once by substitution 
of its coordinates in (1). We define the coordinates of the line in z joining any 
two points X, Y as the determinants of the matrix 
abi! (3) 

05 15 2 
whence the projection on x of the line 


Py = 931; — GY; 














18 
E = Z | 8y |y Pus 
H= |ya |y dy, (4) 
H = | a B lo Du 


from (1) and (3), where we bave written 


By ly — Biyi — Bin, 
and X is used as a summation-sign. If the line in 7, is given by three spaces 
£,»,6 on it, we have 
7 £ f 


P Pis = Tikim = | Nk M Nm f; 


Cr i Cm 


* Cf. Veronese, Math. Ann., 19, loc. cit. 
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and (4) becomes 
Bo, Pr, Bo, Bs, Bs 
Yor Yis Yas Ys Y4 
Flo =| bo, bi, be, Ea, & |, . (5) 
Nos, Nis, Nas Ng, "A 
F Ci; Gay Gay Ge 
` with similar expressions for E, and E,. | 
If we require an invariant of E ps to vanish, we are obviously imposing 
a single condition on the line p from which we are projecting R. ~ Now, if a 
single condition is imposed on a line'in F,, the line is in a hypercomplex. We 
have then, | 
Invariants of Ep are represented in F, by hypercomplexes of lines associated 
with R. 
Any hypercomplex in F, is a function of determinants of the type 


| ae Ny Cn p 


where £, 7, ¢ are spaces on a line. In the plane x this of course is equivalent 
to the theorem that any invariant of a rational curve is a function of deter- 
minants of the matrix of coefficients of the binary forms giving the parametric 
representation of the curve. . Any invariani of kpa, in our notation, is a 
function of determinants of the type | 


| aj, Bx, yi l, 

such a function defining a hypercomplex in F. Now by means of the polarity 
associated with E, or, which is the same thing, by means of the polarity of the 
quadric gą, we have associated with every hypercomplex of lines in F, a hyper- 
complex of planes; that is, a system of planes satisfying one condition. Now 
every line in F, carries o? planes; if we ask for the planes on a line that lie in 
-a hypercomplex of planes, we have only c»! planes; and the locus of these planes 
is à cone-spread of the same order as the hypercomplex,. and having the line as 
vertex. Every hypercomplex of planes in F, covariantly associated with R 
obviously determines a covariant curve of E pz when we project from p, the 
planes of the hypercomplex on p tracing out on zt the covariant curve of Rpx 
in question. 

We now show how, given a hypercomplex of plenes in F}, we may obtain 
the equation of the corresponding covariant of Ep. Let 


F (| rs Yis Lm |) = 0 
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be the equation of any covariant hypercomplex in F,. If a and b are any two 
points on the line p, the equation of the hypercomplex cone determined by p is . 
f lla, 5, %m |) 0. 
Let a, B, y be three independent spaces on p. Then 
(xa) =0, (ab) =0, pJX = (ac), 
(8a) - 0, (&5)—0, pX,= (Ga), 
(ya) — 0, (yb) =0, p% = (ye). 
These nine equations are all possible bilinear relations among the rows of the 


two matrices . 
Gg, A, Ag, Ag, Ay, Xo 


Bo, Bi; Bs, Bs, e; X, 
| Yo; Yir Ys) Ys) Yis Ae 
and m 
T ay, Az, Q3, Q4, 0 
by, by, bz, bs, bs, 0 , 
Qo, Ly Xe, Ug, X4, —p 
whence follows the proportionality of the corresponding determinants 
| o | de, 5, ml = | a 0, XI, (6) 
where c is à proportionality factor, and we have 
F (| az, 5, %m|)= MF(|a, a, |), So (7) 
where M is merely a power of the c in (6) and does not vanish. 
The left-hand member of (7) is an invariant of the' section of X by. the 
- plane aba; i. e., it is an invariant of the quartic | 


Eig = (a by, 
E, = (bt, 
Ei = (x ty’, 


a quartic given with binomial coefficients. Hence, we have the following: 
If, for a rational quartic given without binomial coefficients, we have a covariant 
curve whose equation is expressible in terms of determinants of the type 
| | Q4 05 X |; 
‘and we replace each such determinant by the complementary determinant 
| a, 5, Cm |, 


where the a, b, c are coefficients of binary quartics written with binomial coefficients 
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which give the parametric representation of a second rational quartic, we obtain an 


invariant of the latter quartic. 


We have thus a one-one ERE oe un of this spécial 
type and invariants of Epz. It is easy to discover, geometrically, the corre- 
sponding covariant of some of the simpler invariants. | 

We give in the following table some invarianis and corresponding covariants, 
where both quartics are understood as quartie point-loci. Some of the covariants 
'are more easily defined as line-loci, but they. are of course obtained as point-loci 
from invariants by the above translation principle. 


Invariants. 
I. Triple point condition. | 
IL." Undulation condition. . 
III. Cusp condition. 
IV. Tac-node condition. 


. V. Condition that two self-apolar sets 


of fundamental involution coincide- 
VI. Condition of self-apolarity of sex- 

tic giving the points of inflection. 
VII. Condition that two points of in- 

flection belong to a set of the funda- 

mental involution (discriminant of 

the conic on the points of inflection). 
VIII. Flecnode condition. 


“IX. Condition that three double tan- 
. gents be on a point. 


Covariants. 


- Stahl conic K. 


Quartic (in points). 
Product-of stationary lines. 

Locus of lines cutting out harmonic 
pairs from the quartic. 
Locus of lines cutting out self-apolar 
. quartics from the quartic curve. 
Locus of points from which six tan- 
gents define a self-apolar sextic. 
Product of the four double-tangents. 


Locus of points of infloction of cubic 


€ 


osculants. 
“Conic on the six points of inflection. 


This list might be extended indefinitely. It will be obvious from the proofs 


of these facts that a geometrical characterization of an invariant is, in a sense. 
a definition of the corresponding covariant. | 

For convenience the proofs are given for the dual quartics R pa and X. 
An invariant of E pz defines a hypercomplex C. The curve C. is 3 the corre- 
sponding covariant curve of >. i 

I. The three nodes of kpn are ana by the three lines of , ga which | 
"| meet p. If kya have a triple point, p must carry a plane trisecant to Æ. The 

hypercomplex of lines thus defined gives on zt. the Stahl conic K of =x. 
29 j : 
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IL If Epm have an undulation, p is on a space of R. These spaces, as 
we have seen, mark out on zx the lines of > 7x. 

IIL If Rpr have a cusp, p meets S. Lines in zt meeting S are lines 
through one of the six cusps of Ez. — 

IV. If E pm have a tac-node, two nodes have come together and p touches 
gs. The locus of lines in z which touch g; is the curve g57 taken in lines. 

V. If the line p touches g,, the two self-apolar sets of the fundamental 
involution of Epz coincide, these being defined by the two points in which p 
meets g,. The corresponding curve in zt is gn taken in lines. ` 

VI. The points of inflection of Rpr are defined on R by the six points 
in which p meets X. If the six points thus determined on E by p are a self- 
apolar sextic, the sextic giving the points of inflection of Ep: must be self- 
apolar. The corresponding curve in a. is the locus of lines meeting Sa in six 
points whose parameters are a self-apolar sextic. 
| VII. If two points of inflection belong to one set of the fundamental invo- 

lution, p meets y,. We shall see in $9 that the conic on the points of inflection 
is then two lines. The corresponding curve in 2 is the product of the four points 
in which yg meets zt, the four nodes of Sx. 

VIII and IX will be proved in §§ 10 and 9 respectiv x 


§ 9. Syaygetic Lines and Planes and the Associated pen 


Any point of F, determines a quartic on R. The Hessian of this quartic 
_ determines another, point of F,. . If these two quartics are f and ^, its Hessian, 
any pon of the line j joining them defines a | quartic on & of the form 


f A50. 
ince the Hessian of f+ Ah is of the form 
fct uh-O,. 

the line is equally well determined, and uniquely, by any one of its points. 
We shall call such a line in F, a syzygetic line, since its points give on E a syzy- 
getic pencil of quarties. The totality of syzygetic lines we shall call the system s, 
and individual lines of the system will frequently be called s-lines. Polar planes 
of syzygetic lines as to Æ will be called syzygetic planes; we denote the system 
of these planes by the Greek letter c. o-planes may be defined independently 
as planes which are axes of pe of spaces which cut out of R syzygetic 
pencils of quartics. There are c * points in F}; each point, in E EPUSraN deter- 
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mines uniquely an s-line, but since the line may equally well be determined by 
any of its points, we have: | 

The totality of s-lines in F, are a system of oo? lines. 

Also: 

There are oo? a-planes in F}. 

There, is a unique s-line on any point. 

There is a, unique o-plane on any space. 

In order to discuss s-lines and the associated theory it will be necessary to 
recall a few known facts from the invariant theory of the binary quartic. 

Let a quartic f be written: 


f Hart! + 4a t? + 6a, 2 + 4agtt a. 
Its Hessian is: 


= = ME t? + 2 (do da — h 4) i? “+ (ag a, + 2 0403 — 3 a3) i? 


F 2 (ayy — 25 25) t + a, a,— ai. 
Its E EET 18 : 


= (cday— Bay ty + 28) #8 + (ada, + 352,3 — 9a ed + 6 oP cy) 
-+ (5 do Qy a, — 15 Gy ay ag + 10 af ag) tt + DM ae Mi el 
+ (— 5240252, + 150,0, 0, — 10 a, a) t? 
` + (— aya} — 2a, aga, + 9 aa, —6a5,a2) t + (— aa, — 2a$ + 3 dpa). 


Let f have a double root. This is equivalent. to saying that the point 
defining f is on >. Suppose the double root to be ¿= 0. Then 


fzat*--4a 0-62, C, 
h zz (ag a — oi) t — dy (2 at? + 3 azt’). 
In this case we have: 
a,f + 2h = (3 aa, — 2a]) tt. | (1) 


The vanishing of the factor 3aa, — 2 a? is the condition that the other two 
roots of f are equal; this is significant as we shall see shortly. 

It follows from (1) that if f represents a point on an osculating plane of R, 
the s-line determined by f passes through the pom of osculation of this plane 
with R. Hence: 

Every line in an osculating plane of R and through the point of osculation 
is an s-line; 


222 CONNER: The Rational Plane Quartic as Derived from the 


Again, let us suppose that f is given in the canonical form 
fate m a, . 
Then a, = 45 = 0 and | 
nc ad + (ape 3d) E --2,0,, 
i = (aa, — 9 aj) (as të — a, t). 
Here 
ds f — A = (9 d — 90.) i. | (2) 

The factor 902— aa, on the right again represents by its venus the 
condition that f be the square of a quadratic. 

f is the product of three quadratics, the Jacobians of the three pairs of 
quadratic factors of f. In our canonical form the roots of one of these quadratics 
are 0 and œ. Equation (2) states the well-known fact that the square of this - 
quadratic is in the pencil f+ 1^; if 9a2 —a,a,=0, f and À are the same 
quartics and 7J=0. Now in the pencil f+ AA occur the squares of the quadratic 
factors of. T; any quartic which is a perfect square is represented in F, by a 
point on two osculating planes of R; in other words, a point on the double © 
spread of X, ys. Hence: 

Syzygetic lines in F, are lines trisecant to ys. 

This may be used as a geometrical definition of s-lines, and is very important 
for our purpose. 

If f is a perfect square, f and A are the same, and we have: 

The points af y, fai to determine s-lines uniquely. | 

This is the meaning, from our point of view, of the factors on the right 
in (1) and (2). | 

The three quadratic factors of the sextic T are apolar.two and two. The 
theory of quadratics on R is closely associated with the spreads ya and its dual gz. 
A pair of points on R defines uniquely a point of y, the point of intersection of 
the planes of E at the point. We have: 

The necessary and sufficient condition that two quadratics on R be apolar is 
that the line m the pointe of ys representing them be an s-line; that ts, meet y, 
again. 


This is an interpretation in four dimensions of the theorem that if two ` 


quadraties are apolar there is an identical relation among the squares of the 
quadraties and the square of their Jacobian. ! 
We have pointed out that every space section of y is a rational quartic. 
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The s-lines in a, space a, habe is, lines trisecant to the rational quartic ya o, are there- 
fore lines of a quadric s.a. 

Since all lines in a plane of R and through the point of osculation are s-lines, 
we have: 

The quadric s.a contains the cuspidal lines of Sa. 

Consider a point x of yg and a space a on it. There is a unique line 
through æ trisecant to y3a. Hence: | 

8-lines on a point x of ys are on a plane st... 

The locus of pairs of points of y, on an s-line Mesiah x is & conic C, in the 
plane 7t, . | 

For each s-line through «-meets this locus in two and only two points. 

The following properties of the conie c, determined on ys by a pont x 
of y; are evident from the theory of binary quadratics: 

c, meets Li in two points, a, and a,,. 

The planes of R at t, and t, meet at x. e 

-æ is the polar point, on 75, Of the line a, a, as to Cz. 

If a! is a point of c,, the conic cy ues through x. There are thus oo ! conics Coy 
through a. : 

The correspondence between conics e, on ys und binary quadratics on R ds 
one-to-one. | 

We are not concerned here primarily with the theory of the rational quartic 
curve in space. Many of its properties follow from the theory which we have 
developed. In this connection we refer the reader to the papers by Berzolari 
and Marletta previously mentioned. : 

We point out in passing the geometrical representation of the theory of the 
binary quartic which we have from our point of view. Any point æ of F, 
determines a binary quartic on R, | 


f — (epo. 


The invariants of this quartic are represented by the spreads ç, and g,. © is the 
discriminant. The unique s-line, p,, through x meets y in three points 2, 22, 25, 
defining thus the three quadratics whose product is the sextic covariant of 
(xt)'= 0. Points of p, represent quartics of the syzygetic pencil f + àh = 0. 
The polar point (along p.) of æ as to at, 2, «s gives the Hessian of iP 
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There are o? s-lines in Z,, and œ? planes on each; we have thus o» * planes. 
Hence : | 

Planes on s-lines in F, are in a hypercomplex of planes, T. 

The planes I'.« touch the quadrie s.a; hence: 

I' is a quadratic hypercomplez. 

Dually we have: 

Lines on o-planes in F, are in a quadratic hypercomples of lines, G. 

The lines I’. aa are a quadratic complex of lines on a. On a we have also 
the Steiner quartic surface yao. Kaa is an asymptotic curve on yz;aa. The 
lines of I'.aa may be regarded as the projections of s-lines from a ona; that is, 


Tl .aa=saa. 


Consider a point x of yg; we have a plane pencil of s-lines on x. waa is a point 
of yzaa. The plane pencil of s-lines on a projects into a plane pencil of lines 
of T.aa on waa. Hence: ; 

y3aa is the singular surface of the complex T.aa. 

Stahl proved the existence of the complex l'.a« from an entirely different 
point of view.* We omit the consideration of its properties for the sake of 
brevity. | 

Consider a line p in F,; there is a unique s-line on every point of p. 
Planes on these s-lines and the line p generate the cone-spread T .p determined 
by p, the locus of planes of I which contain p. p meets X in six points, deter- 
mining six planes z,, and hence six points ap, of R. These six points project 
into the six points of inflection of pz. Let p meet x, in the point 5j. Then, | 
from what we have said, b,a, is an s-line. Hence: 

The conic I’. px às the conic on the points of inflection of Ib pm. 

This conie may obviously be regarded as the projection from p of the points 
representing the Hessians of the various sets of the fundamental involution of 
Rpn determined by the points of p. Algebraically, if we have a quartic 


given by 
e X, = (a; ty’, | (3) 
and its fundamental involution is 
(«t + A (bt)! — 0, (4) 


and we represent by A the Hessian of the quartic (4) involving A to the second 


* Stahl, Journal für Math., 101, p. 307. 
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degree, the conic on the six points of infle stion of (3) is, A being the variable 
parameter, 


2x = |o. A). (5) 


The points of the conic on the points of inflection of Rpr, which we shall 
call w, are thus put into one-one correspondence with the sets of the funda- 
mental involution. 

Let f he a point of p. Let the s-line, pp, on f meet y; In 2,, %, xg. There 
are three planes on p, which cut out conics from y, the planes 75, , Mlms Ma, Say. 
These three planes meet & in the quadratics defined by £y, £2, v3, —three 
mutually apolar quadratics. Now any space on m,,, and in particular the 
unique space on 7t, and p, touches ys and cuts out harmonic pairs from A. 
We have then in zt: 

The three lines on a point of w which cut out from E pz harmonic pairs, 
meet. Rpr in three mutually apolar quadratics. 

This is a defining characteristic of w. 

If a plane x is on an s-line, Xz has three double points on a line, since 
s-lines are trisecant to yz. Hence our statement in IX, $8. 

s-lines meeting a line p are obviously on a two-way spread containing p. 
Any space a on p meets this two-way in p and i in the two s-lines on the ports 
in which p meets the quadrie s.a. . Hence: 

s-lines meeting a line p are on a cubic two-way, Tg,” with p for a directrix. 
This T, meets R in the six points determining the points of inflection of hp x. 

This 7; meets y, in a curve. Any space a on p meets this curve in six- 
points, three on each s-line on a and meeting p. Hence: 

s-lines which meet a line p meet y, in a curve of order 6. 

It will be obvious from the next section that the genus of a curve of order 6 
on yz can not be greater than one. The above curve projects from a point of F; 
into an elliptic sextic whose trisecant lines are lines of a rulec cubic surface. 

The quadrie spread T.p meets y, in a curve of order 8, out of which this 
sextic factors. DI'.p meets y in an additional conie, C. Now C meets E ina 
pair of points defined by a point æ% common to y and the plane of C. C is the 
locus of points ony; defined by pairs of points apolar to the points in which C 
meets R. Cpa is the conic w of E pm. w meets Rpr in the six points of 
inflection and a further pair of points, which we shall call the poinis g. The 


* T, wil be used as a generic symbol for the so-called normal cubic twc-way in F,. 
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points g are the projections of the points in which C meets E. We may sum 
this up in the theorem: 
Line sections of Rpx on any voint of w are apolar to the square of a quadratic 
which is tiself apolar io g. Lines on the polar point of the line joining the points q 
as to w cut out of kpn quartics apolar to the square of q. 
If the roots of q are (mi) =0 and (nt) —0, and we write 


(pt? zx (mtf + a(nty, 
then the conic w may be written parametrically 
pc = lop? lop |^, 


where the à in (pt)? is regarded as the varying parameter. 


$10. The Mapping of y; on a Cutting Plane n: the Stahl Conie N of £m. 
The quartic determined on E by a point x of F; is: 


] got* + 4o 29 + 6 2, 0 t 4 a5 6 + v, = 0. (1) 

If this is the square of a quadratic, say | 

(ay t* + 2a, t + a; — 0, (2) 
then x is a point of y. Comparing (1) and (2), we have: 

pm d, 

pE == 0904, 

ps = $ (doa + 2af), .. (3) 

P Z3 — 0105, 

Pt, = a. 


If a), a, and a, are regarded as the homogeneous coordinates of a point in a 
plane z, the equations (3) define a mapping of x on y, by means of a fourfold 
system of conics. If a, a4, a, &re.line coordinates in 2, we may define the 
system of conics 


(a) = 0 
as all conics in zt apolar to the conie i 
4 (tg Gy — at = 0. l (4) 


We shall call (4) the conie N inz. In a more geometrical mapping of x 


CO 
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on yg to be irenioded shortly, t this conie will be shown to be identical with the 
Stahl conic N of S2.* a 
N may be given parametrically : 


4l, a= i af | (5) 


The mapping defined by (8) has no critical points; it TA that ihere exist 
no curves of odd order on Ys; any curve of even order-2.p on ys ts the map of a curve 
of order p in v. ` 

From (3) and (5) we have: 

. N maps into the quartie R. 

Lines of x pass into conics on yg. . The plane on this conic meets y; again 
in the map of the polar point of the given line as to N. We have thus the œ? 
 conies é, determined by points a of y, referred io in the previous section. 
. Spaces on the plane of a conic c, cut out of y, a varying conie c; a! is on €. 
. ey is the map of a line on x on the polar point as to N of the line representing c,. 

The tangents to N map into conics on osculating planes of R; these conics 
obviously touch R at the point of osculation. They are in fact the pure} second 
osculants of R. For the second osculant at a point ¢ of R is cut out of the 
dévelopable of the first osculant by. the plane of ihe osculant at-é. This plane is 
also the plane of R att. It follows at once that . , 4 | 

ya ts the locus of pure second. osculants of ft. l 

The polar point of a line of V as to N is its point of contact. It-follows 
that any plane of & touches y; at its point of osculation, and we see again that 
any line in an osculating plane of R and through the point of osculation is to be 
regarded as an s-line. Any line in a plane of R is a bisecant line to yz. 

The quadratic defined by a point œ of y is given on N by tangents to M 
from the map of « on a. | | 

Space sections of y, are represented on zt by conics apolar to N. Points of 
` intersection with ys of s-lines are sets of three points on z which carry a double. 


* N is defined as the locus of the line through the three points of irflection of a cubic osculant of & 
quartic Rpr. Stahl, loc. cit., p. 814. 

T If & rational curve is given parametrically, 

. px = lat)”, 
we call the curves 
"C pe = (qt) (o0 
. pure second osculants; ) 
PE px; = (uU) (ait) (n ` 

are mized second osculants, ` 
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infinity of conics apolar to N; that is, by three-points o to N. The œ! 
s-lines on a space section of y, are represented by the œt triangles, ace? 
in a conic apolar to WV, and apolar to N. 

. The points in which any plene vw meets y, are the maps of the common 
points on zt of a pencil of conics all of which are apolar to N. Such a set of 
four points will be said to be orthic to N. This is the idea of the ''Polviereck" 
of Reye. It follows that | 

The parameters of the nodes of E zt. are represented on N by the tangents from 
points of a four-point orthic to N.* 

Such a set of quadratics will be called an orthic set.. 

If three quadratics are the squares of the roots of a cubic equation, the 
unique quadratic making up the orthic set is known to be the Hessian of the 
cubic, A plane trisecant to R may be considered as representing a cubic on R. 
Its Hessian is given by the fourzh point œ in which this plane meets y. Its 
system of polar quadratics are defined by points of the unique conic on y, whose 
plane passes through a. 

Consider in F, a space a and a plane x on it. Leta cut out of R the points 
d, With parameters 4. We call, as before, the lines and planes of A at these 
` points respectively p, and Mty- | | 
^ ya isa rational quartic in a. 3a is the developable of Sa and yza is its 
double curve. s.a is the unique quadric on yga. s.œ contains the cusp 
tangents of Sa; that is, the linss m,a. Now, as we have said, the parameters 
i, are a set of the fundamental involution on $æ. s.a i8 a conic on zt, on the 
nodes of $x and cutting out from X an additional set of four points with the 
parameters 4. Hence: 

Conics on the nodes of & 7 cut out of Zn sets of the fundamental involution 
on Snt 

The quadrie s.a contains two systems of generators. Let us call s-lines 
generators of the first system of s.a, and lines on this quadric meeting s-lines 
generators of the second system. 

Projecting Sa from a cusp aa, we obtain, in accordance with a former 
section, a cubic osculant of $x, the osculant at the point 4. Let us call this 
osculant A;. The three cusp tangents of A; are the projections from a, of the 
lines 75,0, Mya, 75,0. The point in which these cusp tangents meet is the inter- 





* Meyer: ‘‘Apolaritat,” pp. 241, ff. 
t This is essentially Stahl’s prods of this fact: Journal für Math., 101, p. 302. 
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section with æ of the generator of the second systern of s.a through ap. The 
locus of such points for all spaces a on - is the Stahl conic N of ta. We 
have at once: 

A conic on the nodes of Xi zt. cuts out of the Stahl conic N of En the same set of 
the fundamental involution of Zn which it cuts out of Xm. 

The section, yza, of y3 by any space a on z is uniformly represented on the 
conie s.az, the conic in which the unique quadric on y,a meets z, by means 
of the generators of the second system on s.a, these generators meeting yga once. 
We shall see that in this way y; is mapped in a one-to-one way on the plane z. 

Any point x of yz determines a space a on æ and z, and thereby a quadric 
s.a On a, and a unique point on s.az, the generator of the second kind on s.a 
on æ meeting zt in this point. The conics s. 7t are in a pencil on zt, their common 
points of intersection being the four nodes of £z. Now there can not be two 
quadries s.a, and s.a’ on one conic of this pencil in x since this would require . 
two s-lines through every point of this conie, and we know that there is a inique 
s-line on every point of F, not on yg. We have then: | 

The correspondence between y, and n determined by the quadrics s.a on spaces 
a on n is one-to-one. Conics of the pencil on the four points y,7 correspond to the 
space sections yga on 7. 

Further, there are no singular points of dis correspondence in 7; that j is, 
there are no solita of zt which have no definite correspondents on yz. Now the 
space sections of y, on zt are represented by conics; it follows that all space 
sections of yz; are maps of conics on z. Hence we have: : 

y 1s mapped by our scheme from n by contes of a fourfold system; that is, by 
conics apolar to a definite conic, C, on m. | 

Let us call the pencil of conics on the nodes of Xz in n the pencil y. On 
any conic of Ẹ there is a natural three-to-one correspondence, For on any point 
of such a conie there is a unique s-line, p; on this s-line and zt there is a space a. 
p meets yza in three points; these three points give in turn three points on the 
conic of D, s.an. These three points are, from what we have said in the first 
part of this section, apolar to the conic C of the above theorem. © is the locus 
of points in which two of such sets of three points on conics of the pencil Y 
coincide. Any space a on x meets # in four points a; the lines 75, o are s-lines 
on s.a. But these lines touch yy, and hence yga. It follows tha: the generator of 
the second system of s.a.on a, meets z in a point of the conic C. Hence: 

The conic O on n is the Stahl conic N of Xm. 
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Four points on N determine four points.on A. "These in turn determine 
a space a in F,. The quartic y,a is the map of the unique conic on the four 
points of N and apolar to N. The tangents at the four points of N determine 
a range óf conics. Conics apolar to all conics of this range are the maps of 
space sections of y, on the polar point a of a as to g,. We have thus the 
mapping from z of the Steiner surface y,ao/. We point out in passing that it 
follows easily from this that the involution J, » determined on Xin by tangents from 
` a point of n is defined on N by points æ, y, conjugate as to the pencil ¥. 

Let us call the generators o- * the second system passing through ay of the 
quadric 8.0, On à space a on 7t, the lines Lh, 5,1, lh. L is ona, and meets ma, 
70, 0, 7t; O- 7t, y 76, , 76,, 7t, meet N in four points, say bi, ba, bs, b, of the funda- 
mental involution of Ex on Sx. L, k, 4, 4 meet st in four points of the same 
set of the fundamental involution of £z on N. Call these the points a, a5, as, Q4. 
The plane 75,« 4 meets x in the line b; az. | 

. The projection of Sa on s from a, is the first osculant A, of Xz at the 
point b. The cusps of A, are the projections of du, an, G4, and its cusp lines 
. are the projections of 7,0, 7,0, 7,0 

The line 6,a, in x is the cusp tangent 1 to the osculant A,. The lines b as 
and ba, meet in the point 12 cf ga, the trace of a, a, on a.. The two sets . 
. of four points a,, as, Qs, Q4, bi, be, Og, b, are on a conic 'P on the nodes of £z. 
The three points 5,a,/5,0,, 5,05/b505,, b5a,[b,a4 are on a-line by the Pascal 
theorem. This is the line 4 of the Stahl conie X of Xx; it is the trace on % of 
the plane dy, d, a.. We may summarize what we have said in the following - 
theorem: 

A conte P on the nodes of Sx cuts out of Sx, and out of its Stahl conic N, 
a set of the fundamental 1,4 of Ra; we have thus on Zn four points b; and on N 
Jour points a;, these two sets of four points being ordered with respect to each other. 
Points of intersection of pairs of tines like b,d,/a,b,— six points in all — are six 
vertices of a four-line inscribed in the cubic gy. The lines of this four-line touch the 
Stahl conic K of Xin and define on K the set of the fundamental I4 of E which 
. P cuts out of Ex and N. 

If p is a line of Fy meeting fs in a point c, and the bisecant line to R. 
through c meets R in d, and d,,, and the-plane of R at du, , Say, meets p, then 
Rpr is à rational quartic with a flecnode. 

The line 6,a, on the plane z above is such a iis. But bia, is a = 
of a cubic osculant of Zæ. Hence the statement in IX, § 8. 
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S11. Three-to-one Correspondence Determined on m by Sx and its Stahl conic N. 


It is not possible to establish a one-one correspondence between a conic in 
- a plane and a sextic with six cusps and four nodes by means o? a Cremona trans- 
formation of the plane. We have suggested by ihe preceding section a three-to- 
one correspondence in the plane z which relates N with £x in a one-to-one way. 

Spaces a on st, as we have seen, meet ys in rational quartics yga; the 
quadrics s.a containing the quarties ya: meet x in conics of a pencil P on the 
nodes di, dz, 053, %, Say, of Sx. The four points a, are an orthie set 9: four 

points as to the conie N of 5 x. 

Through any point a of zt there is a unique s-line; there is a unique space a 
on this s-line and the plane z. œ contains a quadric s.a which meets x in a 
conie V on a, dz, ag, a, $.- The s-line on g lies on this quadric. This s-line meets 
the curve ya in three points. We call, as befcre, s-lines generators of the first 
system on yga, and lines on yao, which are not s-lines, generators of the second 
system. The three generators of the second system. o? s.a on the three points 
in which the s-line on œ meets 54a, meet zt in three poizits on the conie V and 
apolar to N... For any point z of ~ we determine in this way three points, 
Yis Yzy Ys, On the same conic U with 2 There is thus determined a three-to-one 
- correspondence of points y and œ of the plane z; given a point y we have one x, 
for y determines a conic V which in turn determines a unique space a on zt; the 
generator of the second system on s.a meets y5o. once; the s-line on ysa on this 
point meets zt in the point x. Conversely, given a point x, we have three points y. 
. This may be regarded as a three-to-one correspondence in the whole plane 7 or 
as a three-to-one correspondence on a conie P. Let us examine the corre- 
spondence first from the latter point of view. l 

. Looked upon as determined by the values of a binary párameter on ¥ the 
sets of points y — three- -points inscribed in the conic ¥ and apolar to N — are 
represented by a pencil of binary cubics | 
(at) -A(Qt o. | | | (tl) 
Such a pencil of cubics is known to.be the polar cubies of a eique quartic f, 
. and the apolar cubics of a second quartic f. f and f have the same Hessian, 
this Hessian being the four points in which two points of a cubic of the set (1) 
coincide. The common Hessian of f and f is therefore given by the points of 
intersection of B and.N. We write the system of poinis 9. in the form 
| | | FFFS : . Q9) 
(2) being t the polarized form of the quartic. | 
| (ftf = 0. 
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The most general correspondence between the groups of three points (2) and a 
point v of P may be obtained by putting in (2) 


y „atrob 
T erd’ 


where a, b, c, d are arbitrary constants. If we take f in the canonical form 


(ft Eft fht +f =o, 





we have 
(ft (f?) zi ? (fot + 350) + 3fe + f, 0, (3) 
and putting 
fa ATH b 
eT +a’ 


(4) becomes, after putting v = f, 
a fot* + (bf + 80/2)? + (Bafa + 34 f.) ? + 3(bfs + ef)t 43 df, — 0. 


(4) gives the points of coincidence (v — è) of our new correspondence. These 
four points, as is obvious, can not be assigned arbitrarily; we show that they 
must be apolar to f, and hence must be orthic to W.* If 4, 4, £j; and t, are the 
four coincidence-points of our correspondence on P, and si, Ss, 5 and s, the 
elementary symmetric functions of the four ?'s, we have, comparing the equation 


giving the four ?s with (4), and eliminating a, b, c and d, 


fo; 0, 0, 0, 1 
0, fo; 3fe, 0, =s 
3 fs, 0, 0, 3 fs; $9 | = 0, 
0, 3 fs, fas 0, — $3 
0, 0, 0, Tes 84 
or 


(fof — 952) l3 fofas — fofis + 8f fi] = 0. (5) 


It is easily verified that (5) is the completely polarized form of the quartic f. 
Hence: | 
... Given any three-to-one binary correspondence of which the sets of three are polar 
cubics of a binary quartic f, the coincidence-points of the correspondence are apolar 
to the quartic f having the same Hessian as f. 


* Grace and Young: Algebra of Invariants, p. 310. 


- 
T 
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Let us call the quartic determined in this way by a line J, the quartic QW. 
There is a unique curve Qf? with a node at a given point. There are thus- o»? 
such curves, corresponding to the œ? lines of 2, when B i is given. . 

d) The direction of coincidence of two points of a set T at a point of N defines 
a rational curve S! of class 6." This curve has for double tangents the lines of B. 
It is the polar reciprocal as to N of the rational aectic mentioned above with nodes at 
the points of B. | i 

A curve C, must be rational since it is in one-one correspondence with a 
line 5j. We now locate its node. Let n, be the pole of Z, as to N. The conic 
ON Gy, dz, Q3, 04, f cuts out of l, two points n, and ng such that n , Ny, Ng are 
a group of y-points, a set «P. To these corresponds one point, m, on this conic. 
m is the double point of Cp, the two points ng and ng of 1, giving the one point m. 

Two curves C, and C; meet in five variable points — four points of inter- 
section of these cubics being fixed in the points a,.. One of these five points is 
the transform of the point in which /, meets ;. -The other four points of inter- 
section of C, and C! arise from pairs of points y, Ya, which fall respectively on 
land /'. Asa point y, runs-along J, the locus of the points. Yo, Ys 18 9 quartic 
curve with a node at the pole of | as to N.. This curve, Qj, meets /' in four 
points, thus détermining four pairs yr yonl and l', and thence the four 
further intersections of C, and CJ. l 

To a point y corresponds in general a unique æ; to the point fi Pa corre- 


spond both a, and az; it follows that p, p, is a singular point of 7 G 2 and 


, that the corresponding locus of ws passes through a, and a,. This locus can be. 


| nothing but the line a, az. " 1) has therefore the six singular points ips, - 


te., with the six corresponding lines 04 Az, eto It follows that T (s 4 


án n general, sends lines into cubic curves on the six points Pi Pi, the six points of the 
four-line p,. The curves C, arè a net of cubics on these sia points. 

There is a unique pair of points 3i, y; belonging to the same set T on any 
line J, of the plane; We saw that this pair of points y transform into the node 
of Cs. If C, is to have a cusp, the = of iis Hi Ye | on the line Z, must 
coincide. Hence: 

31 
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The locus of lines L, transforming by T E x) into cubic curves C, with a cusp 
E $ 


is the sextic line-curve S! of theorem d). 
It follows immediately : 


The lccus of cusps of cuspidal curves C; ts the transform of N by T C : 
that is, the sextic $ n. - : 


T E : P may easily be put into analytical form. Let us ilo AS 04, d, Ga, d 


the four points (1,0 ,0), (0, 1, 0), (0,0, 1), (1, 1, 1) respectively. Then N, in lines, 
must be of the form 


Tey ES + e Ei + SES + 2A(E£ be + £ Eo + ELE) — 0. 


N is, therefore, in points, 


N = (ley b, — 22) 02 A (I ey — 22) a + (ley I, — 22) 203 | 
+ 24 (A — ko) £i 2s + 2A (A — Ay) 2o Xo + 2A (A — ko) Hy x, = 0. 
Then i 
pı = (5 kg — X) yo + 2 (A — ko) gi + A (A — ho) Ye, 
Pe =E A (d — eo) Yo + (s ko — 2°) A + A (A — ko) Yz, 
Pg =A (à — la) ya + A (& — ko) yi + (Fola — 27) a, 
Pi E pi F Pot Ps | : 
= (A — ka) (à — Ay) yo + (A — fg) (2 — ko) gi + (A — ko) (A — Fai) Y2- 

T $4 : is at once 
Wy = (A — ky) (A — 15) Yo Po Ps, 


a, = (A — he) (A— I) MPs Pı, 
My = (A — keo) (A — ky) Ya Pı Po- 


The curves C, are a net of cubic curves on the six-poinis p; p;. These 
curves admit an infinity of point-sets .f’, and hence meet N with the direction 
of the tangent to the sextic S’ of theorem d) determined by a point of inter- 
section with N. It follows that N is the curve along which curvés of the net C, 
touch; that is, 


N ds the Jacobian curve of the net of curves C,. 
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The Jacobian curve of a net of curves is also the locus of nodes of nodal 
curves of the net; hence: | 

There is a unique curve C, with a node at a given point of N. 

Our whole apparatus is obviously determinable in the reverse order. That 
is, we may start with four lines p,, ps, ps, Pa, and a net of cubic curves C, on 
the six points p; p;, the points of intersection of these four lines. The Jacobian 
curve of the net C, is the four lines p, and a conic N orthic to the four lines. 
Any three points which are the base-points of a pencil of the net C, are a set of” 
as determined by the conic N and the orthic four-line pi, p,, pa, p,. This 
apparatus has eleven constants, as it should. ! | 

Consider a line 7, and its transform C,. The six points in which C, meets 
WV are transforms of the six points in which 7, meets Xz. Now all curves C, 
have the same tangent at a point of M; if we ask for a curve C, meeting N in 
a point counting twice, C, must have a node at this point. The corresponding 
line 4, must meet Xt in a point counting twice; that is, must touch Xn. Hence: 

Curtes C, with a ee: are transforms of lines of 2m. 


Any locus of sets .f? is sent by T M D into some curye repeated three 


times. Conversely, to a general curve corresponds by T D I a a locus of sets i$. 


T ( i x) sends a curve C, into its correspondent line l, taken three times. 
j 


It sends conics on sets of four points like a4, ps ps, Pa Pi, Pı P2,—another orthic 
four-point of B,— into lines on ay. 
The latter system of conics taken with p, are special curves C,. 


T E ") sends cubics of a net on sia points of B like ay, do, M3, Py Psy fous 


Ps Pa, — vertices of another orthic four-line of B, — into conics on a, a; and as. 

- This net of cubics is a net similarly associated with another correspondence 
. determined by the orthic four-line ayaz, 9,05, Qga,, Pi. 

There are jive orthic four-points among the ten points of our configuration B, 
each determining a three-to-one correspondence of points of the plane z. To deal 
with these five correspondences it is desirable to make a change in our notation, 
conforming it with that of the former paper already referred to. À configuration 
D, as we have said, is cut by a plane out of a complete five-point in space, and a 
symmetrical notation for its points and lines is given by naming the points of 
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space 1, 2, 3, 4, 5, say, and using two-figure symbols for the points, and ‘ieee 


figure symbols for the lines of B. The following table indicates the desired 
change in the notation : l RE | 


. ^ Points. Lines. 
ay 12 | p. — 945 
à 13 ‘Pa ` “245 
Ag 14 . gs 280 — — 

a, 15 9. 234 

TN Pipe 2 — Ga, 184 

| Pa Ds 35 Q,05 . 124 
|^ pnm 45 —— gt, 128. 
£124 94 Ay hy 125 | 

Pa P4 42 Aga, — .1835 

Ps Pi 28. 7 07 (5 the 145 


Any group of four points of B whose symbols contain the same. figure, as 
12, 13, 14, 15, is an orthic four-point ; and the group of four lines from whose 
symbols the given figure is absent, as 345, 245, 235, 234, is the corresponding 
 orthic four-line. We name the five orbi four poni of B the four-points 
1, 2, 8, 4, 5, these giving the correspondences Z, B, 7,, Z, T, respectively. 
— The sets y are the same for all correspondences 7,. They are sets (f? as 
determined by the configuration. We have thus five nets of cubics Cf^; one net 
. on the six points of each of the orthic four-lines of B. The characteristic feature 
of the cubies. Cy" is that any curve of one of the nets admits an infinity of sets 1$". 


The curves C correspond to lines in the transformation T, b a N is the 


common Jacobian of all of these nets. T'wc cubics of the same net meet in three 
variable points — a set :®; two cubics from different nets meet in two sets if". 


Toa given group, Yı, Yz, Ya, correspond by T, on a) five points, 1, Ua, Xs, 
Ta, %;. The correspondence between any two of these points, say x, and ®s, 


is one-to-one. 2, determines by -Z, o ai a unique set ($9 which in turn, by 


T; 4 D determines a unique point æy. Similarly, x, is unique when 2y is 


given. Hence between the points a, and æ, we have a Cremona correspondence; 
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there is a Cremona transformation Ty. which sends a, into oy its inverse Tu. 
. sending ay into %. 


Ty is the product of 7j a 2 and T; (à dr thus - 
j 2 


X ES 
| T= Bha y n(, 2) 
Now T, G 4 sends a line 7, into a cubic curve 7 T; E J sends a cubic 


C® into a conic on 25, 35, 45. Hence 7i, sends the line J, into a conic on 25, 
35,45. Similarly 7j, sends a line into a conie on 12, 18, 14. 15 isa fixed point 
for the correspondences T, and 7;, and hence is a fixed point for Tj. Hence: 

Ty, is a quadratic Cremona transformation having 12, 13,14 as singular points, 
with 25, 35, 45 as singular points of the inverse transformation, Ty. The trans- 
formation ts completely defined by these facts and the additional condition that 15. be 
a fixed point. 

When the singular icis and : a pair of Mula points are given 
for a quadratic Cremona transformation, a linear construction for the corre- 
spondence is known. This gives a geometrical determination of our corre- . 


spondence n 7) Choose any other Roni a say Ts.. Let a be the 


transform of x > Tg. The conic on æ’, 15, 25, 35, 45, meets the coniċ-on cz, 
15, 12, 13, 14, in the point 15 and-in a set iP iin corresponds to c and gin 


n (a, : 2 and i in 7 (7 respectively. The linear construction of a when a 


sorresponding y is given seems too complicated to be of much interest. 


. $12. Further Theory of Quadratics on È. Curt ves Determined id a 
Quadratic on E pm. 


We saw in $9 that the theory of quadratics on E is closely associated with 
that of the spread ys; dually we should éxpect the spread g, to be closely 
connected with quadratics on R. We shall point out in this section just what 
this relation is, and use the theory thus developed to show the existence of 
certain curves determined by quadraties on E pz. In the following section we- 
‘shall use the same facts in the discussion of the nodes of E pm. 

Any quartic on R determines a point in 7. This is projected from a line p 
into a point in a.plane zw; this point is covariantly associated with the corre- 
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spouding quartic on Ryx. The determination of this covariant point obviously 
fails when the given quartic on È is a set of the fundamental involution of Ep. 

Conversely, given a point in ~, there is a plane on p and this point, and 
hence there is an involution of œ? quarties on A with which a point of n is 
associated in this manner. We have seen the way in which the coordinates of 
the point in z are determined when the binary quartic on R is given; B Rpx 
is given by 


| px, = (a, ty, l (1) 
and the given binary quartic is "E 
(ut) — 0, 
then the point is 
pz; = josu|*, (2) 


the definition of the point in x being merely that the sections of Rpn by lines 
on it are apolar to the quartic u. If 

| (fff + A (f't —0 

is the fundamental involution of Rpr, then (2) is equally well defined by any 


quartie of the system 
(ut) + A (ft)! + M (f' t — 0. 


If the given quartic (ut) = 0 is the square of a quadratic, the point in F, 
which it defines is on yg. We have seen that the locus of points on ys vaio 
define quadraties apolar to a given quadratic 


(ktp—o 7 (3) 
is a conie, Op, which meets R in the pair of points (3) and whose plane passes 


through the point on y, defining (3), the point Æ say. Tangents from & to C, 
touch at the points (3) of R. Let the pencil of quadratics apolar to (kt? —0 be 


(ptf = (at + A(bty- (4) 
The coefficients of (p i involve the parameter A linearly. From (4) we have 
(tf = |ab| (at) (bt). 


C, projects from p into the conic Opn, on a. O pn is, in terms of the 
parameter A of (4), u 
pe, = |a p|’ lap |’. | (5) 


(5) is a conic on z covariantly associated with the quadratic (5t)! =0 on EK pm. 
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It meets Kya in the pair of points (4t?=0. The pole of the line joining 
this pair of points as to O, px is the point | | 


= ee |? 


the point of zt such that sections of R pa through it are apolar to the square of 
the quadratic =~. 


| There exist on the cubic spread g; a system of œ? lines which are not 
bisecant to R, and which we may. call after Segre, axes of g. There are oie 
axes of gy on any space a; ga is a cubic surface with the four nodes Ra; 
contains the six lines joining the four nodes, and three others lying on a ae 
the unique c-plane on a. The latter lines are axes of gs. 


Bisecant lines to & meeting an axis pg of g, are on a two-way 7,,— of 
order 3, since this two-way is met by any space on the given axis pg in pg 
itself and in a pair of lines bisecant to #.* & meets the generators of this 7; | 
twice, and does not meet its directrix pg. The lines. of 7; meet F in pairs of an 
involution on R, or in quadratics apolar to a given quadratic on R, this quadratic 
being determined by a pair of tangents to R meeting pg. There is thus a unique 
axis of g3, pg, meeting two tangent lines of R,— two lines of the spread of 
tangents S, — and the bisecant lines to R meeting pg define on R the pencil 
of quadratis apolar to the pair of points of tangency of the two tangent lines. 
A space bitangent to R meet g, in a ruled cubic surface with the line Joining 
the pair of points of tangency as a double Iine; the axis thus determined is the 
directrix of this ruled surface. . 


An interesting configuration of lines is determined on g; by three mutually 
apolar quadratics on R. Any point, a,, of gy determines, by the bisecant line 
to & through it, a quadratic q, on E. Through a, there pass two axes of gs, p» 
and p,. Bisecant lines to R meeting p, and p, define on RA the involutions of 
quadratics apolar to two further quadratics, q and q,.- In particular, qı is apolar 
to g, and gj. On the plane p;p; there is a third axis of gg, pj. Pı, p, and Pz, 
three axes of g; on a c-plane, meet in three points, a,, az, ag. These define 
by their bisecants to R three mutually apolar quadratics gi, gs, qs. li is 
evident from what we have said that tangents to Rat the two points q, 
meet a,, etc. 


* Cf. Segre, loc. cit, 
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The spread, £, of pacdistias planes of R, isa ee combination of js and g3, 
and hence can meet g; only in the spread - 


$7857 0, — pi | (6) 


taken three times. Now (6) is the spread S of tangents to E. Hence: 

gan passes through the cusps of Xm with the cusp tangents of X 5 n. 

If gan is three lines, 7 is a o- plane, and we have: | 

. The necessary and sufficient condition that Xn be a quartic projectively ET. 
to the lemniscate is: a) gani is three lines; or b) The fundamental involution of zn 
ts of the form f + àh — 0, — a syzygetic pencil of pm 

. Dually: 

R projects from an s-line, p, into a  quartio curve R pm with dives S A 

If x.is on an.axis of g,, the curve Sx has a singularity which is the dual 
of a bifleenode. gx is then a line and a conic. Ifa contains BBolonr axis of 93; 
it must contain two.. Hence, dual y: 

If a quartic-Rpx have a biflecnode and an additional. lenie it must 
have three biftecnodes; that ts, ùt must be a projection, real or imaginary, of the 
lemniscate. 

All planes on an s-line are des of the — r of S 9. Hence: 

The conic, w, on the points of inflection of a quartic with three biflecnodes 
vanishes identically. This condition is necessary and sufficient for three biflecnodes. 

We have seen that any axis of g, determines a ruled cubic two-way 7; 
whose generators are lines bisecant to R and which mark out on R pairs of an 
involution of quadratics apolar to a quadratic % on E. The lines of any 7; in F; 
project from a line into the lines of a rational curve of class 3. The directrix of 
T; projects into the double line of this curve. Hence we have: 

Lines joining pairs of an involution, — quadratics apolar to a quadratic k, — 
on Rpn touch a rational curve p, of class 3. 

This aeai many ety be proved analytically in the plane. Let Rpx be. 


"E pm (mt). | 7 
The line joining the two points 5, % is 
p = |an a| 1 (ou S. (on t)? + (ou é)” (au te) (046) (0s be)? 


F (a£) (ory te)? (ox t)? (045) + (0 55) (at) } 
(i, 4,2 = 1, 2,3; 2,3,1; 3, 1, 2). (7) 
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the symmetric functions b, ¢+%, and 1 are given as linear functions of à 
by (8), and these substituted in (7) give the £'s as cubic functions of A. 

We now find the double line of the cubic pf. The directrix p, of the 7; 
of bisecant lines to R joining pairs of points apolar to Æ projects into this double 
line. Let (mi) and (nt), or simply m and n, be the roots of (Et) = 0. ane 
in accordance with the notation above, 

mn = (kit)? = |ab| (at) (bë). 
The tangents to Z at m and n meet p,. It is easy to verify that the points of p, 
define on E quartics of the form 


(Lt = mn (u, m* + u, 7) = 0. (9) 

The double line of pf? is then pa, = fall’, (10) 
where u,/u, is the variable parameter. The quartic 
(10 = mn (yey? + uv?) 

has the neutral pair p, m? — uyn — 0. (11) 


The form (9) may be determined directly from the pencil 

(at + A (bt = 0. 

There are two values of à for which this is a perfect square; these are given by 

(ao + A Bp) (as + 2 ba) — (a, + A f = 0. 

Let the roots of this be A, and às. Then 
(a t + A4 (b t)* =m’, 
(a t? + As (b t = 

(11) must be of the form (a2)* +à (bt. We write then 

(at)? + A (bt? E u, m? — u n? = u [(at) + 24 (b tF] — us [(atP + a, (bt']. 


Penne ly — = 1, tà Ay — [dg dz = A, 


and we can take, to within a factor, 


uy = À — Ae, l = à — A, 
and (9) becomes 


(TA = |ab| (at) (5t). [|a 5|*. (atf — |a a! |? . (b ty 
4-2 1|b80|?.(atf —|ab|* .(bty]. (12) 
The A in (12) is the same as the à in (7) and (8). 
32 
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un 


Through any point, a,, of ga we have a unique bisecant line to R, and two 
axes of g}. There are thus determined, as we have seen, three mutually apolar 
quadraties, gi, ds, gs, on &. But we have the additional theorem: 

The quartic defined on R by the point a, of gz ts the product 9oq3. Tts neutral 
pair is q. | 

Bj S 13. ‘The Nodes of E pm.* 


-— 


A line p meets g; in three points, thus determining three lines bisecant to R 
and meeting p. Projecting from p, the three quadratics so determined are the 
nodes of É pz. Associated with every node of E pz is a bisecant line to R, 
and a catalectic set of the fundamental involution of Rpr determined by the 
point in which this bisecant to Zi meets 7. T 

To use the notation of the previous section, let us call the point in which 

a bisecant line to . meets p aj’. This bisecant meets E in two points defined 
by a quadratic gf). There are two axes of g, through a("; let us call these pf? 
and pf. We have then the configuration of $12, which is Pe uniquely 
by any point aj? of gs: three lines of g, on a syzygetic plane in F}, the three 
vertices af, aj’, af defining by their bisecants to Æ three mutually apolar 
quadraties. Let us consider for a moment the line pf? through a. Bisecant 
lines to Æ which meet pf? lie on a cubic two-way 75 of which p? is the directrix. 
Spaces on p and on p$ cut out of this 7, an involution of generators; the 
spaces on the double lines of this involution meet R in two points, each counted 
twice; that is, they are spaces on p bitangent to k. ` Hence p? is a line on two 
bitangent spaces to R from p; similarly p? is a line on the other two bitangent 
spaces to Æ from p. Again, the set of the fundamental involution of Ep 
defined by the point af? of p is given on E by the two pairs of tangent lines 
meeting pf? and p? ($12). We have, therefore, from the theory of § 12: 

Associated with a node of E pz is a definite catalectic set of the funda- 
mental involution. The node determines a definite pairing off of the double 
tangents 1, 2,8, 4 of Rpa, say 12, 34. The catalectic set of the fundamental 
involution associated with the node is given by the tangents to R pz (not double 
tangents) from 12 and 34. The quadratic giving the node i is the neutral pus of 
this set. : 





* Cf. Marletta, Annali di Mat., loc. cit., p. 111. 
t Stahl, Wath. Annalen, 38, p. 571. 
I Veronese, Math. Annalen, 19, p. 231. | 
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Ade 

Lines on a point 12 cut out B on Rpr tuo quadratics, each of which is apis 
to the points defined by the pair of tangents from 12. The line 12, 34 cuts out of 
kpn a quartic of a syzygetic pencil, of which the sextic covariant is the product of 
the nodal parameters and the associated set of the fundamental involution. . Lines 
joining pairs of points whose parameters are apolar to the parameters of the node 
touch a rational curve of class 3. having 12/34 for double line. Two points of the 
diagonal triangle of sets of tke syzygetic pencil of quartics on Rpr are at 12 and 84; 
that is, this syzygetic pencil is cut out of R by pairs of lines on either 12 or 34. The 
correspondence thus determined in, either of these pencils of lines is (2, 2). 


$14. The Fundamental Involution of Rpx $n Lines, or of Zn in Points. 


Points of zt determine on E pzt, by means of tangents on them, an involution 
L, of binary sextics. The involution J, of all sextics-apolar to sets of this J , 
is easily determinable algebraically when the fundamental involution of Rox 
is given. | 
Let us consider a rational quartic aa in space. The surface y;a-a is the 
locus of pure second osculants of faa, or is the locus of planes in a cutting out 
harmonic pairs from aa. The four stationary points of Raa are the. pro- 
jections from a of the four points 

(a t)* = 0 


defined on E by a. All plane sections of Raa are apolar to (at)*. The sextic 
covariant T of (at)* 1 is the three pairs of points on faa such that the osculating 
plane at each point of the pair passes through the other. The chords of Raa 
through these pairs of points meet in a point, the point s.aa, the trace on a of 
the unique s-line on a. s.aqa is the triple point of yaa. The three chords 
are the double lines of y,;aa.” 

Saa is the developable of tangents to Raa. Itis of order 6. Any linear 
complex in a contains six lines of Saa, thus determining a binary sextic on 
Raa, the points of contact of the six lines of Saa. A linear complex being 
in general determined by five lines, it follows that the six points of contact of 
lines on Saa that lie in a linear complex are in an involution 4,1; that is, they 
are apolar to a definite sextic on Raa.t ‘This sextic must be a covariant of 
(at)*, and can be ‘nothing but the covariant 7. In particular, we have: 


* Marletta, Annali di Mat., lee. cit., p. 102. . 4 Study, Leipz. Berichte, 1886, p. 7. 
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Lines of Raa which meet a given line in a determine on Raa sia parameters 
apolar to T. 

Let us project from any point b of a on a plane x on a, thus obtaining a 
rational plane quartic Raba. We have from the above theorem: 

Lines of Rabx ona point of x determine on Rabn six parameters apolt to 
the sextic covariant T of (aty. 

Now (atf is any set of the fundamental involution of Haba. It follows 
that : 

Lines of a rational quartic E pm on a point of n determine on Rpr a set of 
sio parameters apolar to all sextic covariants T of sets of the fundamental involution 
of E pm. 

The sextic covariant of a quartic 
| a+ab=—0 
is of the form 

T (a) -- 4 M (ab) -- 2? M(ba) -- 33 T(b5) —0, . (1) 
where we indicate by 7'(a), T(b) the sextic covariants of a and b respectively 
and M is a symbol for an intermediate covariant of a and 6 determined from T. 

The four forms which are the coefficients of (1) generate the fundamental i NVO- 

lution a of R pt taken in lines, since these four forms must be linearly independent. 


$15. The Curves Sapn and £z pm. 


The projections from a line p of space sections of S include first osculants 
of E pz as special cases, as we have seen (§ 3); similarly, the projections from 
a line p of plane sections of £X include second osculants of Ryw as special 
cases. The space of R at any point meets S in the first osculant of that point, 
and the plane of E at any point meets > in the pure second osculant of that point. 

The following theorems as to curves traced on S are sufficiently obvious: 

Any curve, C, on S meeting the lines of S once is perspective to S and is 
rational. prt ts perspective to Rpn (taken in lines). 

Any curve, K, on S touches all the planes of R and touches each plane of R 
-as often as it meets a line of Ñ. 

For a plane of R contains two consecutive lines of S. 

Let Æ meet each line of S k times. Then we have: 

The curve Kpn has the stationary lines of ipm as k-fold tangents. 

For instance, a general quadric of F, meets S in a curve K of order 12; 
K meets each line of S twice. The curve Kpn is a 12-ic curve on z having 
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the stationary lines of pz for double tangents and having eight cusps at the 
projections of the points in which the given quadric spread meets R. 

Any curve drawn on S osculates the spaces of R as often. as it meets the lines 
of $$. 

For a space of E contains three consecutive tangenis of R. 

A space a meets S in a rational curve of class 4 and order 6. Sa meets 
each line of S once. Hence: ! 

The curves Sapn are perspective to Ryn taken in TM . They have cusps et. . 
the projections of the four points where a meets R. ^ They are rational curves of 
class 6 and order 6; they have four cusps and four stationary lines, six nodes and 
sim double tangents. They touch the six stationary lines of R. A curve Sapna 
is uniquely determined on n when Rpx and the quartic | 
(a tf = 0 
defining tts cusps, are given. | 

If E pm is | 

p 2; = (otf 


ind the — giving the cusps of Sapa is. 


(et) = 
then Sapm is 
pa laa | (a, t (ut) 


Let the space a meet p in the point a. Then (at)* is the unique set of the 
fundamental involution of E pz which is apolar to (atf. Ra@ is a rational 
quartic in the space 8. Let æ be chosen on 8 and let p meet G in b. Then 
Ragpmis Rpn. SaaBba is Sapa. Saa is the section by the plane a 8 
of the developable, Sa 8, of Ea. The points (at)*=0 are the stationary points 
on Raß, and the tangents at these points are inflectional generators on the 
developable of Raf. We have, then: 

The quartic (atf on Rpr determines a unique set, (at) —0, of the funda- 
mental involution of Rpx to which it is apolar. The tangents to E pm at the pointe 
(at)! — 0 pass through the four points of inflection of Sap. 

-~ We omit for the sake of brevity the consideration of the specializations of 
the curve Sa pz when the quartic a is specially chosen. Reductions in the 
order of Sapa occur for coincidences among the roots of a; if all four roots 


& $3. 
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coincide at 4 — e, we have the first osculant of Rpx at the point v. The above 
theorems may be stated for first osculants; they are known, but they serve to 
show the close analogy between first ouis and the curves with which we 
are dealing. | | 

We may state the further theorems, omitting the proof, which is easy: 

The six nodes of Sa pm are on a conic. 

The six double tangents of Sa pm touch a conic. 

Let c, a plane in F}, be the axis of the pencil of spaces 


(ax) + A (8 a) = 0. 
Then Zz'pzt is a rational line-quartic on zv associated with the pencil of 


binary quartics on Rap: 


(a t)* + 2 (8t)! = 0. 
The curves S[a 4-A8]pz pass through the six cusps of Sa’ px. ZEm-pm 
is Een in points (§ 3) by 


pA = |ua] |o 8| |B os] (ad? (B t) (a, t}. 
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S1. Introductory. 


There is, it seems to me, a tendency at the present time to throw dust in 
the eyes of the mathematical public or rather of the schoolboy public, in respect 
of the step taken which corresponds to the assumption of Euclid’s XIth Axiom. 
To efforts, now recognized by all mathematicians to be abortive, towards 
"proving the XIth Axiom, have succeeded treatments of the subject matter of 
Euclid for future engineers and others which gloze over the difficulty this axiom 
involves, I have recently proposed* to emphasize the empirical character of 
the axiom by giving to it a form which challenges attention, a form, moreover, 
having the double advantage that it relates to bounded space, and can be 
experimentally verified by the dullest schoolboy, even by one to whom the idea 
of an angle represents an incompletely solved difficulty. 

If on the other hand we leave the region of school-books, we find for the 
most part an air of unreality and half-heartedness in the treatment of the subject. 
Almost all writers tacitly or expressly assume a knowledge of Euclidian geometry, 
and express themselves as if the Euclidian hypothesis were the more natural. 
But further, the possibility of a non-Huclidian system is regarded as demon- 
strated by means of a correspondence between a selected set of Euclidian entities 
with the elements of non-Euclidian space. Other writers have made the assump- 
tion that Euclidian geometry holds in the smallest parts (im Kleinen). T 

The object of the present paper is to show how the refinements of modern 
analysis enable us to give a perfectly rigid and consistent account of the three 
geometries which arise when, retaining in all cases Kuclid's remaining axioms, 
we adopt one of the three alternatives which may take the place of Euclid's 
Fifth Postulate, sometimes called the XIth Axiom. The retained axioms may 





* «On s Form of the Parallel Axiom,” 1910, Duty Journal, Vol. XLI, pp. | 853-363. 
+ Such a method is like that of teaching a foreign language through your own. Non-Euclidian geometry 
from such a standpoint is relegated to the place of a dead language. l 
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be expressed in different forms. Adopting Hilbert’s classification, they consist 
of four groups: | 


I) The Axioms of Classification ; 
II) The Axioms of Order; 
III) The Axioms of Congruence ; 
iV) The Axioms of Continuity. 


Hilbert’s fourth group consists precisely of the Axiom of Parallels; that is, 
the equivalent of Euclid's Fifth Postulate.* The form of the three alternative 
axioms, characterizing the three geometries under discussion, referred to above 
in the first paragraph, is as follows: 

Let it be assumed that there is one triangle in the bounded convex: space we are 
considering, such that the length of the line joining the middle points of the two sides is 

1) less than (Lobaichefsky-Bolat geometry), 

2) equal to (Euclidian geometry), 

3) greater than (Riemann geometry) 
half the third side.t It then follows that, in the respective cases, the sum of the 
angles of the triangle is less than, equal to, or greater than two right angles; f ` 
and conversely, if this holds, the corresponding statement in the axiom is true. 
Also the same is true of every triangle. § | 

Moreover, the defect of a. variable triangle QAP, that is the difference 
between the sum of its angles and two right angles, has zero as limit, if the 
point P moves along a straight line towards A as limiting pcint.|| Hence, it 
easily follows that, if we have a triangle of varying shape and position, which is in 
course of shrinking up to a point, its defect has zero as limit, sinc2 | the defect of 
a triangle is less than that of another triangle containing it. 


* D. Hilbert: «Grundlagen der Geometrie," Leipzig, Teubner, 8nd Edition, 1908. -I should like here io 
refer to Enriques’ collection of essays.by various Italian authors, ‘‘Quistioni Riguardanti la Geometria 
Elementare," Bologna, 1900; the second volume of the German translation is now in the press. There are 
various accounts of such sets of axioms in English; e. g., in Halsted's “Rational Geometry.” ` See also 
A. N. Whitehead's two contributions Ao the Cambridge Tracts in Mathematics. 

T Loe. cit., $2. t Loc. oit., 8 15. § Loc. cit., 810. || Loe. cit., $818, 14. 

T The classical method of proving this statement is to deduce it in steps, at each step comparing two 
triangles with two common vertices, say B and C, and the rene vertices in e straight line with C, 
Bay ADC. If then, in the Lobatehefsky geometry, 

nx — AB? — BA? — CAB <e, 
we have at once, 
' (z — ABD — ADB — BAD) tí(r—DBO — DOB — BDC) < e. 
Since each of the expressions in brackets is positive, each must be < e. Similarly, the statement may be 
proved in the other geometries. 
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| The line of argument which I have adopted is one of those indicated by 
Killing in a couple of pages of his Grundlagen der Geometrie" The best 
justifieation for the detailed aceount here given will be found in the comparison, 
made by the reader himself, between the paper before him and these pages 
of the "Grundlagen der Geometrie." One other writer appears to have treated 
/.' the subject from a similar point of view, Girard in his Thàse. The method he 
| employs is, however, quite different, and, as it appears to me, less natural from 
the point of view of analysis. The definition of the sine, cosine and tangent as 
limits presents itself inevitably to the modern analyst, whereas this can hardly 
be said of the definitions given by Girard. | 
. On the basis here given the whole edifice of non-Euclidian or Euclidian 
geometry can be securely built. The discussion terminates as soon as we have ` 
. obtained the formule connecting the sides and angles of a triangle. For the 
convenience of readers the inequalities are stated for the Lobatchefsky case. 
The discussion here given is, however, perfectly general. It is, moreover, easy 
to deduce all the results in three dimensions from the plane formule here ob- 
tained, ranging from the theorem, sometimes tacitly assumed without justification, .- 
that there is in all three geometries such a thing as the angle between two planes, 
to all the interesting properties in Clifford's Theory of Parallels in Elliptic Space, 
and of the Grenzflüche in the Lobatchefeky-Bolai geometry. 


82. The Tri- Rectangle. 


A In the Lobatchefsky geometry the sum of the angles of any 
triangle is less than two right angles, and therefore that of the 
angles of a quadrilateral is less than four right angles. Hence, 
if the quadrilateral has a pair of opposite sides BN, CM (Fig. 1) 
equal, and the angles at N and M right angles, the other angles, 
being by symmetry equal, are both acute. It follows that the per- 
pendicular from B to BN falls outside the quadr 'ilateral. Hence, 
if from any point A on one of two straight lines AM, BN, ‘per- 
pendicular at N and M to the same straight line, we drop a perpendicular AB on 
to the other line BN to form a. quadrilateral ABNM with three right angles, the 
side BN is less than AM. That is, in a quadrilateral with three right angles, a side 
between two right angles is less than the opposite side. 





Fra, 1. 
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SS 8-9. The Sine-Ratio and the Sine. 





Fra. 2. 


$3. Take any acute angle, let O be its vertex, and from A and B, any two 
poinis on one of the arms, draw AM, BN, perpendicular to the oier arm. Let 
C be the middle point of AB, so that 


2 0C = QA t OB. 
Draw CP —' to the other arm, and AE perpendicular to CP.. On. 
the other side of C from Æ on the straight line CP take P, 80 nah 
E CF = CE. 
Then the T CFB, CEA are congruent, since they have equal angles at C 
and the containing pair of sides of the one equal to that of the other. Hence, 
the angle at F, like that at E, is a right angle. 
From the result at the end of the preceding article it follows that 
EP < AM, l 
FP < BN, 
and therefore, since the sum of FP and EP is twice CP, 
20P < AM 4- BN. 
25 E< AM 4- BN 
| OA + OB: 
| Now let us denote the ratio of AM to AO by a, that of BN to OB by 5, 
and that of CP to OC by c. Then the last inequality becomes 
a.OA+b6.OB 
| expo (Ob 
whence, if we know from other sources that 


b c oc, 


it follows: that 
I e «. a. 
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| | $4. Now.let us reflect Fig. 2 in the line OM, and denote the reflections 
by the same letters as before, distinguishing by a dash. Then, if B is the 
E point of OC, B' is the middle point of OC', so that (8 1) 


BB! « 100, 
whence, since the line at which we reflect bisects both BB’ and € C, 
BN < iP. . | 
Hence, since 
OB -—i 06, 
$ «6 


$5. From the last two articles it follows that, if 
OB: 00: OA =1:2: 3, 
b «ca a. 

Hence, it follows by induction that, if OB, 00 and OA are in the ratio of any 
three consecutive. integers, b, c anda are in ascending order of: magnitude. For, | 
suppose this to have been proved for the three consecutive integers (n — 1), n, 
(n+ 1), and let 

OB: 00: OA =n:n+ i:n +2. 
Then we know that mE 


b«c; 
e « d, 


which proves the acon for the next trio of consecutive integers. But it has — 
been proved for the three successive integers 1, 2, 3; hence the induction is. 
complete, and it is true for any three consecutive integers. — . zu i 
. $6. Hence, if OA be divided into any number of equal parts, the ratio of. 
the perpendicular from any point on OA to its distance from O, or as we shall 
say, the sine-ratio, increases monotonely from point to point of division passing 
from Oto A. Since this is true at each stage when we divide successively into © 
2, 4, 8, .... parts, it follows that, if æ is the sine-ratio at any point of binary 
division X, and y the sine-ratio for v E of these poe Y, then if X lies 
between O and Y, 


therefore, by 83, 


o « y. 
7 $ 7. The binary points of division, though dense everywhere, * are only 
* For the explanation of this and other terms borrowed from the Mengenlehre, the reader may refer to 


‘The Theory of Sets of Points,” by W. H. Young and Grace Chisholm Young, Cambridge University Press . 
(1906). 
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- countable. In order to- prove further that the statement at the end of the 
preceding article is true when X and Y are not neccessarily points of binary 
division, we -have to show that x is a continuous function of the position of 
the point X. | 

Now since the angles-of a triangle are together less than two right angles, 
the angle OAM is-acute. Also, since (S 1) the defect from two right angles of the 
sum of the angles of a triangle has zero for limit when one of the vertices moves 
along a straight line up to the other as limiting point, it follows that the sum 
of the angles of the quadrilateral AMPE of Fig. 2 is as near as we please to four - 
right angles, provided A is near enough to C. Hence, we may assume that A 
is sufficiently near Ọ for the angle at A, the only angle of the quadrilateral 
which is not a right angle, to be greater than the acute angle OAM. 

This being so, EZ falls on the other side of C from P, and therefore 


! | CP < PE < AM, 
using the result of $2. But 
AM < AC + CP + PM; 


E OP < AM c CP + AC + PM. 

Now when A moves up to C'as limit, M moves up to P, both moving on 
Straight lines, viz., the arms of the angle.. Hence, AC and PM each have the 
unique limit zero. Thus the extremes in the last inequality have the same 
limit CP, so that AM has also CP as unique limit. | 

Since also OA. has OC as unique limit, the ratio AM/ OA has as limit the 
ratio CP/ OC. - 

This proves that the sine-ratio ts a continuus fonction. 

§8. Now a.continuous function ‘which is monotone with respect to an every- 
where dense set of points is a monotone function. For let X lie between O and Y, 


thus 


0 *X Xm 





NES: 
Fia. 3. 
and let Y, be any point-of the every where dense set between X and Y, and X, 
any point of the same set between X and Y,. Then denoting the values of the 
function at these points by 2, Sms, y, and y, and supposing the function to 
decrease as we move from one point to another of the everywhere dense set in 
the direction towards O, | 
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Let X,, move along a sequence of the points of the everywhere dense set in the 
direction of O and have X as limiting point. Then the quantities z,, diminish 
down to their unique limit, which is æ, since the function is continuous. Hence, 


B-L Ly- 
Similarly, if Y, moves towards Y as limit along points of the same set, 
| | Ja LY- 
Hence, 
T< Em « ys LY. 


This shows that the function is a monotone function. 


89. We have now shown that the sine-ratio is & continuoüs fanction which 
is monotone decreasing as the point X approaches O. Hence, this ratio has a 
unique limit at the point O, and this limit is less than any value of the ratio. 
This limit we shall call the sine of the angle AOM, and write in the usual may | 
sin AOK. | 


SS 10-12. The Cosine- Ratio and the Cosine. ; 
$10. Let AM and BN be any two perpendiculars from one of the arms 
ABO of an acuie angle at O on to the other arm, B being nearer to O than A. 


Bisect NM at P, and draw PC perpendicular to NM, meeting OA (as of course 
it must do, since it can not meet AM nor BN) at C. 





Fie. 4, 


. Then, since the sum of the angles of a quadrilateral is less than four right 
angles, the angle OBN is greater than the angle OAM. Hence, if A’ is the 
reflection of A in CP, the angle BA’C, being equal to OAM, is less than the 
angle ABC, that is OBN. Hence, 


BO < CA’, 
BO < CA. 


$11. Ifthe points B and N coincide with the point O' itself, the argument 
of the preceding article still holds. Hence, if we divide OM into any number 


that is, 


J 
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of equal parts and construct the perpendiculars to OM at the points of division, 
these divide OA in such a way that the stretch between two consecutive points 
of division increases monotonely as we recede from O. 
Denoting the points of division on OM by P, P,,--++, Pa, and those 
on OA by the letter Q with the same indices, we have | 


r. OQ,- 1 = (r—1) 0Q,- 1001 = (1) 08-0 Q-Q + OQ... 1° 
But 
OQ, i (r— 1) Q- Q r—15 - 


since it consists of (r — 1) parts each less than 10:0, 3. Hence, 
r.OQ, 4 « (r— 1) 0Q,, 
OQ, ;/(r — 1) < OQ, 

OP, ,|0Q,., > OP. OQr. 


. 80 that 


whence 


Calling the ratio here considered — viz., that of the base OP, to the hypotenuse 
OQ, of the right-angled triangle OP, Q, — the cosine-ratio at the point P,, this 
shows that, if OA be divided into any number-of equal parts, the cosine-ratio is a 
function which, as we move along from point to pone of division towards the vertex O, 
increases monotonely. 

$12. Hence, if we divide OA by continued bisection, and so get the set of 
points of binary division,.the cosine-ratio at the points of binary division is a 
function which decreases monotonely as we approach O. 

Hence, by $8, if this ratio is a continuous function of the point, it is a 
monotone increasing function as the point approaches the vertex O. Now it is 
evident that the cosine-ratio is continuous, for if C be any point between B 
and A, and P be the foot of the perpendicular from C on.OM (Fig. 4), this per- 
pendicular does not meet AM nor BN, since two angles of a triangle are together 
less than two right angles; therefore it meets the stretch NM, so that P lies 
between M and N. Hence, if M moves up to N as limiting point, and therefore 
certainly passes P, A must pass C. Thus A moves up to B as limiting point, 
since it can not have as limiting point any point C on the other side of B from O.. 
Thus not only OM has ON for limit, but OA has OB, and therefore OM/ OA 
has ON] OB for limit. This proves tke continuity, and therefore also the monotony 
of the function constituted by the cosine-ratio OM/ O.À, as M moves towards O. 
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$12. Since the cosine-ratio increases monotonely as the point M approaches 
O, it has a unique limit at the point O, which is at the same time its upper 
bound. This limit we shall call the cosine of the angle AOM, and write in the 
usual way cos AO M. 


813. The Tangent, "—— Secant and Cosecant. 

We have seen that the sine-ratio decreases and the.cosine-ratio increases; 
hence it follows that their ratio, which is the limiting value of the ratio of the 
perpendicular AM to the base OM, decreases, and has therezore a unique limit 
at O, which is at the same time its lower bound. This limit is called the tangent 
of the angle AOM, and is denoted by tan AOM. : | 

The reciprocals of the sine, cosine and tangent are > called the cosecant, secant 
and cotangent, or cosec AOM, sec AOM, tan AOM, respectively. 


$14. Bounds of the Sine and Cosine. 

Since the angles of a triangle are less than two right angles, so that in a 
right-angled triangle the right angle is the greatest angle, and therefore the 
hypotenuse the greatest side, it follows that the ratios whose limits are respec- 
— tively the sine and cosine are both less than unity, and therefore both the sine 
and the cosine of an acute angle lie between 0 and 1, both inclusive. Again, since 
the base is less than the hypotenuse, the ratio of the perpendicular to the 
hypotenuse is less than the ratio of the perpendicular to the base. Hence, 
_ the sine 1s less than or equal to the tangent. 


315. Monotony of the Sine, Cosine and Tangent 





Fia. 5. 


Let AOM be any acute angle, and AM hetpendicuies to OM. Then, if 
AOM is any smaller angle, the ray OA’ falls inside the angle AOM, and ib: 
fore cuts AM, say at A’. Therefore, 


AM/OM > A'M/ OU. 
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Since this is true for every position of A as it moves up to O as limiting point, 
we get, proceeding to the limit, 


tan AOM > tan A’ OM. 
Thus the tangent increases as the acute angle increases. 


Again, since the angle at M is a right angle, the angle 440 is obtuse. 
Hence, 


OA > OA', 
: |. :0M/04A « OM|OA!, 


whence, as before, proceeding to the limit, 
CÒS AOM X cos A! OH. 


80 that 


Thus the cosine decreases as the angle increases. 

Again, if MP be perpendicular to. OA, P falls between O and A, since 
otherwise one of.the angles made by MP with OA would be less than AOM or 
than OAM (both of which are acute angles), since the exterior angle of a triangle 
is greater than the interior opposite angle. 

Since P lies between O and A, MP meets OA! inside the triangle OAM, 
say at Q. Then MP > MQ > the apode MP' from Mon OA'. Hence, 


MP | OM > MP'| OM. 


Since this is true for éach position of M, as M moves up to O as limiting point, 
we get, proceeding to the limit, l 
| sin AOM > sin £L OM. 

This proves that the sine of an acute angle increases as the angle increases. 

Thus, as the angle increases, the sine, cosine and tangent are monotone’ _ 
functions of thé angle, the sine and tangent increasing and the cosine decreasing. 
(N.B. It will be shown later that the alternative sign of equality in the in- 
equalities proving the monotony of the sine, cosine and tangent is inadmissible.) 


$16. Values of the Sine, Cosine and Tangent of any Acute Angle. ` 


It follows from the definitions of the sine,-cosine and tangent, as the unique 
limits of certain positive ratios, that they are never negative. It will now be 
shown that, the angle being as hitherto an acute one, the sine, cosine and tangent 
are themselves positive, and that the sine and tangent have zero as unique limit, and. 
the cosine has unity as unique limit, when the angle decreases indefinitely. 

34 | 
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Divide a right angle by continued bisection into n equal parts, and divide - 
an adjacent right angle in the same way (Fig. 6). Let OK, = OR,, be equal 
lengths on each side of the common arm OX, of the two right angles, and take 
OK,, OK,, .... on the alternate arms of the parts each equal to OK,. Then, 
if we join K, K,, K, K,, .... all round to K,,, we get a polygon whose last side: 
is K,, K, and whose n other sides are each equal to A, Æ. Hence, 


n. Ko K; Ky, ky > 206. 
But, if E,E, meet the intermediate dividing line in Æ, so that the angle KOK, 


is the first of the n equal parts into which we had divided the first right angle, 
the angles OK, K, and its adjacent angle OK, K, are equal, and each is a right 





Fre. 6." 


angle. Also K, Kı = K, K}, all this following from the congruence of the 
triangles OK, K, and OK, K,. Hence, 


2n. KK, >20K,, 
so that 


K, K, | OR, > 1/n. 

Since this is true for every position of the point K, as it moves up to O as 
limiting point, we get, proceeding to the limit, 

sin Ky OK, > 1/m. 


Now whatever acute angle be given, we can find n so large that the given 
angle is greater than the angle K,OK,, which is the n-th part of a right angle. 
Since the sine increases with the angle, it follows that the sine of the given angle 
is > 1/n, and is therefore positive. | 
Bos the tangent of an acute angle is greater than the sine, this proves that 
both the sine and the tangent of an acute angle or positive, and therefore that 
the cosine, which is the quotient of the sine by the tangent, (since neituera is zero) 
is also positive. 
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$817,18. Limiting Values of the Sine, Cosine and Tangent. 

§ 17. To find the unique limits approached by the sine, cosine and tangent 
when the angle diminishes without limit, let us return to Fig. 5. Let OM be 
any stretch and AM a line perpendicular to OM and of one n-th of the length 
of OM. Then 

0 < sin AOM < tan AOM < AMI OM < 1/[n, | 
and, since OA < OM + MA, 
1 < OM/OA + MAJOA < cos AOM + 1/n. 


K A 


f z 


O M 
Fra. 7, 


Increasing m without limit, so that the angle AOM diminishes without limit, 
these inequalities show that the sine and tangent have, when the angle decreases 
indejinitely, the limit zero and the cosine the limit unity. Since the sine, cosine and 
tangent are monotone, these limits are, of course, unique. 

$18. We can now find the unique limits of the sine, cosine and tangent 
when the acute angle increases with a right angle as limit. For, let AOM be 
an acute angle (Fig. 7), AM perpendicular to GM, and let MOK be a right angle, 
and AK perpendicular to OK. -Then (§2) 

OK < AM, and OM < AK. 
Hence, © 
OK/OA < AM/OA and OM/OA < AK/OA. 

Letting the point A move along the arm AO of the acute angle up to O as 

limiting point, we get, proceeding to the limit, * 


cos AOK < sin AOM and cos AOM < sin AOK. 


Using the results of the preceding article, we see that, as the angle AOM 
increases up-to a right angle, tts cosine has the limit unity and its sine the limit 
zero; hence, also, its tangent has the limit + c. 


* See §22, where it is shown that the sign of equality must be taken. 
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$19. Sine, Cosine and Tangent of a Zero Angie and of a Right Angle. 
So far we have only defined the sine, cosine and tangent of an acute angle. 
We now extend our definition by assigning to these functions of the angle as 


values when the angle is zero or a right angle the values of their unique limits. 


Thus sine 0 = 0, cosine 0 — 1, tangent 0 = 0, | 


sine of a right angle = 1, cosine of a right angle = 0, 
| tangent of a right angle = + œ. 
With these definitions the sine, cosine and tangent are monotone from the value 
zero to the value a right angle, and they are all continuous for the extreme 


values of the angle. For the value a right angle, the tangent is only continuous 
in the extended sense, since it has the valu2 == + œ there. 


$20. Continuity of the Cosine.- 





0 MM’ F- 
Fira. 8. i 


Let HOF be any acute angle and GOF any smaller acute angle inside 
HOF. From any point F on the common arm of the two angles draw FA 





Fig. 9. 
perpendicular to OH. Let FA meet OG in Q. Then, since in a right-angled 


triangle the hypotenuse is the greatest side, OA < OQ. Cut off from OQ 
O A! = OA, and draw AM and A'M' perpendicular to OF. 
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` If we rotate the ray OA! round till A’ coincides with A, the angle A'OM' 
being less than the angle AOM, OM' (Fig. 9) will cut AM, at P say. The angle 
APO will then be obtuse, since it is the exterior angle of a triangle PMO having 
aright angle-at M. Hence, the point M' cannot lie on the same side of P as O, 
or the angles. of the AME APM' would have a sum greater than two right 
angles. Thus P lies between O and M’. Hence, 


OM < OP < OM’. 


Also (Fig. 8), since- the angles OAM and OA'M’ are acute, and the angle OAF 
‘is a right angle and O.A'F greater than the obtuse angle OQ.F, it follows that 
M and M! both lie between = and F, so that the order of these points is | OMM" Ff 
Hence, 


OM OM uu 
0< ba — 04 = 04. (1) 


_ Now draw AK perpendicular to AM. Then since the hypotenuse i is the greatest | 


- side of à right-angled triangle, 
AK < 44, 


and since the equal miss OAA!' and OA' A. are both acute, so that the ndi 


AA'Q is obtuse, 
AA! < AQ. 


Also, since the quadrilateral A'W'MK has three right angles, we have, by § 2, 


! MM! < AK. 
Hence finally, 
| MM < AQ. 
Using (1), we thus get - ox m 
O M' 


Letting the point F move along its ray OF to- O as limiting point, the point A 
also moves up to O as limiting point, since, if L is any point on OH, the angle 
FLO becomes acute as soon as F has passed the foot of the perpendicular from 
Lon OF, and therefore, when this is the case, A lies betweer O and L. Thus 
the whole figure FQAA'KMM' shrinks up to the point O. Hence, we get, 
proceeding to the limit with the preceding inequality, 


O < cos GOF — cos HOF « tan HOG. 


c 
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Now when the angle HOG approaches zero, either by the ray OH turning 
round till it coincides with OG, or by OG turning round till it coincides with 
OH, tan HOG has, as has been shown in §17, the unique limit zero, Thus 
cos GOF — cos HOF has the unique limit zero. In other words, the cosine is a 
continuous function of the angle. 


§21. Uniform Convergence of the Cosine-Ratio to the Cosine. 


Since the cosine-ratio converges monotonely to the cosine, and the cosine 
is a continuous function of the angle, it follows that the cosine-ratio converges 
uniformly to the cosine.* In other words, if AOM is a right-angled triangle and 
the ray OA turns round to a definite limiting position OB, while at the same 
time the point A moves up to O as limit, then OM/OA converges uniformly 
to cos BOM as unique limit. | 

The cosine-ratio is here considered as being a function of two unions 
first the angle AOM, or say z, and secondly the length OM, or say v. Let this 
function be f (x, 2), and let the cosine be F(z). Then 


p) = limit +(e, 2); 


x= 0 
by definition; but the equation | 
| li it ` 
F (z) — 10, amet @ z) 


expresses the uniform convergence of the cosine-ratio. In the first equation 
z is constant, and the limit is a single limit; in the second both a and z vary 
and the limit is a double limit. 

Again, if AOM is a triangle of changing form and position, having a right 
angle at M and a hypotenuse AO which shrinks up with zero as unique limit, 
and if the angle AOM has a definite limit, say a, then OM/OA converges 
uniformly to cosa. For we only have to redraw the changing triangle 40M 
in a new figure in which the point O and the straight line OM are fixed, and 
this result follows at once from the preceding. 

We shall apply this result to prove that the sign of equality must be taken 
in the relations found in $ 18. | 


* By a well-known theorem. 
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§ 22. Sine and Cosine of Complementary Angles. 


In the figure of §17, denoting the angle AOM by w ard the angle KOA 
by y, so that a+y isa right angle, the engle OAM is less than y, but 
approaches y as limit as A moves up to O along the fixed ray OA. Hence, by 
the preceding article, 4M / OA converges uniformly to cosy as unique limit. 

But, by definition, 47/ OA converges to sin x as unique limit. Hence, 


; sin € — cos y. 
In words, the sine of an angle is the cosine of its complement, and the cosine of 
an angle is the sine of its complement. | 


§ 23. Continuity of the Sine and Uniform Convergence of the Sine-Ratio. 


Now if a changes with a unique limit a), its complement y changes with 
Yo as unique limit, where y, is the complement of x. Hence, since cos y 
approaches cos y, as unique limit, it follows from the preceding that sina 
approaches sin x as unique limit. Thus the sine is a continuous function of the 
angle. 

Hence, since the sine-ratio converges monotonely io the sinz, it converges to it 
uniformly. 


3924. Continuity in the Extended Sense, of the Tangent, Cotongent, Secant and 
Cosecant, and Uniformity of Approach of the Ratios to their Limits. 


Hence, it follows that the tangent, cctangent, secant and cosecant, being 
the ratios of continuous non-zero functions as long as we are dealing with acute 
angles, are continuous functions, and therefore the convergence of the different 
ratios defining these functions of the.angle to their limits is uniform. This is 
still true for the extreme values zero and a right angle, the continuity being 
in the extended sense, when the value + œ is allowed, and the continuity 
being on one side only, viz. for approach to zero from above and to a right angle 
from below. 


§ 25, 26. Extension to Angles of Any Magnitude. 


$25. With the usual convention as to signs, we now define the sine and 
cosine of any angle to be the unique limits approached DY the sine- and cosine- 
ratios, viz. the ratios of the perpendicular and base respectively to the hypote- 
nuse of the right-angled triangle AOM, got by drawing AM from a point on one 
arm of the angle on to the other. 


x 
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That these limits are unique follows at once from the fact that in every 
case these ratios are numerically the same as those derived from a certain acute 
angle. We heve in fact the usual relations, | 


sin (—2) = —sin g, cos (—2) = cos v, 
ein (180? — x) — sin q, cos (180^ — x) = —cos c, 
sin (180° + z) = —sinz, —cos(180? + x) = —cos x. 


Also. the add-tion or subtraction of any number of multiples of four right 
angles leaves the sine and cosine unaltered. 
: Here 18C^ is used for two right angles. 
$26. With this convention as to the meaning of the terms used, it follows 
immediately from what has been proved that the sine and cosine are continuous 
- functions of the angle, their values for any multiple of a right angle being defined 
as the values of their unique limits there, and that they lie between 0 and 1 
inclusive. Thay are monotone between any two adjacent multiples of a right 


angle, The relation 
sin æ = cos y 


holds for all values of æ and y such that «+ y is a right angle. We have in 
fact the same picture as in Euclidian trigonometry. 


§§ 27-37. The Circle and Circular Measure. 





Fre. 10. 


§ 27. Th2 Circle. A circle is the locus of a point whose distance from a 
fixed point. O, called the center of the circle, is constant, say r, and is called the 
radius of the circle. 

Whatever bounded space we are working in, if O is an oieri point of 
that space, there is a certain value 7, such that for all smaller values of r, there 
is a point of the circle on every half-ray ONEA O. We shall assume that r 
has such a sufficiently small value. 
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Let A be any point of the circle and A7" perpendicular to OA and of length 
less than one n-th of the radius v. Then if the angle AOA! is less than the angle 
AOT', so that OA’ meets the stretch AT’, say at T, OT >OA, so that the circle 
cuts the stretch OT, say at Æ. 

Thus every point of the straight line AT', except A, is outside the drie 
that is, is at a distance from O greater than the radius r. 

Let OCD be any ray inside the angle AOA’, meeting AA! in Cand AT in D. 
Then, as we saw, OD >r, and, since the angle OCA 7— O4'A, that is OCA D> OA A', 
it follows that OC «OA. B the point B, in which OD meets the circle, 
lies between C and D. 

Now the angles OAA’ and OA A being equal are acute; therefore, the angle 
AA! T, is obtuse. Hence, 

AA! LAT — AT'S r[n. 
Also since in like manner the angles ABO, A'BO are acute, 
AB < AD and AB < A'D; 


AB -- A'B € AD 4- A'D c AD 4- DT -- AT« 2AT < 2v[n. 


so that 


.$28. Let us now inscribe in the circle a polygon, and let p, be its 
perimeter, also let the angles subtended by its sides at the center be each less 
than the angle AOZ’, above used. Also let us take another polygon, of perimeter 
$541, having among its vertices all the vertices of the former polygon, 


Pn « Pn4A* 


Now each of the vertices of the latter polygon adds, as we saw, at most 2 7/n to 
the perimeter; hence, if m be the number of new vertices of the second polygon, 


Pasi — Pn < 2m rin. 


§29. Thus if we inscribe a series of polygons. in the circle in the manner 
indicated in the preceding article, by adding at each stage new vertices, the 
' perimeters of the successive polygons will form a monotone increasing sequence 
of numbers, and have therefore a unique limit, viz., their upper bound. Lei 
this be done in such a way that the integer n, used in determining the angle 
AOT' of $27, increases by 1 at each stage, so that the angle subtended at the 
center by any side of the n-th pon is less than the angle 407", where: 
AT! — rfn. 

3b 
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$8 30—36. The Length of the Circle. 


$30. Let Z by the upper bound of the perimeters of al: possible polygons - 
inscribed in the circle of radius r. Then assigning any positive quantity e, we 
can find an inscribed polygon whose perimeter p' is greater than J—e. Let this 
polygon have m vertices; then we can choose n so large that 


à > mre. 


Let us form a new polygon, of perimeter př, having as vertices all these of 
the polygon of perimeter p/ and also all those of the n-th polygon described as — 
in the preceding article of perimeter p,,. 

Then p, is greater than either p' or p,. But since the number of new 
vertices inserted in the polygon of perimeter p, is at most m, it follows from 
§ 28 that p; — p, is less than 2mr[n; that is, < 2e. Thus 


J—e« mnt à e, 


Since this is true for all greater values of n, the limit of the p,’s > 1— 3e. 
This being true for all values of e, the same limit > Z. But the sign > is inad- 
missible, since J is the upper bound of all possible perimeters. Thus the limit 
of the p,’s is I. 

831. We shall next show that AT is the tangent to the circle, so pai the 
tangent is ihe line perpendicular to the radius through the poini in which the latter 
meets the circle, which is the point of contact of the tangent. For though the 
angle OAA!' is acute, it has a right angle as limit, when the point A’ moves 
along the circle up to A as limit, since the limit of the sum of the two equal 
angles OAA' and OA’A with AOA', which decreases indefinitely, is two right 
angles. Hence, whatever line be drawn inside the right angle OA T', there will 
be a position of A’ such that .4 A! lies inside the angle made by that line with 
AT'. Thus thai line lies partially inside the circle. The same is true, of course, 
on the other side of OA. Hence A7 is the only straight line through A which 
lies entirely outside the circle, with the exception of the single point A, which 
lies on the circle. Thus A7 is the tangent to the circle. 

$32. Hence, it easily follows that, if M be the middle point of AA’, and 
OM meet AT in K, A'K is the tangent at A’, and KA = KA'. For the tri- 
angles AMO, A'MO are congruent; since their sides are equal; therefore the 
point ‘A! is thie reflection of A in OK, whence the equality of the — and 
the angles in the two figures AOMK, A'OMK follows. 
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833. Now as A’ moves along the circle up to A as limiting point, the 
angle OAA' has OAT’ as limit, and therefore the angle KAM has zero as limit. 
Hence, by § 21, AM/AK converges uniformly to the cosine of zero, that is to 


unity, as limit. Hence, 
AA'/(AK + KA’) 


is less than unity, but has axi as limit, when the angle AOA’ is indefinitely 
decreased. 

$34. Let us now circumscribe a polygon about the circle, and let p be its 
perimeter. Joining the points of contact, we get an inscribed polygon ; let its 
perimeter be p'; We may suppose AA! to’ be one side of the latter polygon, 
. AK and KA! the corresponding sides of the circumscribed polygon (Fig. 10). 
It then follows from the preceding ‘article that p'/p is less than unity, but has 
unity as limit, when the angles between the radii to the points of contact of 
the circumscribed polygon are indefinitely diminished. 

Hence the quantity I, previously defined as the upper bound of the perimeters of 
inscribed polygons, is the unique limit of the perimeter of a sequence of circum- 
scribed polygons, when the angles between the radit to the consecutive points of 
contact diminish indefinitely, or, which,is the same thing, wken the points of 
contact form a set dense everywhere on the circle. | 

$35. It is easily seen that I is the lower bound of the perimeters of all 
circumscribed polygons. For if AK and KA’ are consecutive sides of any cir- 
cumscribed polygon, we obviously get a poylgon of less perimeter by inserting 
M, the middle point of the arc AA’, as a new vertex. Thus we get a monotone 
decreasing sequence of perimeters, by. continually bisecting the ares between 
the points of contact and adding the points of bisection as new vertices. Since 
the limit of the perimeters is then J, it follows that the perimeter of the poly- 
gon with which we started is greater than J, so that J isthe lower bound of the 
perimeters of all circumscribed polygons. ' 

$336. This being proved, the quantity J is defined to be the length of the 
circle. Now if the angle AOK is fixed, and we diminish the radius of the 
circle indefinitely, the ratio 44 /OA diminishes, and has as limit tan AOK. - 
Hence if p is the perimeter of the circumscribed polygor whose points of 
contact lie on fixed rays through the common center of the decreasing circles, 
. p/* diminishes. Since this is true for all sets of fixed rays, it is true when we 
replace p.by its lower bound. Thus J/r diminishes, and has therefore a unique 


— 
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limit when r is indefinitely diminished; viz., its lower bound. This limit we 
denote by 2. 

$97. I? the angle AOK is one n-th of two right angles, it follows from 
the preceding article that, denoting this angle by ap, 2n tana, diminishes 
monotonely as n increases and has 27 as limit. 

Similarly if, instead of taking a complete inscribed polygon, we take that 
part of it which is bounded by radii enclosing any fixed angle, we see that the 
upper bound of the length of the arc of an inscribed polygon and the lower 
bound of the length of the arc of a circumscribed polygon are equal, and that 
the common value is the unique limit of the length of the are either of an 
inscribed or of a circumscribed polygon, when the points of contact of the latter 
or the vertices of the former become dense everywhere. This unique limit is 
defined to be the length of the arc of the circle with which we started. This 
definition is allowable, since the length, so defined, clearly has the property that 
the length of the sum of two adjacent arcs is the sum of the lengths of those two arcs, 
and also the property that if an arc is the unique limit oj a sequence of ares, tts 
length 4s the limit of their lengths. 

It then follows, by the same argument as before, that, when the angle sub- 
tended at the center by the are under consideration 4s kept unaltered, and the radius 
of the circle is diminished indefinitely, the ratio of the length of the are to the radius 
diminishes, and has therefore a unique limit. 

Calling this limit 0, it follows by the same argument as before, that, if the 
angle subtended at the center by the arc of the circle considered be m/p of two 
right angles, @ is the unique limit of mn tana,,. Hence, 


limit 
0 n"? tan Anp m A 7 7 ] 
L z= ee zz — cz ratio of the angle to two right angles. 
mt limit n f J my de 
np tan Any 


Again, if the ratio of the angle to two right angles is irrational, we can, 
corresponding to each value of the integer p, assign an integer m, such that the 
angle lies between ma, and (m + 1) ap. Hence, by the same argument, 


m 0 m -J- 1 
pons > 





for each value of p, so that, 
limit m 


Ta m 
t pre p 


= ratio of the angle to two right angles. 
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Hence, we may properly take 0 as the measure of the angle, æ being taken 
to be that of two right angles. The unit of angle will then be the angle such that 
the arc of a circle subtending that angle at the center bears to the radius a ratio 
which, as the radius diminishes indefinitely, itself diminishes, and has unity as 
limit. This angle is called a radian, and the system of measurement of angles 
here adopted is called circular measure. 





§ 38. Due Limits of a I ond EM 


6 ; LE 
Fre. 11. 
Let AB be a chord of a circle subtending a small acute angle at the center O. 
Let AM be the perpendicular from 4 on OB, AT be the tangent at A, meeting 
OB in.T, and OC the line through O bisecting the chord AB, and meeting 
AT in C. Then, as we saw, the arc AB lies between. the lengths of AB and 
AC -- CB. But since the angles AMB and CBT are right angles, 
AM < AB and CB < CT; 
therefore, 
AM < arc AB < AT. 
Dividing throughout by the radius, and then letting the radius diminish in 
definitely, 
sin 0 < 0 < tan 0, 
0 being the circular measure of the angle AOB. Dividing through by sin 0, 
1 < 6/sin 0 < sec 0. 


Letting the angle AOB decrease without limit, eec 0 has the limit unity; therefore, 
the same is the unique limit of 0/sin 0, or of sin 0/0. 
Again, using the fundamental relation, to be proved as (3) in § 40, 
0* | 0? 
sin? @ ~ (1 — cos 0) (1 + cos 6) 
has the limit unity, and the second factor in the denominator has the limit 2. 
Hence, 
1 — cos 0 
6 


has the limit zero. 
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§§ 39-46. Formulae for the Sine and Cosine of the Sum and Difference | 
of Two Angles. 


A l A 





T o °" 
l Figs. 12. . 

839. Let BON and BOA be acute angles (Fig. 12 (1), (2), (3)) on opposite 
sides of OB, and let the angles ABO, BNO be made right angles. Also draw 
AM perpendicular to ON and BK to AM, and make MX = BN. Then we know 
(82) that KM < XM, and the angle B.XM is equal to the angle ABN, and is 
acute. 

When the — A moves up to O as limiting point, so do B, K, M and N. 
Consequently.(81) the angles of the quadrilateral BNMK together have four 
right angles for their limit, and therefore the angle KBN has a right angle for 
limit. The same is therefore true of the acute angle ABN. bn ban the 
angle XB has zero as limit. 

For the same reason, the sum of the angles of the triangle BON has two 
right angles as limit, so that the sum of the angles OBN and BON has a right- 
angle for limit. Since KBO and OBN make up KBN, which, as we saw, has a 
right angle for limit, it follows that KBO has BON as limit. Similarly, 
KAB + ABK has a right angle for limit; whence KAB and KBO have the 
same limit, viz., as-we saw, the angle BON. Now | 


AM = AK + KM = AK + XM — KX = AK + BN — Ag 


therefore, 
AM _ AK AB BNOB KXKBAB 


eer I, MMM TY 


04 = 4B 04 t OB OA KB AB OA’ 


Since the ratios converge uniformly to their limits, we get, letting A move up 
to O as limit, l 


sin AOM = cos BON sin AOB + sin BON cos AOB. = (a) 
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Writing a for the angle AOB, and b for the oomplement of the angle. BON, we 
get, by $$ 22 and 25, | 
cos (a — b) = cosa cos b + sina sin b- E (1) 
Again, m g et K 
OM .ON—HMN .ON ÓB MN BK AB 
OA | -OA |” OB’ OA. BK AB’ OA’ 
But, as before KX | KB converged uniformly to zero, and therefore KM/BN 
to unity, so now MN/ BK has the unique limit u nd Hence, proceeding to the 
limit in the last equation, | 
cos AOM = cos BON cos AOB — sin BON sin AOB, (8) 
that is, with the same notation as before, ` IP | 
sin (a — 5) — sina cos.b — cos a sin b. (2) 
$40. The above formule for cos (a — b) and sin (a — b) have been proved. ` 
on the assumption that a and b are both acute. The case when 5 — a can be 
considered as the limiting case of a sequence of cases in which 5 approaches a 
as limit, since the sine and cosine have been shown to be continuous. In this 
case also the equations must therefore hold. The sine equation then reduces 
to an xai but the cosine equation gives us the fundamental relation _ 
7 1 = cofa + sin? a, (3) 
whence also, dividing by tanta, | 
mos —=i-+ naie uM" | | | (4. 
Thus the equations giving the sine and cosine of a— 5) hold in all cases when 
a and b are acute angles. 
$41. Now if in (a) and (8) we Bui b- for the angle BON itself, instead of 
for its complement, we have the formule 
sin (a T-5)-sinacosb--cosasinb,  — |... (85) 
cos (a + b) = COS @ cos b- — sin a sin 5, (6) 
provided a and 6 are acute. 
$42. If we change. into — 5 the Seni (1) and (6) are interchanged, 
and so are (2) and (5); therefore we may consider (5) and (6) only, as including 
(1) and (2), a being a positive acute angle and b a positive or negative acute | 
angle. If we change a into —a, however, the formula (5) becomes (2), and (6) 


becomes (1); hence, (5) and (6) hold os either a or-b, or.both, are pose 
or negative acute angles. : 
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Again, if we add Z to a, or to b, (5) and (6) are interchanged, and are 
therefore still true. Since these operations together with the preceding ones may 
be carried out any number of times, this shows that the formule (5) and (6)' 
hold for any positive or negative values of a and 5, including those which are 
multiples of a right angle, since the formule clearly hold for zero values of 
a or 5, or both, 

$43. Putting 5 — a, we get 

sin 2a = 2sina cosa, 
cos 2a = cos? aq — sin?a = 2cos*a — 1 = 1 — 2 sin?a. 
§ 44. Hence, 
2 sin? ig = 1 — cosa, 
| 2siniacosia = sina, 
whence ! T - 
tan 1a = (1 — cos a)/sin a. 
Applying this to the case when a is a right angle, 


70: ©. F 7t t 
tan — = 1 ierra E es 
tan 7 , sing = cos 7 1/4/23. 


$45. Putting b — 2a, we get 
sin 8a = 3 sina — 4 sin? q, 
cos 3 a = 4 cos? a — 3 cosa. 
$46. These equations may be used to give equations for the sine and cosine 


of =. In particular, putting 38a — 7/2, the second equation gives, after dividing 


by cos? a, 
0 = 4 — 3 sec? a = 1 — 3 tan* a, 
so that | 
mn ee ul nm ^8 
tan a> 1//3, sin g Tg C8 GE 
Hence, by the formule for the complementary angle, 
nm y . an V8 T 
| tan y =v 3, Sm — cos z- = ze 


S47. Differential Coefficients of the Sine, Cosine and Tangent. 


From (5) we have 


sin (a + A) — sina . cosh—1 , inh 
2n (af — Bn € — ging SA) + cosa Pn , 
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whence, if we are using circular measure, by $38, the left-hand side has, as À 
approaches zero in any manner, a unique limit, viz., cos a.. Thus sina is a 
differentiable function and 


do. 

- Sin & = cos a; 
da á 

similarly from (6), 

cos d = — sin à; 


Eur 
da 
whence also 
a tan a = sec? a. 
da 
Hence, it follows that the sine, cosine and tangent possess all their differential 
coefficients of every order. 


§§ 48—51. Continuity and Dijerentiability of the Length 2n f(r) of a Circle 
| of Radius r. 

$48. The length of a circle of radius r is evidently a function óf 7 alone; 
let it be 2zf(r). Then, by what precedes, f(r) has a unique limit, when r is 
indefinitely decreased, and this limit 1s unity. It is almost immediately evident 
that f(r) is a continuous function of r. For the-length of the circle is the limit 
of the monotone ascending sequence of inscribed regular polygons, and also of 
the monotone descending sequence of circumscribed regular polygons. From 
$87 and 12, where it was shown that the sine-ratio and the cosine-ratio are 
continuous MNENE, it follows that the tangent-ratio — viz., that of the perpen- 
dicular to the base — is so also, and hence it follows that the perimeters of the 
circumscribed polygons are continuous functions of the radius. Thus the length 
of the circle, being the limit both of a monotone ascending and of a monotone 
descending sequence of continuous functions, is itself. à continuous function of 
the radius.* Hence, f(r) ts a continuous function of r.. 

$49. Using the notation of $3 and Fig. 2, we had 


OP — BN < AM — CP, 
whence, supposing these lengths to be the halves of corresponding sides of 
regular polygons, with O as common center, whose perimeters are ps, po, Pa; 
- Po — Pr < pa | 


* W. H. Young: “On a Test for Continuity," 1908, Proc. Royal Society of Edinburgh, Vol. XXVIII, 
pp. 217-221. ` i l - 


36 
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Since this is true for all such polygons, we have, denoting the circumference of 
the circle through A by c4, and so for other points 
Co — Cg < Ca — Co- 
Now suppose that we have (n + m) equal stretches marked off along the radius, 
and we have the corresponding inequalities, 
Cg — Cg > Cg — Gy 
° C, — Cg > C3 — Ce 


: Cn--m41 —7 Cnm 2 Cnm 7 7^ Cat+m—1° 
Hence, it follows that 


Cnm — Cn+1 > Cn.-m — Cn ». Crtm—1 — Cn--n—m one > Cm4177 €1- 





6 


NN’ PP -— 


Fre. 18, 


"Thus if B’ lie on the other side of B from O, and BO — B'O', then if 
BC/ OC! is rational, and is in the ratio n/m, we have 
Co — Cpr D Cg — Cy. 
Now if BC be fixed and = A, the points whose distances from O are rational 
with respect to A are dense everywhere, and the atove shows that the function 


fir +A) TO 
h 


is a monotone increasing function of r, with respect to this everywhere-dense set 
of points. But it is also a continuous function of r ($48); therefore it is a 
monotone increasing continuous function of r. 

$50. Hence, if, as before, BO = CA, 


4(00) — — 108) — 1(04)— (00), 
adding numerators and Ne d we see that the first fraction 1s 
< (04) — f(OB) 
OB 


That is, 
f( 910) c Ie 28 10). 
h 
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Hence, by the same reasoning as before, here) i8 a monotone in- 


creasing continuous function of A, r being constant. 
$61. From the preceding result it follows that f(r) has a right- -hand 
differential coefficient for every positive value of 7. But the incrementary ratio 


Te 0—fv) -has been shown to be a monotone increasing function of r; 


ieda the same is true of its unique limit, viz., the right-hand differential- gt 


coefficient. Therefore, this right-hand differential coeficient has a unique limit 
on each side, and that unique limit is therefore its value there, by a known 
. property of derivate, and is the common value of all the derivates there, and 
the common value of their limits on the two sides. Thus f(r) possesses a 
differential coeficient, and it is a monotone increasing . continuous function. 


§§ 52-55. - The Defect of a Triangle. 


$52. Let ABC be a right-angled triangle, with the angle Ca icit angle. 
Divide BC into four equal parts at C;, C, and D, (Fig. 14). Let 4, C, and 4,0, 
be perpendicular to BC and meet BA in A; and A, respectively. Also draw the 
perpendicular D,Q, from D, to BC and make it of length equal to C,A,. Join 
BQ, and produce it to meet AC in P,, which it must do, since the point Q: 
. obviously lies inside the triangle. 





Now the triangles 4, B C, A, C, o., Q; D, , QD, C are all congruent, and 
therefore have the same defect; that is, the difference between two right angles 
and the sum of the angles of the triangle. Let this defect be d,, and the defect 
of the triangle P,BC be di. Then, since the two triangles with vertex Q, are | 
internal to the triangle P, BC, 

T; 2 d, < dy. | (1) 


tan P, BC < Q,D,[ BD, < A, 6[3 B0. (2) 


Also 
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Let us next divide into eight, then into sixteen, .... equal parts, and at each 
stage let us form triangles on the segments between the points of division, con- 
gruent to the first such triangle, viz, A,BC,, where A, C, is perpendicular to 
BC, and A, lies on BA. Let Q, be the vertex of the first of these triangles on 
the other side of the middle point C, from B, so that there are 2"-! of the 
triangles between C, and © Join BQ, and produce to meet AC in Pa. Then, 
denoting the defects of the triangles 4, B C, and P, BC by d, and d}, we have 
two relations at each stage corresponding to (1) and (2); viz., 


27314, < da, 
tan P BO < A,C,[(2"7-- 1) BC,. 


Proceeding to the limit with the latter relation, we see that tan P, BC con- 
verges to zero, since A,C,/BC, converges to tan ABC. Hence, the triangle 
P,,BC folds up into the straight line BC, so that its defect di, has the unique 
limit zero. Hence, by the former of the two relations, 2"-!d, has the unique 
limit zero, and. therefore so has 2^d,. But 


2^ BO, = BC; 
therefore | 
d, | BC, has the unique limit zero. 


$53. Now let C" be any point between C, and C, ;. Draw C" 4" per- 
pendieular to BC, meeting BA in A", and let d" be the defect of the triangle 
A" BC", Then, since this triangle lies inside the triangle 4, ; BC, ,, 
d" < da-i; 
and since C" lies between C, and C, ,, 


BO! 7 à BO, ,. 


Hence, 
d"[ BC" < $d, 4| BO, ,. 


Hence, d"/ BC" has also the unique limit zero as C” approaches B as limiting 
point in any-manner. n | 
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$54. In the above discussion the angle ABC was kept fixed. Now let us 
take any sequence of right-angled triangles, A, A, ----, such that one of the 
sides 2,, %, .... containing the right angle decreases with zero as unique limit. 
Then the acute angle adjacent to x, has a definite upper bound, less than or 
equal to aright angle. If this upper bound is less than a right angle, we can 
draw a fixed angle ABC equal to it, and fit the successive triangles A,, A, .... 
into this angle, as for instance D/BC" in Fig. 15. If D'O" meet AB in A", 
the defect of D’C"B is less than that of A"OC"B, and therefore this defect 
divided by BC" has zero as unique limit as C" approaches B as limiting point. 





Fie. 15. 


If, however, the upper bound is a right angle, it must be the upper limit. 
Thus if we choose out a sub-sequence of the triangles having other than a right 
angle as the unique limit of the acute angle in question, the preceding investiga- 
tion holds. If, however, this acute angle has a right angle as unique limit, the 
second of the acute angles has the unique limit zero, and has therefore an upper 
bound which is less than a right angle. Thus, if we know that the hypotenuse, 
and therefore also the other side containing the right angle, has the limit zero, 
it follows from the preceding that the limit of the ratio of the defect to that 
second side, a fortiori to the hypotenuse, is zero. Thus in any case, whether 
or no the angle first in question has the upper limit a right angle, the limit 
of the defect over the hypotenuse is zero.* 

Taking the hypotenuse to be of the first order of small quantities, we may there- 
fore say that the defect of a righi-angled triangle 4s of order higher than the first. 

$55. Since any triangle may be divided into two right-angled triangles, 
it follows that if all of the sides of the triangle be considered to be of the first order 
of small quantities, the defect of the triangle is of order higher than the first. 


* This is clearly true whether or no the hypotenuse has zero as limit. For, if not, the triangle folds up 
into a straight line and therefore the defect vanishes. - 


280 YouwNc: On the Analytical Basis of Non-Euclidian Geometry. 


856. The Approximate Sine Formulae. 


A 


Fia. 16, 


Let ABM be a triangle with a right angle at M. Then, since the defect is 
of order higher than the first, | 
ABM = + — BAM — &, 
or, say, 
B = — Å — e. | 
Hence, : | 
sin B = cos (A + e&;) = cos A cos e, — sin A Bin e, = cos A — e', 
where, by $38, &, like e, is of order higher than the first. 
But, as proved in §§ 9 and 12, 
sin B < AM/AB < cos A. 
Therefore, 
AM | 
O< aR — sin B <a. 
Hence, AM differs from AB sin B, and similarly from AB cos A, by a 
quantity which is of an order higher than the second of small quantities. 
Therefore, if ABC is any triangle, whose angles at B and C are neither of 


them a right angle, and we drop the perpendicular AM on CB, AM differs by 
a quantity of order higher than the second from each of the expressions 


c sin B and b sin C, 


“a,b and c denoting as usual the sides opposite the angles A, B and C respectively. 
Hence, neglecting small quantities of order higher than the second, 


and similarly = sin 4/a, it being noticed that, by the above, these approximate 
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equations hold whether or no one of the angles A, B and C is a right angle, in 
which case the sine is unity. . 


$57. Approximate Equality of the Arc and Its Chord. 





Fro. 17. 


Let A and B be neighboring points on a circle of center O, M the middle 
point of the chord AB, and TA, TB the tangents at A and B, so that OMT isa 
straight line, and the angles at M are right angles. 

Then we know that the arc AB is less than AT + TB; therefore, the halt 
arc is less than AZ. Hence, also, the half are of the circle with OM as radius 
is less than AM. It follows that 


arc AB — chord AB < arc AB — are with AM as radius 
nawah^n-f(04)—f(OM) ^ 
| «(f(04)—f(0M) AOB«— 7 1—0MWN Ton m 
Now the incrementary ratio in the last expression has f/(AO) as unique limit, 
and is therefore finite; AOB is of the first order, and 7M of order higher than’ 


the first, since TM/.AM converges uniformly to tan 0, that is, to zero. Thus 
the difference between the chord and the arc is of order higher than the second. 


§§ 58, 59. Killing’s Formulae. 





Oa A 
. Fra, 18. ; 
§58. Let P’ be a point néar P on a fixed straight line AP (Fig. 18), 
so that PP! and the angle POP’, or Ag, are to be considered as of the first 
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order of small quantities. Let.OA be the initial line from which the angle $, 
that is AOP, is measured. Draw P'N perpendicular to OP, and let us denote 


OP by y, OP! by y + Ay, 

AP bya, AP! by a+ Az. 
Then, by §54, P/N differs from f(y + Ay) Ad by & small quantity e, of order 
higher than the second. Also, as P’ moves up towards P, P'N/PP' converges 


to sin , where 4 is the angle OPA. Hence, A converges to f(y) cosec 4. 
In other words, « has a differential coefficient with respect to @, and 


do _ 
a f (y) cosec a. 


Again, | 
Ay = OP' — OP —OP'— ON + PN; 


therefore, since, by $54, ON differs from OP! cos P'ON by a small quantity 
ej, of order higher than the second, 


Ay .. 1 — cos Aĝ Ad? , PN j 
Ax TOHA) —RAe As + PP t 

The first term here converges to zero, since, by the above, the third as well 
as the first factor remains bounded, and, by §38, the second factor converges to 
zero. Hence, the left-hand side, like the right-hand side, converges to cos ¥. 
That is, y possesses a differential coefficient with respect to v, and | 


dy __- 
dz = cos a. 





X-AX-U- AY 


Fia. 19. 


8569. Now on OP and OP" respectively take Q and Q/, so that | 
PQ -—Q'P! = Ay. 
Let the equal angles OP Q' and OQ'P -be denoted by y, and OQ?! and OP'Q 
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by y+tAy. Then, néglecting small quantities of order higher than the first, 
we get, by considering the triangles Q'!PP' and @PP' (Fig. 19), 
(zt — x) + (m — 1 — x) + (+ AV) — m. 


V T (x + Ax) + (x + Ax — 9 — AU) =. 
Hence, 


^. 7t 


| xt Ax—$ ie 
and therefore, 
n —y— i = y + Ay — Y — ay = € — Ņ— i Ad; 
that is, 
| L QPPL PPIQA A 44 


Therefore, projecting first Q'P and PQ, and then Q'P' and P'Q N 
to PP', and equating the results, we get, neglecting small quantities of order | 
higher than the second, by § 56, | 


. PQ' sin Q'PP' + PQ sin 4 = P'Q sin PP! Q + Q'P' sin (4 + Ad), 


or, remembering that we may replace the chord by the arc, if we are neglecting 
small quantities of order higher than the second (857), . 
= cos "MES Awd) + Ay sind) = f (y + Ay) Ad cos (4 + 1 Ad) 
+ Ay sin (4 + Ad). 
Hence, rearranging terms and dividing through by Ay Aĝ, so that the neglected 
terms, which we now: re-introduce, contribute a.term whose limit is zero, 


f(y + Ay) — f (y) cos (+ RAN) 


Ay $ 
— 8in( EADY 4 e od A e 
where e! and e have the limit zero. | 
Since every term in this equation except Aw / Ad is iowa to have a unique 
limit, when P’ moves up to P, it follows that that ratio also has a unique limit, 
so that has a differential coefficient with respect to ¢; given by 


provided cos »j is not zero. 
37 
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$60. The Sine Formulae. 


We have now fully justified the following equations, obtained first by Killing. 
In this and the following articles we follow that author, in obtaining, for the 
convenience of readers, the fundamental formulse connecting the sides ahd angles 
of any triangle. 


a = f (y) cosec 4, 


E = cosy, i (Killing’s equations). 
ay "n 


In other words, assuming that the.length OA and the angle QAP are kept 
constant, we have the ratios of the increments of the remaining four parts of 
the triangle POA. Thus, dn particular, 


dy . cos Y) OD, 


-r —— cM o ener wand 


integrating which, we get 
l | f (y) sin V = const. 


Since as P moves up to A, x approaches zero, y approaches OA, or say c, and 
y approaches z — 8, where @ is the angle OAP, we have 


f (y) sind = f (o) sin £. 
Hence, in any triangle ABC, with the usual notation for the sides and angles, 


f@) — JO — fe. | p D 


ee erg sending. Sa di 


sin A sin B snc. 


$61. The Cosine Formulae. 
Thus, returning to our previous notation, 
| fto) gin > = f (æ) sin 4, 
whence, differentiating, | 
f (c) cos $ dà = f! (x) dæ sin 4j + f (x) cosy dẹ, 
' or, replacing the increments by their proportionals, by § 60, 
f (0) cos 9 = POSA) — f(a) F (y) cos 
Hence, in any triangle, 


f (9) cos A = f' (a) f (5) — f (a) 7" (b) cos C. (I) 
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$62. Eliminating cos C between the last equation and tae similar one, 


f(a) cos € = f (o) f (b — fic) f' (b) cos A, 
we get 
f (c) eos A — f e) f(b) = f' (9) f' () f (b) + £() (FO) cos 4 


Therefore, _ 
fo) con 4 [1 — (DE 10) (à) — 0/9. 
. Hence, interchanging b and c, and eliminating cos A, | | 
| 1— [FOP LEID gg 
 [f£(5)f Lf (e)]° 


ag, since 6 and c are any two stretches which form two of the ec 
of a triangle, we have 


i— [f'(5)F 
bt = oe: =p sav, 


for all values of 5. 


Integrating and remembering that m f (b) — — 0, we have three cases to 
distinguish: | 


1) k* is positive, 


whence 


3 


k 
£0) = k sin $ 


| f'(b) = cos s, . 
2) k? is negative, 
sinh- f rO è, 
g’. 
f(b) =k sinh 5, 
f'(b) = cosh i 


3) k is infinite, . | 
; f (b) — b. 
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Now in the Lobatchefsky geometry, as we have seen, f'(b) is a monotone 
increasing function of 5; thus case 1) can only be the Riemann geometry, in 
which f' (b) is a monotone decreasing funetion of b. for small values of b; case 3), 
in which f! (b) is constant, is the Euclidian case, and case 2) is the Lobatchefsky 
geometry. ae " | 

$63. Thusin the Lobatchefsky geometry we have: ` 





| PNE = =~ = LR I (Lobatchefsky I) 
sinh -y sinh p sinh T "E 
'  ' sinh 2 cos A = cosh sinh? — sinh cosh ^ cos €. ` (Lobatchéfsky II) 
In the Huclidian geometry we have: | | 
a | © (Euclid 1) 
c cos A = b — a cos C. (Euclid II) 
Finally, in the Riemann geometry, we have: | 
sin : = a = n | | | . (Riemann I) 
> fy + ng ey | 
sin 7 cos Å = cos S dn? gn ae cos C.. . (Riemann II) 
k k k k 


From these formula all the others can be obtained. 


GENEVA, April, 1910. 


Curves in Non-Metrical Analysis Situs with an 
Application in the Calculus of Variations.* 


By N. J. LENNES. 


$1. Introduction. 


This paper contains a body of definitions and theorems relating to simple 
curves, limit-curves, etc., which, it is hoped, will be of general usefulness in a 
considerable range of non-metrical investigaticns in analysis situs and related ` 
subjects. It had its origin in an attempt to prove certain theorems concerning 
the existence of solutions in the calculus of variations. Indeed, the definition of 
an arc given in $ 4 is merely an enumeration of those properties of a certain set 
of limit-points of a sequence of arcs which appear when one attempts to PONE 
directly that they constitute a continuous arc. 

It is apparent that in a geometry possessing linear order and continuity 
curves and limit curves exist entirely independently of metric properties. 
Hence the discussion ‘so’ far as it relates to these is carried out on non-metric 
hypothesis. Schoenflies testifies to the desirability of this procedure in the 
following words (after quoting Cantor’s definition of “Zusammenhang,” which is 
stated in terms of equality of segments) : ‘‘ Wenn nun auch der Abstand zweier 
Punkte für die hier vorliegenden Untersuchungen einen axiomatischen geome- 
_trischen Grundbegriff bildet, so scheint és mir doch zweckmássig, rein mengen- 
theoretische Definitionen überall da zu bevorzugen, wo es möglich ist, ev 
In spite of this explieit expression of preference for ncn-metric Eent “wo 
es móglich ist," Schoenflies uses metric hypothesis in the proof of practically 
every important theorem dealing with curves and the regions defined by them. © 

The argumentation in various parts of the paper requires a considerable l 
body of theorems on simple finite and infinite polygons. Consequently $2 is 


m—& 


* Read before the Chicago Section of the American Mathematical Society at its December meeting, 1905. 
Changes made since then are entirely unimportant. 
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devoted to polygons. A number of theorems on the finite polygon are proved 
by the writer.in a paper in this Journal.* Schoenflies proves the main theorem 
of $3; viz., that an infinite continuous simple polygon separates the plane into 
two connected sets.t His treatment, however, makes use of full metric properties 
as well as the axiom of parallels, and, also makes use, without proof, of the 
theorem for the finite case as stated by Hilbert and Veblen.f{ The latter theorem, 
however, had been proved earlier by Schoenflies from metric hypothesis. $ 
While the axiomatic basis for this treatment of the infinite polygon is thus 
considerably weaker than that used by Schoenflies, it is believed that the treat- 
ment is shorter than his, while at the same time less is left to be supplied by 
the reader. . | 
Section 8 deals with approach to limit- -points. To prove that there exists 
a sequence of points on a line approaching a given point as a limit-point, a mild 
.form of continuity is used (see p. 305). This axiom. may be regarded as the 
projective geometry analogue of the Archimedean axiom of metric geometry. 
So far as known to the writer the axiom in this form is new. The existence of 
a sequence of sets of points closing down wn?formly upon a given closed set of 
points follows immediately without further axioms. The existence of such 
sequences is fundamental in the discussions that.follow, and it is believed they 
will be generally useful in work on non-metric analysis situs. . Indeed, it seems 
that metrie properties have been brought in precisely at that point in the argu- 
ment where such sequences of sets are here used, and' that even by those who 
have avoided the use of metric properties most consciously and most successfully. 
Compare for instance Veblen’s **Curves in Non-Metrical Analysis Situs” || with’ 
p. 312 of this paper. The given closed,set upon which these sequences of sets . 
of points close down is identical with the generalized inner limiting set of Young.f 
The uniformity of approach, however, is peculiar to this paper and it is this 
uniformity which is of importance in the argument. 


4: 





* Lennes: «Theorems on the Finite Polygon and Polyhedron,” Vol. XXXIII (1911), pp. 37-62. For other 
non-metrical proofs of some of these theorems, see O. Veblen, Transactions of the American Mathematical Society, 
Vol. V (1904), p. 343, end Hans Hahn, Monatshefte für Mathematik und Physik, Yol. XIX, pp. 289-303. 

1 Schoenflies :: t Beiträge zur Mengenlehre,” I, Mathematische Annalen, Vol. LVIII, pp. 195-234. 

t Hilbert: * Grundlagen der Geometrie” (2d een p. 6); and Veblen, loco citato, p. 865. 

8 Gott. Nachr., 1902 2 pp. 185-192. 

_ |] Transactions of the American Mathematical Society, Vol. VI, p. 83. 

« W. H. Young and Grace Chisholm Young: ane Theory of Sets‘of Points,” TN University Press, 
p. 69 et seg. 
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The construction used in $3 to obtain a sequence approaching a given point 
as a limit is that given by Von Staudt * in his proof of the fundamental theorem 
of projective geometry. The axiom used in this paper is of course weaker than 
the full continuity used by Klein + to validate the argument of Von Staudt. 

Section 4 contains the definition of arc (or curve) and a proof that it is an 
are of a Jordan curve when the definition of the latter is couched in non-metric 
terms, Various point-set definitions of arcs (or curves) have been given. 
Veblenf defines “curve” in terms of “point” and “order” and proves that the 
result is a Jordan curve. However, metric properties are used at one step in 
showing that the curve is actually a Jordan curve, — a result obtained in this 
paper by means of uniformity of Approach. Schoenfiies§ defines “curve” ‘as a 
frontier or outer rim of a connected region havirg the property of being accessible 
(p. 312) at every point both from exterior and interior points. Thus. the 
Schoenflies definition of closed oe curve is analogous to'the Dedekind 
“Schnitt” on the line. | 

Young || defines a curved arc as “a plane set cf points, dense nowhere in 
the plane, such that, given any norm e, and describing around each point of the 
seb a region of span less than e, these regions generate a single region Re, 
whose span does not decrease indefinitely with e." In Young's treatment free 
use is made of metric properties. i 

. In this paper an arc is defined (p. 308) as follows: “A closed,- bounded, 
connected set: of points containing A and B, A=— B, which contains no proper 
connected subset containing A and B, is a continuous are whose end- -points are ` 
A and B.” ` This definition seems to be very near the obvious intuitional 
meaning of the term “arce” or “curve.” It has the two properties of ‘‘con- 
nectedness" and “thinness”; viz, an are consists of ''one piece" and is so 
*thin," everywhere, that removing any one point, other than an end-point, 
separates it into two parts. | n 

In section 5 the frontier of a region is considered as a Jordan curve. 
- A proof is given of the theorem of Schoenflies that any outer rim of a connected 





* Von Staudt: «Geometrie der Lage,” p. 50. 

t Mathematische Annalen, Vol. VI, p. 139. 

t Veblen: ‘Curves in Non-metrical RUE Situs,” Transactions of the American A eeano Society, 
Vol. VI, pp. 83-98. i 

8 Schoendies, foco citato, p. 195. 

| W. H. Young and Grace Chisholm Young, loco citato, p. 206. Also W. H. if Young: Quarterly Journal of 
Pure and Applied Mathematics, Vol. XX YII, pp. 1-35. / 
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region is a Jordan curve in case it is accessible at every point both from exterior 
and interior points. It is also shown that an outer rim every point of which is 
accessible from an exterior point separates the remaining points of the plane 
into two connected sets, and also that a rim may. be accessible at every point 
from exterior points'and fail to be accessible from Interior points, and hence 
need not be.a Jordan curve. 

Section 6 is devoted to a simple non- net ical proof of the classical Mori 
that a Jordan curve separates a plane into two ċonnected sets. Section 7 is 
concerned with limit-arcs of a set of arcs. It is shown that under a certain 
uniformity condition on the continuity of the set of arcs at least one limit-curve ` 
exists. 

In section 8 the general theory of the paper is applied to the problem of 
proving the existence of minimizing | curves in an important class of problems: | 
in the calculus of variation. 

The argumentation i8 based spesifeaily on the axioms of Professor Valen! T 

The undefined symbols of Veblen's axioms are point and order. He defines 
. 8 line containing the points A and B as consisting of the points A and B together 
` with all points X which have one of the orders XAB, AXB and ABX. The 
points X such that the order AXB exists constitute the segment AB. If the 
points A, B, C are not collinéar, the segments AB, BC, CA, together with the 
points A, B, C, form a triangle, and. all points collinear with two points. of a 
fixed triangle form a plane. 

The following axioms are used: 

Axiom I.t There exist at least three points. 

Axiom II. 4 the points A, B, C are in the order AB C, they are in the order 
CBA. | 

© Axiom ITI. If the points A, B, O are in the order ABO, they are not the 
order BCA. | | 

Axiom IV. Af the points A, B, C are in the order ABC, then A is distinct 
from C. 

AXIOM m If A and B are two distinct points, there exists a point e 8uch 
that A, B, C are in the order AB C. | 


 * Oswald Veblen; “A System of Axioms for Geometry," Tronsactions of the American Mathematical Society, 
Vol. V (1904), pp. 345-384. 
+ The Roman numeral indicates the number of the axiom in Veblen's get. 
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Axio VI. If the points C and D (CzE D) lieon the line AB, then A lies 
on the line CD. g | = 

Axiom VIL Jf there exist three distinct points, there exist three points A, B, C` 
not in any of the orders ABC, BCA, or.CAB. ! 

^ Axiom VIII (the Triangle Transversal Axiom). Jf three distinct points 
A, B, C do not lie in the same line, and D and E are points in the orders. B CD 
and CEA, then a point F exists in the order AFB such that D, E, F lie on the 
same line. 

Axiom C lun of Continuity) * If all points of a line are divided, into two 
sets such that no point of either set lies between points of the other, then there is one 
point on the line which does not lie between points of either set. 

. The theorems of section 2 are proved by means of Axioms I-VIII. The 
other theorems are proved by means of Axioms I-VIII and C. We adopt 
Veblen’s definition of segment, line, triangle and plane. The discussion through- 
out the paper is confined to the plane, and zhe axioms selected from Veblen’s 
set are plane axioms. 


a 


§ 2. The Simple Polygon. | 


The main topic of section 2 is the infinite continuous polygon. Theorems 
on the finite polygon that are used in the argumentation are inserted for con- 
venience of reference. These theorems were proved. explicitly i in a paper in the 
present volume of this Journal. The references to that: paper are by page 
numbers and the number of the proposition; as (28), p.45. References to propo- 
‘sitions in the present paper are by the numbers of the proposition and section 
only; as (1), $2. In some cases where ihe proofs are entirely obvious no 
reference is made. | 

. Derinirions. A set of points [X]{ such thai one of the orders AXB and. 
ABX exists, together with the points A and. B, forms a “half-line” AB (not a 
half-line BA). . The half-line is said to proceed from. A. 

The points lying on two hal J- -lines proceeding from ihe same point dui not lying 

in the same line form an “angle.” 


* This form of the axiom of eontinuity is, in the presence of Axioms I-VIII, equivalent to Axiom XI 
of Veblen. 

+ Lennss: ‘¢Theorems on the. Bluipie Polygon and ni PEDRON JOURNAL OF MATHEMATICS, 
Vol. XXXIII (1911), pp. 37-62. 

t The symbol [X] is used to denote a set any one of whose elements may be denoted by the symbol within 
the brackets or by this symbol with subscript or other identifying marks, The brackets [] are used when the 
set is not in any particular order. If the set is ordered, we write 4 X b. 
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The symbols Z and A are used for angle and triangle in the usual manner. 

A point P is an “interior point” of a set if there is a triangle t of which P is 
an interior point such that every interior point of t (possibly except P) is a point 
of the set. 

A set of points is “entirely open” if every one of its points is an interior point 
"of the set. 
1. THEOREM. Any line of a plane separates the remaining points of the plane 
into two entirely open sets such that a segment connecting two points of the same set 
contains no point of the line, while a i a connecting points of different sets con- 
tains a point of the line. 

(For proof see E. H. Moore: “On the Projective Axioms of Geometry," 
Transactions cf the American Mathematical Society, Vol. III (1902), pp. 142—158, 
or Veblen, loco citato.) | 


2. THEOREM.. An angle (triangle) separates the remaining pointe of the plane 
in which it lies into two entirely open sets, an interior and an exterior, such that a 
segment connecting an interior anil an exterior point contains one point of the angle 
(triangle), a segment connecting two interior points contains no point of the angle 
(triangle) and a segment connecting two exterior points and not containing a vertex 
contains two or no points of the angle (triangle). 

(For proof see same as preceding.) 

DEFINITIONS. The points lying on a set of segments ÁA Az, Az Áz,- >- Au 4A, 
' together with ike points A,, As, . - - -, A, (called vertices), constitute a finite broken line. 

The point L is said to be an end-point or lumit-point of the infinite set of segments 
A, A,, A, Ag,.-+-, An Anyi ----. of for every triangle t of which L is an interior 
point there is a number N (depending on the triangle č) such that for every n> N 
the segment A, A,., lies entirely: within the triangle. The set of segments form an 
“infinite broken line” connecting its end-points A, and L. If a point C is connected 
with Lor A, oy means of a finite or infinite broken line, then the two broken lines 
together form a broken line connecting A, and C or Land C. Such points as A,, D, C 
are vertices of the broken line. A segment including its end-points is a special case 
' of a broken line. | | . 

Hereafter the expression ''broken line" will be uséd for both finite and 
infinite broken lines. The word ''finite" or "infinite" will be used when we 
wish to specify particularlv the one or the other. 

If no point of a broken line is common to two of sis segments, a segment and a 
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vertex, or two vertices (except possibly the end- qon the broken line 4s a “simple” 
broken line. : : 

If a simple broken line connects two points A and B, aul uf these ne are 
the same point, the broken line forms a ‘‘stmple polygon.” If the broken line is finite, 
the polygon is “finite”; and if the broken line is infinite, the polygon ts “infinite.” 
The segments of the broken line are the bod of the polygon, and the vertices of the 
broken line are the “vertices of the poli ygon." 

If a vertex is a limit-point of an infinite sequence of segments, the polygon is - 
, said to be “infinite” at this vertex or to have a “‘limtt- point” at this vertex. 

The word *' polygon" wil be used for both ñnite and infinite simple 
polygons. | 
An entirely open set of points ts said to be T (see note, p. 303) «f for any 
two points of the set there is a broken line connecting them which lies entirely in the set. 


3. THeorrm. Jf A and B are points of an entirely open connected set, then. 
there is a finite broken line connecting them which lies entirely in the set: 
. .Pnmoor By hypothesis there is a broken line (finite or infinite) in the set 
connecting the points A and B. Suppose the broken line is infinite and has just 
one limit-point Z. Since Z lies within the set, there is a triangle ¢ containing L 
as an interior point all of whose interior points are points of the set. If A is 
exterior to ¢, trace the given broken line from A to a point on ¿ and likewise 
from B toa point on 4. These two finite broken lines, together with a segment 
connecting end-points of them within £, form the required broken line con- 
necting A and B. Since the broken line has only a finite rumber of vertices 
which are limit-points, it follows that a ems of this construction gives 
the required broken line for the general case 
DEFINITIONS. A set of points [P] is said to "separate" the remaining 25 
of the plane into two sets if every broken line connecting a point in one set with a point 
in the other contains at least one point of [ P].* 
| If a triangle t, is constructed about each vertex L; of a set of broken fina [b], 
then thé segments of [t;], together with those segments of [b] which are partly or 
entirely exterior to every ange of [t;], are called the ‘exposed? set of [b] with 
respect to [t]. l | 


`X 


* The following is a more genera? definition of separation : «4 get of points [P] is said to separate a 
connected set [R] if the points of [2] not in [P] do not form a connected set," the perm connected set being 
used in the sense of $8. See page 308. 
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' | 
4. THronEM. If [] is a finite set of broken. lines, -the remaining points of the 


. plane form an entirely open set. 

Proor. Let L, L,...., Ln, or rj, be the limit- veros of [5] and P any 
point not of [5]. By (17), p. 41, there is for each point L, a triangle t of 
which P is an exterior point. By the definition of “continuous broken line” 
there is only a finite number of exposed segments of [b] with respect to [ż]. 
Hence by (17), p. 41, there is a triangle ¢ of which P is interior, and every 
exposed segment, together with its limit-points, exterior. Then, by (16), p. 41, 
there is no point of [5] within t. 

5. TuEonEM. Jf [b] is a finite set of broken lines and ABC any PEA B not: 
a, limit-vertex of one of the broken lines, then there is a ray BE within the angle ABC 
which contains no vertex of [b]. n 


 Pnoor. If there are n limit-vertices of [b] on or within ZABO, construct 
rays from B within the angle forming 2n 4 1 angles of which no two have an 
interior point in common (8), p. 40. Then there is at least one angle of this 
set such that there is no limit-vertex of [b] on or within it. Hence, by (2), $2,- 
and the definition of broken line, there are only a finite number of vertices.of [5] 
. within this angle; and hence, by (8), p. 40, the — ray BK may be con- 
structed within it. 


6. Turorem. If [bj ts any finite set of broken lines and ABC an angle such ^ — 


that there ts no point of [b] on the segments AB and BC or their end-points, then - 
there is a point C' on BC such that there is no point of [b] on or within the erangi 
ABC". 

Proor. About each limitvspbox L; of [b] on or within ZA BC construct 

a triangle £; Such that no point of the segments AB and BC or their end- -points 

lies on or wiihin a triangle 4j. Then there is only a finite number of exposed 
segments within Z ABC, and hence, by (15), p. 41, there is a point O’ on BC 
such that there is no point of an exposed segment on or within the triangle 
AB C', and hence no point of [b] on or within this triangle. 

7. THEOREM. If t is a triangle enclosing a limat-vertez L of a set of broken 
lines [5], then there ts a triangle t, also enclosing L, which lies entirely within tj and 
on which lies no vertex of [b]. An infinite broken line connecting a point A, exterior 
to t, with its only limit-vertex L within t, meets i'in an odd number of points. 

Proor.: Let ABC be the triangle &, enclosing L. Using (5), construct CD 
and CF so that no vertex of [b] lies on these segments while L is within the . 
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angle DOE. Similarly construct DF and DG and then FH, thus obtaining the 
triangle FGH which has the required properties. That an infinite broken line 
connecting an exterior point A, with its only limit-point L within f, meets £, in 
an odd number of points is then an obvious corollary of (2) and the definition of 
continuous broken line. | | 





Fra. i. 


8. THEOREM. If a line contains no vertex of a polygon, or if of an angle and 
a polygon neither contains a vertex of the other, then such line or angle contains am 
even number of points of the 1 polygon, zero being an even number. 


Proor. For the case when the polygon is finite, see (18), p. 42. In case 
it is infinite, proceed as follows: Let / denote the given line and L,, L,,...., L,, - 
or [Z,], be the limit-vertices of the polygon, the notation being so arranged 
that the points are in that order on the polygcn which is indicated by the sub- 
scripts. Let [4] be a set of triangles such that L; lies within £, while every 
point of / is exterior to every triangle of [4] (see (1)). Consider the broken 
line Z, L, which consists of two broken lines A, As, 4, 45, ...., A, As, e, Ly 
and 4, 4;, 4,45, ...., Ah AL, ...., Ze. By definition (p. 292) there is an N 
such that, for n >N, 4, Anp lies within 4, and an M such that, for m > M, 
A}, Ahy lies within &. Then every pum of the broken line L L, which lies 
on J is on the finite broken line Aj, A7, ,, ...., A, , Ån. As an immediate 
consequence of (1),.this broken line contains an even or odd number of points 
on l according as A, and Aj, lie on the same or opposite sides of the line 
Since Z4 and A,, and L, and A’, are on the same side respectively of 1, it follows 
that the broken line Z, L, contains an even or odd number of points of / according 
as L, and L,are on the same or opposite sides of 7. The theorem now follows 

39 l 
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exactly as in the case of the finite polygon. The argument for the angle is 
identical with that given for the line, except that (2) is used instead of (1). 
' We now define as in the case of the finite polygon. 

Derinition. A point not on a polygon ts an interior point of the polygon if a 
half-line proceeding from it and containing no vertex of polygon contains an odd 
number of points of the polygon. The point is exterior if such half-line contains an 
even number of points of the polygon. | 

9. THEOREM.. If a broken line contains no point of a polygon, wt is either 
entirely exierior or entirely interior. | 

Proor. For the case when the polygon is finite, see (19), p. 43. It 
remains to make the proof in case the polygon has one or more limit-vertices. 
We. show first that a segment which does not meet the polygon is entirely 
interior or entirely exterior. | 

‘Let A be any point of such segment A, A, or its end-point 4,. Denote by | 
EL] the set of limit-vertices of the polygon. About each point L; construct a 
triangle ¿ of which the segment A, A, is entirely exterior, Construct a half-line 
AK not meeting a vertex of the polygon (5). | Then by (6) there is a point B 
on AK such that there is no point of the polygon on or within the triangle ABA,. 
Again, by (5) there is a ray A, H within Z.44, B which. contains no vertex 
of the polygon. Let the ray A,H meet the segment AB in E ((6), p. 39). 
Since the rays AE and A,# contain no vertices of the polygon, and the seg- 
ments AR and A,R- or their end-points contain no points of the polygon, it 
follows from the definition of exterior and interior points that the points on 
these segments, including their end-points, are al. exterior or all interior; that 
is, A and A, are both exterior or both interior. But A is any point of the seg- 
ment A,A,, or possibly A,, and hence the points of this segment, including its 
end-points, are all interior or all exterior. It now follows immediately that any 
finite broken line which fails to meet the polygon is all interior or all exterior. 

Consider now an infinite broken line 4, 4,, 4, Ág, ...., A n4ngiy with 
a limit-vertex L which does not meet the polygon. Then, by the preceding, 
the points of this broken line, except L, are all interior or all exterior. Since L 
does not lie on the polygon, there is by (4) a triangle ¢ containing Z as an interior 
point within which there is no point of the polygon. Connect Z with some point 
K of the broken line A, Z within ¢ Then we have a finite broken line connecting 
A, and Z, and hence L is interior or exterior according as the remainder of the 
broken line is interior or exterior. 
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10. TuzonEM. Jf P ts a point of a side A, A, of a polygon, and if segments 
PB and PC lie on opposite sides of the line A, A, and contain no point of the 
polygon, then one segment is entirely exterior and the sther entirely interior. l 
|. Pnoor. Through P construct a line / such that one'ray PK on it does not 
- contain a vertex, (5). Let B' and €! be points on Z in the order, B' PO! such 
that B and P' lie on the same side of the line A, Á, and such that there i$ no 
point of the polygon on. B'C' except the point P. Then, by definition, one of the 
` points Band O' is interior and the other is exterior. Since B and B’. are on 





Fra. 2, 


the same side of the line A,.A,, there is no point of the segment 4 A, within . 
the angle 8 PB'. Hence, by (6) there is a point B” on 5'P such that there is ` 
no point of the polygon (except P) on or within the triangle BPB". Hence, 
by (9) all points of the segment BP are exterior or interior according as B' is 
exterior or interior. In the same manner we show that the segment CP is 
exterior or interior according as C’ is exterior or interior. Hence one of the 
segments BP and CP is entirely interior and the other entirely exterior. 

Jt follows also from this argument that: 

11. THEOREM. Tf two segments AB and AC are toth interior or both exterior 
and have the common end-point A on a side of the polygon, then mos as a broken line 
. connecting B and C which does not meet the polygon. 
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12:. TTHEoREM. Jf two points P and Q lie on the same or different sides of a 
polygon p, then there is a finite broken line connecting them which is entirely interior, 
and another which 1s entirely exterior. 

. Proor. Suppose P and Q lie on two consecutive sides A, A, and A, A; 
respectively. Then there is a point H on the line A4, in the order A; A, H 
such that there is no point of p on 4, H. Then by (8) there is a point M on 
A, H such that there is no point of p on PM. In the same manner we obtain a 
point N on the line PM in the order PMN such that there is no point of p on 
QN. Hence there is no point of » on the broken line P.N, NQ. | 





Fra, 8. 


In the same manner we find H’ on the segment QA, and a point N’ on the 
segment PH’ such that there is no. point of p on the broken line PN’, N'Q. 
By (10) and (9) one of these broken lines is interior and the other exterior. By 
repeating this process and using (11) we now prove the theorem for the case 
where P and Q are connected by a finite broken line of the poiygon. 

We next consider the case where the points P and Q are connected by a 
broken line of p which contains only one limit-vertex L. According to (7) 
enclose L by a triangle on which lies no vertex of p and no point of p except 
of the broken line connecting P and Q. Then by (7) each of the broken lines 
PL and QL meets ¢ in an odd number of points. Let B,A,,...., R, be the 
points in which it meets PZ as they appear in order on the triangle ¢ Then 


Situs with an Application in the Calculus of Variations. — 299 


there are two consecutive points, as R,, R,, on t between which QL meets t in 
an odd number of points. ` Let these points in their order be Q,, Qe, ...., Qm- 
Then by (10) one of the segments R, Qı and Qn E, is interior and the other is 
exterior. Suppose R,Q, exterior. Then, by the finite case of the theorem and 
(11), there are finite broken lines connecting both 7 and Q with points on EQ, 
which are entirely exterior. These two broken lines, together with a segment 
of £,Q,, form a finite broken line connecting P and Q which is entirely exterior. 

In the same manner, using the interior segment Q,, fi, we obram an 
interior broken line connecting P and Q. 


13. TuzonEM. A polygon separates the rema ining points of the plane into two 
entirely open connected sets, one consisting of the interior points and the other of the 
exterior points of the polygon. 

. PRoor. (a) By (9) a broken line connecting an interior and an exterior 
point meets the polygon. : 

(b) Any two interior points are connected by a broken lire which does not 
meet the polygon. Let M and N be any two interior points. Connect these 
with points P and Q on the polygon by means of segments MP and NQ which 
contain no point of the polygon. Then, by (12), M and N may be connected. 
If M and N are both exterior points we proceed in the same manner. 


Derinitions. The sets [ O'] and [O"] are complementary subsets of the set [ O} 
if (a) the sets [ O'] and [ O"] have no element in common, (b) every element of either 
[ 0'] or [ O"] is an element of the set [0], (c) every element of "P is am element of 
either | O'] or [O"]. 

A set of points is bounded if there exists a poiygon of which every point of the 
set 18 an interior point. 

A point is an interior point of a set of polygons if it ts an interior point of one 
polygon of the set. 

A set of polygons is overlapping uf any two complementary subsets have interior 
points in common. 

"Two points P, and P, are said to be mutually accessible with respect to a set of 
points [R] af there exists a broken line connecting them but. containing no point of 
[E] except possibly P, or P, or both. 

14. THEOREM. f two polygons are not identical and have interior points in 
common, then there are some points of one polygon within the other, and some poinis 
_ of one polygon exterior to the other. 
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Proor. Denote the polygons by p, and p,. Since each polygon is simple; 
it follows that not all points of either lie on the other. Let P be an interior point 
of both p, and p,. If there are no points of p, within p,, then all points.of Do 
. are accessible from P with respect to pı. Let Q bea point of p,, not of p,. 
Then Q lies within p,, since it is accessible from the interior point P and does 
not lie on the polygon itself. In the same manner we show that there are some 
points of one exterior to the other. 

15. THkonEgM. If [p] is a finite set of finite overlapping DAA, there is 
a finite polygon p' all of whose points are points of [p] such that all interior i 
of the set [ p] are interior points of p'. | 

Proor. On a line? let P be a point such that all intersections of / with [p] - 
lie on the same side of P. Denote by p all points of [p] accessible from P, 
and by [Z] all points not thus accessible. Then (a) no point of p’ lies within a 
polygon of [p] and every segment of p' is reached from. P from the exterior side 
of the polygon of [ p] on which it lies. 

(b) All interior points of the set [p] are points of [7], since no such point 
can be reached from a point exterior to all polygons of [p]. 

(c) Ány two points, both interior, of the set [p] are mutually accessible 
with respect to p'. Suppose the polygons of [p] are ordered as 51, ps, - .--, Dn 
in such manner that p, and 5,,, have interior points in common (i= 1, ...., 
n—1); then clearly any two interior points of p, and p, are mutually accessible, 
since one of these polygons contains points which lie within the other (14), and 
hence are not points of p! (a). | 

(d) Let J be any point of [J] not an interior point of the set [ p]. Cones 
I with a point Q on a segment of a polygon p, of [p]. Then AQ is exterior to 
the polygon -p,, while 4, is not accessible from, P with respect to p’. Hence, 
by (a), Q is not a point of p' whence J, can be joined to a point within p, 
without meeting p'. Hence [J] is a connected set with respect to p'. Clearly 
the set of points not of p' which are accessible from P is a connected set. Hence 
. ! is a finite set of segments separating the remaining points of the plane into ' 
, two connected sets. Clearly no subset of p' does thus separate the plane, since 
removing a single pus from »' enables us to reach points of [J] from P. 
Hence, by (27), p. 44, p' is a simple finite polygon. ] 

| Derinition. A point L is a "limit-point" of a set of points [P] i of there are 
points of [P] other than L within every triangle of which L is an interior point. | 
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16. THEOREM. An exterior point of a polygon te not a limit-point of interior 
points, and an interior point is not a limit-point of exterior points. 

Proor. This is a direct consequence of (4) and (14). 

17. Tuxorem. A broken line which hes entirely within a polygon, except its 
end-points which lie on the polygon, forms with the polygon two polygons having no 
interior point in common such that al interior points of the first polygon lie on or 
within the two resulting polygons. 

Proor. Denote the broken line by P,P,. It is a consequence of the 
definition of polygon that two polygons are thus formed, the broken line P, P, 
being part of each polygon. Denote these two polygons by p, and p,.. Since 
every point of each polygon not of P, P, is accessible from some external point, 
it follows that neither polygon contains a point within the other, and hence 
by (14) they have no common interior point. That every interior point of the 
- original polygon is on or within p, or P: is a direct consequence of the definition. - 
of interior points. 

Derinition. A broken line b d said io crosa a polygon p once between two points 
P, and P, of b if one of the two points, as P,, is exterior and the other is interior, 
and if, following b from P, to P,, one is never led back from interior to exterior 
points. The polygon is also said to cross the broken line. 

: will be noticed that some segments of b and p may coincide. - 

. TuronEM. A broken line AB, finite or at most having the limit-vertices 
A ar B, crosses a polygon p an odd number of times if A is exterior and B 16 
interior and if AB contains no limit-veriex of p. | 

Proor. This is.an immediate consequence of (13). 

19. THEOREM. Jf p, is a finite polygon or infinite at most at the points A and B, 
and if p, is a finite polygon of which A ts exterior and. B is interior, then p, contains 
a broken line which connects a point on one of the broken lines AB of p, with a point 
of the other broken line AB of p,, and which lies entirely within p,. 

Proor. The polygon p, contains two broken lines AB which we denote 
by 6, and b. By (18) each of the broken lines crosses the polygon p, on. odd 
number of times. The polygons p, and p, clearly have interior points in common, 
_ since points of the one lie within the other, and hence by (14) there are points 
of p, exterior to p,. Let Q be any such point. Suppose the theorem not true. 
Following the polygon p, from the point Q we can meet b, only after having 
crossed b, an even number of times (zero being an even number), for otherwise 
just before meeting b, we should trace a broken line within p, such as we suppose 
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does not exist. Similarly we can not meet 6, again until we have first crossed 
b, on even number of times. Continuing in this way, remembering that p, is a 
finite polygon, we show that p, crosses b, and b, an even number of times, or, 
what is the same thing, b, and b, each cross p, an even number of times, con- 
trary to (18). Hence the broken line specified in the theorem exists. 

20. THEOREM. L 7n two points A and B are connected by any broken line, finite 
or having at most the limit-vertices A and B, then there is a subset of this broken line, 
which forms a simple broken line connecting A and B. 

Proor. Inclose A and B in the small triangles f, and f, respectively. Let 
A, be a point of the broken line not within either iriangle. From A, trace the 
broken line towards B until we meet a point in the line already traced. Then 
a complete polygon has been traced, which we now omit from the broken line 
we are seeking. Since there are only a finite number of such polygons on A, B, 
exterior to the triangle t, we finally obtain a simple broken line connecting A, 
with a point within é. Since this is true for any triangle of which B is an ! 
interior point, we have a simple broken line connecting 4, and B. In the 
same manner we obtain a simple broken line connecting A, and A, and these 
together form the broken line required. 

DEFINITIONS. A set of points is bounded if it lies within a polygon. 

A polygon is convex 9f for any line on which lies one of tis sides there are no 
points of the polygon on one side of the line. 

21. THEOREM. For any polygon p there exists a conves polygon p, such that 
every interior point of p, lies within p. | | 

Proor. About each limit-vertex L; of p set a triangle ¢,. Then there is a 
finite set of exposed segments. Connect every pair of end-points of these seg- 
ments, forming a finite set of segments [c]. Let P be any interior point of p. 
Then there are points of p and hence of [c] on both sides of every line through 
P. Draw any half-line from P not meeting an end-point of [c]. Then on this 
halfline there is a finite set of points of [c], and hence a last such point which 
lies on a segment Q, Qz. Then on one side of the line Q,Q, there is no end-point 
and hence no point of [c], for if there were we shculd have a line meeting only 
one side of a triangle. Denote the angle QFP Q, by a. From P draw rays 
through the various end-points of [c] and order the angles thus formed, making 
a set [a,]. Since there are points of [c] on both sides of the line PQ,, there are 
such. points on that side of this line which is opposite the ray PQ,. Hence there 
is an angle of a;, as az, of which PQ, is a side, whose other side is on the 
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opposite side of PQ, from PQ,, and within which there is-no end-point of [c]. 
Within a, construct a ray from P meeting [c] in a last segment Q, Qs: 
Again on one side of the line Q,Q, there is no point of [c]. In this manner we 
continue until we.reach Q, Then the polygon Q1Q,, Q,Q,, -..-, Q,Q; has the 
required properties. 


$3. Concerning ` a Sequence of Sets of Regions which Close down Uniformly 
. on a Closed Set of Points. 
We now consider a plane in which Axioms I-VIII, € of §1 hold. 
DEFINITIONS. A set of points is “ closed ” if it contains all its limit-points. 
A set of points is a “ connected set’ ' if at least one of any two bp ca Coal 
subsets contains a limit-point of points in the other sét. 
A “region” consists of an entirely open connected sét together with pany or all of 
those of its lumit-points which are not pointe of the sct.* | 
/ Itisonly in the presence of Axiom C that a “closed” set as defined in the 
present paragraph differs from one not closed. The definition of “connectedness” 
given on page 293 may apply to a plane of. Axioms I-VIII or to one of. Axioms 
I-VIII and C, while the definition given in this section applies only in. case 
Axiom C is included. However, the latter definition of connectedness. applies 
in cases where the former does not. — 


EE d 


* The terms «connected "" and ‘region’? ' have been defined variously. G. Cantor (Mathematische Annalen, 
Vol XXI, p. 575) defines t connected"! as follows, in terms of geometric congruence. A set of points T is 
«zusammenhángend, wenn für je zwei. Punkte.! und // derselben, bei vorgegebener beliebig kleiner Zahl e 
immer eine endliche Zahl Punkte 5, t£, ... T t, von T auf mehrfache Art vorhanden sind, so dass die Ent- 
fernurgen Ti, L t, 5,0, ...., t, t sämtlich kleiner sind, als e." 

W. H. Young, in his *« ‘The Theory of Sets of Points," p. 234, gives an equivalent definition in non- 
metrical terms: “A set of points such that, describing a region in any manner round each point and each 
limiting point of the set as internal points, these regions always generate a single region, is said to be R con- 
nected set provided it contains more than one point.” 

It will be noticed that these definitions make many sets connected which it would seem are not naturally 
so regarded. Thus, according to them the interior and exterior pcints of a circle or a triangle belong to the. 
same connected set. A segment is connected though any set of isolated points is removed. In general, if 
from the ordinary continuum in space of any dimensions any set wLatever which is nowhere dense is removed,’ 
the residue would form a connected set. 

Schoenflies (Mathematische Annalen, Vol. LVIII, p. 209), following Jordan («Cours d' Analyse, ? Vol. II, 
p. 25), first defines the notion of connectedness for a perfect set, ‘Eine perfekte Menge T heisst zusammen- 
hüngen, wenn sie nicht in Teilmengen zerlegbar ist, deren jede perfekt ist." Also (p.210), Die Komplimentür- 
menge M einer zusammenhüngenden perfekten Menge T heisst zusammenhüngend, resp. zusammenhüngendes Gebiet, fails 
je zwei ihrer Punkte durch einen einfachen Weg verbindbar sind, der thr ganz angehört’?  Schoenflies then remarks, 
Diese Definition ist mit der Cantor'schen inhaltlich übereinstimmend,” which is obviously not so. The ex- 
ample given above of the interior and exterior of & circle or a triangle, which under the Cantor definition 
belong to the same connected set, shows this, since under the Schoenflies definition just given these will not 


40 


304  LEgNNES: Curves in Non-Metrical Analysis 


We remark, in connection with this definition of region, that it is supposed 
to carry with it an implicit reference to the number of dimensions of the space 
that is considered. Thus if only the points of a line are considered, a seoment 
of the line is a region. In a plane the interior of any polygon is a region, but 
this set does not form a región if it is considered in a three-dimensional space. 

DzrmwrTION. An infinite sequence. of segments jo,} of a line lis said to “ close 
down upon a point P as a limit-point"! if for every segment o! of l containing P 
there is a, 9alue of 4, v = k, such that every segment Or; (t= 0,...., 0) is contained 
in o'. P is said to be a limit-point of the sequence {o;'. 

1. THEOREM. Jf a sequence of segments 1a; t close down upon a point P as a 
limit-point, then there is no other point P!zE P which lies on every segment of |o;]. 

Proor. Consider a segment containing P of which P' is one end-point. 
Then there is an infinitude of segments of ie which lie on this segment and 
hence do not contain P’. 

2. THEOREM. For every point P of a line l there is a sequence of egens 
{ox} on the line lof which P is a limit-point. 

Proor. In the figure 2” is a half-line proceeding from R in / (R Æ P), 1 not 
containing /". Let S be a point on the same side of J as i", such that S and P 
are on opposite sides of /". Connect Sand P, meeting I" in S’. Q is any point 
on Z" in the order RS’Q. Connect P and Q by the line /' and let P, be any 
point of / in the order RPP,. From S! project P, into Pj onl’, and from S 
project Pj into P, on 7, and so on. Continuing in this manner, using S and S 
as centers of projection, we obtain a sequence of points Pi, Po, P4, ..... 


belong to the same connected set. Veblen (Transactions of the American Mathematical Society, Vol. VI, p. 91) 
uses the word ‘‘coherence’’ and defines the same as the Jordan-Schoenflies ‘‘ Zusaramenhang." 

The term "region" is usually defined in substance as in the text of this paper, but from a variety 
of points of view and with varying degrees of complexity of statement. Veblen (loco citato, p. 85), how- 
ever, defines “region” as ‘a set of points, any two of which are points of at least one broken line com- 
posed entirely of points of the set." This definition of " region? makes any broken line a region while an arc 
of a circle is not. The definition given by Young is (loco citato, p. 180): ** A part of the plane which can be 
tiled over by a transitive set of triangles is called a domain or completely open region.".... «The most 
general form of region consists of a domain together with some or all of its non-included limiting points." 

The term t transitive," when applied to a set of triangles, is previously defined as follows: **Given a set 
of triangles, whose equivalent primitive triangles are d;, d,,...., lt may be that we can find a proper com- 
ponent of this set, dj, dj,,...-, such that no triangle of this component overlaps with any but triangles of this 
component. If so, the set is said to be intransitive, otherwise transitive." The equivalent primitive triangles 
are triangles having rational points as vertices and containing the same interior points. 
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We now assume as an axiom that P 4 isa limit-point of this sequence.* 

A similar sequence of points Qi, Qz, .... on the segmenz PR of which P 
is also a limit-point gives the-sequence of segments {P,Q} of which P is a 
limit-point. | 

3. THrorem. If in the figure used in proving (2) a point K is ; added in the 
order PKP,, l", S, Q and P, remaining fixed, then, in the sequences {Pit and 
{Ki} approaching P and K respectively (P,==K,), P. lies tetween P and Ki 
for $22. 


i me i : 
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PRoor. This follows by máthematical inductions from elementary theorems 
on the interior and exterior of a triangle. S 


Dzrinition. A sequence of sets of regions {[R]:} is scid to close’ doun 
uniformly upon a set of points [P] if (a) every point [P] is an interior point | 
of some region of every set [R]: of ALE V. - 

' (b) For every finite set of regions [R] which contains every point of 
[P] as interior points there is a value of i, i — k, such that every region of every 
set [R]; (j 0, ...., o) lies entirely within some region of [R]'. — 


. * Von Staudt (“Geometrie der Lage,” p. 50) uses essentially this construction in proving the fundamental 
theorem of projective geometry, but makes use of no axiom such as in the text. Klein (Mathematische An- 
~ nalen, Vol. VI, p. 140) pointed out that the argument of Von Staudt is not conclusive. Klein uses a stronger 
axiom than the one here used; viz., that a limit-point (finite) of any sequence (bounded) exists. The axiom in 
its weaker form here used corresponds for projective geometry to the Archimedean axiom for metric geometry; 
viz., that for any two fixed segments A, A, and o one can apply o to 4, A, a finite number of times and thus 
completely cover it, The theorem may of course be proved without ths use of chis ‘special som df we 
assume the full axiom of continuity, p. 291. 
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_ 4. TuxonEM. For every closed bounded set of points [P] there is a se- 
quence of finite sets of regions {{R]i} which closes down uniformly upon the set 
[P]. ! | 
PROOF, (a) We consider first the case when the set is contained in a segment 
AB ofa line |, Select the points P, and R in the order P, ABR. Construct as in 
the proof of (2) a sequence of segments {Aj B; }p for every point P of the segment 
AB, using the same points Q, S, R and P, for all points P of [P]. Then each set 
[ 4; Bi] (? fixed) consists of an infinite set of segments.of which every point of [P] 
is an interior point. Since [P] is a closed set, it follows by the Heine-Borel 
theorem * that there is a finite subset of [ 4; Bi ib [A48];, within which lie all points 
of[P]. We now show that {[AB],! (62 1,...., œ ).is the required sequence of 
sets of regions. Let [c;] be any finite set of segments such that every point of 
[P] lies within at least one segment of the set.. Consider any such segment o; 
whose end-points are C; D,. Then, since [P] is a closed set, either C, lies within 


a segment of [o,] or there is a point O; of C,D, such that CC} contains no point - 


of [P]. In case €, lies on a segment of [o;], a point O! is chosen on O;D, so 
that CC; lies entirely within this segment. Points D; are chosen in a similar 
manner with respect to D,. The segment CD! having been thus constructed 
for a particular value of £, care is taken in constructing these segments for the 
other values of $ so that every point of [P] shall lie within [C,Dj]. It is 
understood that all points Cj, D, C! and -Di are in the order P, C,D, BR, and 
P, Ci DIR. | 

Consider now any particular eneit of [o; ] ,as C,D,. In the sequence of 
points {P, to, approaching C, there is by the definition of limit-point a, value of 
n, n, such that all points }P,,4;}¢, (f= 0, ...., ©) lie on OC. But by (3) 
‘Piste, where C is any point of C161, lie on O,D,. We thus obtain such 
value of n, n; for every segment of C; D,. Let N’ be the largest of the finite set of 
numbers z;. Then all points [1 Pyt] (J= 0, ...., œ ) lie on a segment C; D,. 
Similarly we obtain the points [} Pynt] approaching the points of LP] from 
the side on which R lies. If Nis the greater of N' and N”, then in the sequence 
(ABL |, described above, every set [AB]; for ¿S N lies within [o]. — 

. (b) Next let [P] be any closed bounded plane set. By (21), 82, there is a 


* For a proof-of the Heine-Borel theorem in the plane, see paper by N. J. Lennes, Bulletin of the American 
‘Mathematical Society, Vol. XII (1906), pp. 395-898. The use of this theorem implies the use of the full con- 
tinuity axiom. See O. Veblen, Bulletin of the American Mathematical Society, Vol. X. (1904), pp. 486-439. 
The thedrem under discussion is capable of proof without the use of this strong continuity, if it is not 
specified that each set of regions In the sequence 4 [R]; } should be finite. 


& 
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convex polygon p within which lie all points of [P]. It follows at once from (a) 
that there is a sequence of finite sets of segments which closes down uniformly - 
on the set of all points of the polygon.. Denote this sequence by {[AB];}. (We 
here include in "segment" the simple case of a broken line consisting of two 
segments whose common end-point is a vertex of the polygon.) Let P, and P, be 
two vertices of the polygon and the segment P,P, one of ics sides. Connect 
each of the points P, and P, with the extremities of each segment of [AB], for 
all values of i. Thus for each value of i we obtain the set of polygonal regions 
into which these segments. separate the region enclosed by the polygon p. 
Denote by [R]; a finite subset of this set of regions such that there are points of 
[P] within every region of [£],. We now prove that {[#],} is a sequence of , 
sets of regions of the type specified in the theorem. - | 





Fra, 5. 


Let [ E] be any finite set of regions of vob all points of [P]. are interior 
points. About every point P of [.P] construct a triangle ¢ lying within a region 
of [Fk]. Through P,, P, and P construct segments P, R, and P, R, as shown in 
the figure. By means.of these segments. we can now construct P, E, P, FH, 
Pis, P,F,, such that the quadrilateral Q, Q,Q,Q, formed by them shall contain 
P as an interior point and lie within the triangle £. Then the regions of the set 
consisting of all regions of the type Q1, ,Q, lie within regions of [F] and. con- 
tain all points of. [P] as interior points. By the Heine-Borel theorem there is 
a finite subset [ E]' of this set of regions which fulfils these conditions. Consider 
now the set of segments [EF] consisting of all segments of the polygon p except 
the segments P, P, into which the points E,, F4, E, F,, etc., separate it. 
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Then there is a value of i, ?— 4,, such that, in the sequence of sets of 
segments i[AB];}, every segment of every set of {[AB];} lies within a segment 
of [EF] for every value of ? such that 77,. Hence in the sequence of regions 
{[#],} every region of every set for $5 4, lies within a region of the set [EJ 
and hence within a region of [| E]. Hence {[R],} has the required properties. 


84. Definition of Continuous Simple Curve. 


Derrmwrri;0N. If every point of each of the sets [P] and [P]" 4s a point of a 
set [P], then we say that [P] is the sum of the two sets [P] and | P]" and write 
[P]'-E[P]" =[P]. This does not imply that.the sets [P] and [| P]" have no ele- 
. ments in common. 

1. THrorem. If each of the sets of points EP] and [P]” is a connected set 
and has at least one point in common with the other, then the set [P] = [P] + 
[.P]" 4s a connected set. 


Proor. Let [P] and [P] be any pair of complementary subsets of LP]. 
Then one of the following statements must hold: ` 

(a) [P]=[P]' or [P] & [P]" and [P] & [P]" or [P] = Py. 

(b) There are points of at least one of the sets = and [P]" in both 
[P] and [P]. 

In.case (a) [P] and [P] have at least one point in common, whence either 


set contains a limit-point of points of the other set. 
In case (b) it follows from the connected character of [P] and LPI” that 


one of the sets [P] and [P] contains a unto of points in the other set, 
. whence the theorem is proved. 


Duerinition. A continuous simple arc connecting two points A and B, A =m 
B, is a bounded, closed, connected set of points [A] containing A and B such 
that no connected proper subset of [A] contains A and B. 

We speak of this arc as the arc AB or BA, A and B being called the end- 
points of ihe arc. We note that a line-interval is an arc according to this 
definition. 

2. Tuxorem. Every point A, of an arc AB, distinct from both A and B, 
separates in a unique way the remaining points of the arc into two sets, one con- 
taining A and the other containing B, such that the set containing A, together 
with Ao, forms an arc AA, and the set containing B, together with A., forms an 
arc BA,. The ares AA, and BA, have no point in common except Ao. 


. Situs with an Application in the Calculus. of Variations. 309 


Proor. (a) By the definition of are the points of the arc AB apart from 
A, form at least one pair of complementary subsets, one set containing A and 
the other containing B, such that neither set contains a limit-point of the other. 
Consider .one* pair of such sets. Adjoin A; to each set and denote the set con- 
taining A by AA, and the set containing B by BA,. We also denote the set 
forming the arc AB by [A]. 
—. (b) The sets AA, and BA; are closed. 

By hypothesis all limit-points of AA, are points of [4], [A] being closed ; 
and since BA, contains no limit-point of points of AA, (except possibly A,), it 
follows that all such limit-points must be.points of 4A); that is, AA, forms a 
closed set. Similarly BA, is a closed set. 

(c) Each of the sets AA, and BA, is connected. 

Suppose that one of these sets, as AA), is not ponet 4. e., contains two 
non-vacuous complementary subsets neither one of which pinus a limit-point 
of points of the other. To that one of these sets which contains A, add the set 
BA,. Then we should have a pair of non-complementary subsets of [A] neither 
of which contains a limit-point: of the other, so that [4] would not bé a con- 
nected set. | | 


(d) The set E B ^] does not contain a connected proper subset containing 


[5] and Ao. | : s ` E 


If = contains a proper connected subset AA). containing A and A), then, 
by (1), 44) + BA, form a connected set containing A and B, which is rs 
‘to the definition. of arc. 

It follows from (a) -(d) that AA, and BA, are arcs. We refer to. them as 
complementary arcs a and b of AB. | 

(e) The-set [A] contains only one pair of compiementary arcs connecting —— 
4 and A, and B and Ao. ` | 

. Suppose there are two such pairs of arcs, a, b and a’, V. Since a and b 
conn together all points of [.4], it follows that a and 5 contain all points of g'. 
If not-all points of a are in a’, then the subset of a’ which is in a is not connected. 
But adding any.set of points from b to this subset of a must fail to make it 
connected, since neithér of the sets a and b contains a limit-point of the other 
except Ay. Hence a! would fail to be connected. In the same manner we show : 


* Under (e) we show zhat there is only one such pair. 
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that all points of a! are points of a, whencé a and a! are identical. In the same 
manner b and /' are identical. EC wi s 

Derinirion. A point ' on an are” 4s any pon of the arc, including the 
end-points. A point “ within an arc ^ dg any point of the arc not an end-point. 

3. TmsonEM. If A, is a point within the arc AB, and A, any point within 
the arc AA, then the arc A,B contains every point of A, B. 

Proor, The arc AA, contains no point of A,B, since AA, + A, A, = AA, 
contains no point of A,B except Ay. Hence A,B contains all points of A,B. 

4. THEOREM. Any two points of an arc determine uniquely an arc connect- 
ing them. 

Derinition. Any point A, within an arc AB is said. to lie TS the 
points A and B on the arc. We also say that the points A, A, B are in the 
order AA, B or BA, A on the arc AB. 

5. TumozEM. For an y four points on an arc a notation moy be so "— 
that we shall have the orders ABC, ABD, ACD, BCD. 

Proor. This is an immediate consequence of (4) and.(3). | 

6. TuzgosEM. If A is an interior point-of a polygon and B an exterior point, 
then every arc AB contains a point of the polygon. | 

PROOF. Suppose there are two complementary subsets of he arc AB such 
that one lies outside the polygon and the other inside the polygon; then, by 
(16), § 2, neither of these sets contains a-limit-point of the other and hence. the 
. arc, AB would not be connected. 

7. Turorem (Ordinal Continuity of an Are). (a) I FA, and A: are any two 
points of an arc, then there is a point A, on the arc in the arder A, A, A». 

(b) If [A] and [4]" are complementary: subsets of the points of an arc . 
AB such that no point in either set lies between points of the other set on the arc, 
then aside from A and B there 1s one and only one point of tke arc which does 
not lie between points of either set. = 4 | EE | 

Proor. (a) is a direct consequence of (4) and the connected property of 
an arc. 

(b) Let [AF and pay" be any pair of complementary subsets of an are AB 
such that no pair of either liés between points of the other. Then there is a 
point A, in one of these sets, as [.A]', which is a limit-point of points in the 
other set. The points of [A]" lie entirely on one of the ares AA, and BA,, 
as BAg, for otherwise we should have the point A, of [A]! between points of [.4]". 
Suppose now there is a point A, of [.A]' on the arc BA); then, since A, is a limit- 
point of [A]", there are points of [A]" between 4, and A), i are both of [ AF. 
Hence there is no point of [ A]' on .B.A,, and A, is therefore the required point. 


33 
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8. THEOREM (Geometrie Continuity of an Are). I f Ay às any point of an arc 
AB, and t, any triangle containing A, as an interior point, ther (im case Ay F A) 
there is a point A, on the arc AA, and (in case Ay © B) a simi'ar point B, on the 
arc BA, such that every point of the arc A, B, hes within ts. 

Proor., Let ¢ be any triangle within f, also containing A, as an interior 
point. We consider the arc AA). Suppose A exterior to t. Ther by. (6) there 
are points of AA, on t. If the theorem does not hold, then. for any point Af 
of AA, on t,, there are by (6) points of APA, on £j. Let Af be such a point. 
Further, there is a point A® of the arc AP A, on t, a point AP of the arc A® A, 
on &, etc. In this manner we obtain an infinite sec uence of points {Ae} of AA, 
on é and a sequence NU of AA, on i. Let A; be a limit-point of 4 A?! and 
A; a limit-point of {AY 1.* | P es | 

The points Aj and 4j can not lie on an are AO Ag, for in that case such are 
. would contain a limit-point.of the are Af *? A,, which is impossible. Further, 
A! and Aj are points of the arc Ad). Suppose we: have the order Aj 4; A. 
Then all the arcs Af’ A?*? lie on the arc A41; for suppose one such arc, as 
Ak Af *?, lies on Aj 4, then.all subsequent arcs of the sequence lie on this aro, 
and hence A; can not be a limit-point of points of these arcs, But if all ares of 
the sequence Af? AG *? lie on AA’, then A; can not be a limit-point of these arcs. | 
Similarly for the order 4; Ai áo. - 

9. THEOREM. If A, i as any point of an arc AB, cnd t, any triangle containing 
A, as an interior point, then there exists a triangle è, containing A, as an interior 
point such that every arc of AB id GOUIROCHS A, with a poirt of t, lies entirely 
within t4. \ | 

Proor. . Let A, be a point on the ee AA, such that no point of the arc A, A, 
is on or exterior to the triangle 4, (8), and B, a similar point on A, B. Then 
A, is not a limit-point of points on the arcs AA, and BB,. Hence, by definition . 
of limit-point there is a triangle ¢, within 4, and containing ‘A, as an interior 
point, such that there is no point of 44, and BB, on or within t- Hence £, is 
the required triangle. > ` | - | 

10. TmzonEgM. The points of any two arcs may be set into complete one- 
to-one correspondence preserving order.T 


£ 

* The existence of the points A’, and A’, follows from axiom C by well-known argumentation, 

t Professor Veblen has proved (« Theory of Plane Curves in Non-Metrical Analysis Situs,” Transactions of 
the American Mathematical Society, Vol. VI (1905), pp. 83- 38) that two sets of points possessing the order 
relations specified under (T) and (8) may be thus set into & one-to-one correspondence ‘Veblen’s proof consista. 
in stowing that any set having these properties contains a numerably infinite set of points which is everywhere ` 
dense in the set, and fhen applying a theorem of G. Cantor (Mathematische Annalen, Vol. XLVI (1895), pp. 481— 
512) to the effect that all sets having this property together with those given. by the theorems (2), (7), (8) 
may be thus set into correspondence. However, Veblen’s proof involves metric relations, inasmuch as he 
makes use of equal segments. , 


4 
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Proor. Let {[¢];} be an infinite sequence of finite sets of triangular regions 
closing down: uniformly on the points óf an arc AB (see 83). Let [A], be a. 
finite set of points of AB containing at least one point within each triangle of 


the set [t]; such that [A], contains all, points of [A] for all values of £. Then - 


the infinite sequence }[A],} contains a numerably infinite set of points which 
is every where dense on the arc AB.. The theorem now follows from the theorem 
of G. Cantor cited in the foot-note. The -proof may also be completed very 
easily as follows. For any two arcs AB and A'B' the sets {[A],} and 1[A'],] 
may obviously be set into correspondence preserving order. In order that [A], 


and [A']; shall contain the same number of points we add the requisite number: 


of points to one of them. Let A, be any point of AB not of ([A];]. Then A, 
separates {[A];} into two sets neither one of which „contains a point between: 
points of the other., There will ‘then be a corresponding division of 1[4/],l, 
whence, by (7), there i is a point A, which we now set in correspondence with A,. 

In this manner all points of the two arcs are set into a one-to- -one corr espondence, 
That order is preserved is obvious. 


Š 289. The Frontier of a Région. v 


Derinirions. Consider an entirely open bounded region R enclosed in a 


polygon p such that there is no limit-point of R on p. Denote by [E’] all points ` 


of the plane accessible from p with respect to R, and by [F] all common limit- 
points of [E] and R. Denote by [I] all points of the plane which are contained 
in neither of the sets [E'] and [F], and bi y [E] all points of [E'] not of [F]. 
l [F] is called the “ frontier ” of ti ilie sel D [Z] is the interior RE of [F], 
and [E] its exterior set. - | 

A point F, of [F] is said to possess exterior accessibility if there exists a 


_. finite or continuous infinite broken line connecting it with a ponti of [E], and, 


to possess internal accessibility if there exists a finite OT- continuous infinite 
broken line connecting it with a point of I, the broken line in either case con- 
taining no point of [F] except Fi: ; 

1. THEOREM. If every point of a frontier [F] possesses external asco 
it separates the remaining points of thé plane into two connected sets [E] and 
Hh MONA mE | 

PROOF. (a) By definition ány broken line connecting a point of [E] with.a 
point of [7] meets [F], for otherwise some point of [7] would be accessible 
from a point of the bounding polygon p. 


C i 
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. (b) Any two exterior points are > mutually accessible, since all such points 
are accessiblefrom points of p. S | | 

(e) Any two interior points 7, and 7, are mutually accessible with "respect 
to [F] if both lie in R. ` This is an immediate consequence of the eiel open, 
connected and bounded character of R. 

(d) Any two interior, points /, and L, are mutually accessible with respect 
to [F]. Ifone of these points, as 4, is not a point of R; we need only to prove 
that J, is accessible from some point of R with respect to [F]. Join A; to F, 
and F, of [F] by means of segments. Z F, and J, F,, neither of which contains a 
point of [F]. That such segments exist is an immediate consequence of axiom 
C and the closed character of.[F |]. Connect F, and F, ‘with points of p by - 
means of continuous simple broken lines, (207, $2, containing no points of [F] 
except Frand Fa. By (17), § 2, these broken lines, together with the polygon p, 
form two polygons having no interior points in common. Tere are points of 
[F] and hence, by (16), § 2, points of R within each polygon, for otherwise 4, 
" would be accessible from p. Since / is a connected set, there must be points of 
f on each polygon. But all segments of these polygons except LA, and JF; lie 
in [Z]. Hence there are points of Æ on one of the segments J, F, and J, fs 


i 


whence J, is accessible from some point of R.“ l 


.2. Turorem. If every point of a frontier F] possesses both interior aud ez- 
terior accessibility, then any two points F, and F, of [F] may be connected by 
iwo simple broken lines, one in [I] and one in [E], and these two broken lines 
form a polygon which separates the remaining points of [F] into two sets each 
of which is a continuous arc connecting F, and F’,. 

Proor. The existence of such broker lires is an immediate consequence of 
the twofold accessibility of every point of [F] arid the connected character of 
[E] and [7] and (20), § 2. By definition these broken lines form a polygon p'. 
Let E, be an exterior póint of [F] on. p and /; an interior point of [F] on p. 
Then there are points of [F] both exterior and interior to »', for otherwise /, 
and E, would be mutually accessible with respect to [7], (12), $2. Denote by 
[F] the points of [F] within p’, together with the points F, and F,.  - 


~ 


* We note that (8), (b), (c) follow from the definition of frontier without the use of the special assumption 
of exterior accessibility. That (d) does not follow without this special assumption ia shown by the following 


' , example: Consider a circle with two spirals, each going around the circle an infinite number. of times and 


approaching it bat having no point in common. Connect these spirals by means of a segment. Then the 
spirals, together with the segment, enclose a region R which contains no interior point of the circle. The set 
[7] defined by this region contains also the interior of the circle and is thus not connected. 


b ~t 
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(a) Since [F] is a closed set; it follows from (16), § 2, that [FẸ is closed. 

(b) There is no connected proper subset of [F] containing F, and 7; for 
if there is such subset, let P" be a point of [F ]' but not of the connected l 
 Bubset. Then F” may be connected with Ej and 4, by means of a broken line 


connecting no other point of [F]. It is evident that these broken lines may be | 


so chosen as to lie entirely within p'. Then two polygons are formed such that 
the points of [F], except Fi, Z, and F’, lie within one or the other of the 
polygons. Since F, + F, it follows that dicks are points-of [F] within each 
polygon, and by (16), $2, these do not form one connected set unless P" is 
included. 
(c) [F] is a connected set. Suppose. LY is not ——' and that [F]; 
is any closed subset of it which contains no limit- -point of the complementary 
set [F]. Suppose A is a point of [F];. About A set a triangle containing no 
point ‘of [/];. About every other point of [F]; set a triangle lying within p’ l 
and on or within which lie no points of [F]/. Thén, by the Heine-Borel 
"Theorem, there is a finite subset of these triangles within which lie all points of 
[P]. By (15), $2, there i is a finite polygon p” which incloses this set of points, 
but which does not contain the point F,. “Hence, by (19), § 2, there i is a broken 
. line of p" lying within »', connecting a point on the exterior broken line of p 
with a point of the interior broken line of p' and not — uh But this 
contradicts (1).* | | 
~ DesmwrTI:0N. ‘The set of ind PT of two aai arcs, each Con- 
necting a pair of distinct points A and B and having no other point in common, 
1s called a simple closed Jordan curve, or simply a Jordan curve. We denote it 
by je 
3. THEOREM. I f every point of a frontier [F] possesses both internal and ex- 
ternal accessibility, it is a Jordan curve. 
= Proor. This is an immediate consequence of the definition of Jordan curve 
and (2). | . | JR MEME 
. 86. Separation of the Plane by a Jordan Curve. ee 
_In $4 we showed that the points of a.continuous are, as there defined, may 
be set into a one-to-one correspondence with the points of a straight line interval 
preserving order. In §5 a proof is given that the frontier ofa region accessible 
* It does not follow that tne points of a frontier possess internal accessibility is if they possess external | 
accessibility. This is shown by the following well-known example: The point (=. 1 ) on the curve y = sin Í 


is connected to the point (0, 1) by means of & broken line containing no point of ihe curve. 


^ 


f 
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from both exterior and interior points is a Jordan curve; that is, a curve con- 
sisting of two non-intersecting arcs connecting the same two points. In the 
present section a proof is given of the converse theorem; viz., that a Jordan 
curve separates‘the remaining points of the plane into two entirely open sets.* 


For the purpose of. studying a Jordan curve; denoted by 7, we construct a 
.polygon p having the following properties: Two points P, and P, of 7 are on p, 


and all the - remaining points of 7 are interior points of p. To construct such a 


polygon let p' be any convex polygon, (21), 8 2, within which lie all points of j. 
Since j is a closed set of points, we obtain by the axiom of continuity an angle 
with its vertex A, one of the. vertices of p , auch that there are points of j on 
each side^of the angle but no points of j exterior to the angle. ‘Let P, and P, 
be: points of j, one on each sidé of the angle. Connect P, witli the polygon p 
by means of two segments exterior to the angle, and similariy for P}. Then 
these four segments, together with a properly chosen subset of P's form the’ 
required polygon p. | | 

The points P, and P, separate the ee p into two broken lines which 
we denote by 5, and by, and the curve f into two arcs which we denote by a, 
and a,. The following propositions : are stated in terms of this notation. | 


1. TEzonEM. If an arc a, with end-points P, and P, on a polygon p lies | 


entirely within p, except P, and P., then some but not all interior points of p 
are accessible from b, with respect to a, by means of broken nes lying within 


* This daar zheorem Was first stated and proved by Jordan :C. Jordan, ** Cours d'Analyse," Paris, 1893, 
2d ed., p. 92). For a brief characterization of the literature on this subject. see O. Veblen, Transactions of the 
American Mathematical Society, Vol. VI, pp. 83-98. 


The definition given by Jordan in terms of analytic geometry is as follows: : ' . b 


Consider two equations E "n 
i : - { = (t 
r ” y = 9 (£), 
where f(t) and o(i) have the following properties : e A 


(a) ¢ takes all values of an interval a. . 0d 

(b) f(t) and ẹ(t) are continuous functions of ¢ on the interval a....8. ' 

(c) f(a) = f(b) andela) = (b). - a 

(d) There is no pair of distinct values of t, ¿ and ¢, such that f(t) —f() and 9(6) — $(). 

The curve defined by these equations we may now readily show is ilentical with the Jordan curve gonned 
in §5. à; 

Let P, and P? be any two points of a....5, P,’ $ P/, not both ialay end-points of the interval. ‘These 
points PE N the interval into two sets, one set consisting of the points lying between the two points, and 
the other set consisting of the remaining points of the interval. It is clear that the points P, and P, of the 
curve corresponding to P, and P, cf the interval separate the curve into two parts and that each part 
i8 a continuous simple arc; viz., Pih is a closed, bounded; conneczed set containing P and P, which has no 
conneetéd.proper subset connectie these points. 


{ -— 


i 


i. 


" 
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p. No poni of b, is thus accessible from bi, and any point accessible ad b, is 
not accessible from Bo. ` ; 
‘Proor. (a) Since no points of a, except P, and P,, are limit-points of by. 
it follows that there are interior points of p accessible as stated in the theorem. 
(b) If every intérior point of p is so accessible, it follows that points of 5; 
are accessible, since the points of 5, are not limit-points of aq. But. if a point 
of b, is thus accessible, we shall have two polygons with no interior point in - 


. common, (17), $2, within each of which lie points of a,; Since there are no 
- points of a, except P, and P, on these polygons, it follows, (16), §2, that a, is 
. not a connected set of points, which is contrary to the definition of-a,. If the . 


same point not on a, were accessible from, both 6, and b, ihen a s porni on b, 
would be accessible from b,. 

Denote the set of points within p and not of a, which aie accessible from 5, 
-by [S],, and the remaining points within p and not of a, by [S ];. 

2. TzxonEM. If any point of the arc a, lies in one of the sets [S]: and [S]; into 


| which a, separates the remaining interior points of p, then all ponts of a: lie 


within this set; and hence if a point of a, is accessible from bı, no point of a; is 


; accessible from ba. 


Proor. The theorem follows Poti the connected sharaciet. of a, when we 
establish that neither of the sets [8], and [S], has a limit-point of the other. - 


7 If Q, a point of [S], is a limit-point of points in.[S],, we can construct. a 


triangle containing Q as an interior point but no point of a,, a, being a closed 


set and hence Q not a limit-point of a. But there are points of [S], within 


this triangle, and hence Q is accessible from 5,, which is ony to the 
definition of [S], and. [S]: _ | B 

3. THEOREM. There is a set of poin ts, — on 4, which 4s not accessible fioi 
p by means of any broken line whatever which contains no point of j.. 

: PRoor., Connect a point H on b, with a point K on b, by means of a broken 
line lying within p. Let a, be the arc accessible from 5b,. Sincé a, is closed, it 
follows that there is a point P,, on a, and the broken line HK, such that there 
is no point of a, on the broken line HK between P, and K. There are points. 
of a, between P, and K, for otherwise the ‘point P, on a; would be accessible 
from b. Since a, is closed, there is a point P, on a;-and the broken line HK, 
such that there is no point of either a, or a, between P, and P,. : Since P, is 
not accessible from b, and P, is not accessible from 5,, it follows that the points 
of the broken line P, P, are not accessible from either b, of 5,. Hence these 


, points'are of the required type. 


(d | ; 
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Dzzixrmiox.. Every point of the plane, not of j, which is accessiblé from 
points of p by any broken line whatsoever, is an exterior point of j j;a 1 pow not 
so accessible is an interior point. 

4. Turorgm. The exterior and interior character of a point with respect 
to a given curve, as here defined, is independent of the polygon p. n 

PROOF. Consider any two polygons -p’ and p” such that no point of the 
curve j is exterior to either of them. Since any point on either polygon cán be 
connected with any point on the other by a broken line containing no point of J, 
it follows that any point of the plane, which can,be connected with a point of one ' 
' of these polygons can be connected with the other. i 

5. PI ukoREM. Every point of j is accessibie from p with respect to 4. 

 Pnoor. Let A be any point of a. Consider a sequence of triangles ¢ 
closing down upon A as a limit- -point, (4), 83, and having the foo WIDE 
properties: 

(a) Every triangle lies within the polygon p. 

(b) Every point of the arc Pia which lies between two points of f, is an 
interior point of tı (£22, ...., ©) (9), $4. | 

(c) £, lies within £; , [tes 9. iai, 00): 

Let A; be a set of points on the arc P, A such that 4, lies on the triangle 4. 
About, every: point of P,À except A construct a angle t, forming a set [t] 
having the following properties: 

(a) No point-of the are AP, is on or within one of the tfiangles. 

(b) Those triangles of [7] which are constructed about the points of the are - 
A, A; are interior to f£, , and exterior to £,,,. ! 

The triangles containing as interior. points the points of the are A4, , A, 
- contain, according to the Heine-Borel Theorem, a finite subset of triangles such 
that every point of 4,_,.A, is an interior point of the set. Since the are A, A, 
is a connected set, the set of triangles is overlapping, whence, by (15), § 2, there 
is a finite polygon within ¢,_, and exterior to £j,, within which lie all points of 
Ay 4 y That, no point of the arc Aca P, lies within this polygon follows from 
the connected character of the arc"and the two facts that the polygon contains 

no point of A;,, P, and that P, is surely exterior to the polygon. | 
| We thus obtain an infinite sequence | pı} of finite polygons having the 
following properties: | | mE 

(a) p; contains all points of P,- LP; as interior points a= = P .+, 0). 

(b) p, lies within ¢,_, and exterior to bas (753, ...., 9). (2: Pı contains the 
aré P, A, and is.exterior to £j.) 


f 


4 


? 
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i Then by (15), $2, a certain subset of p, and p, forms a polygon p? which 
^ contains all-points of P,A, as interior points. Similarly æ certain subset of p® 
and py forms a polygon p? which contains all points of P, A, as interior points; 
and, in general, a certain subset of p? and pj,, forms a polygon p6*? which 
contains all points of Pı A; as interior points, and within which lie no points 
of the arc A; Pe. Also every segment of pët®' which is exterior to 7; isa seg- , 
nee of .p?. Further, there is no point of a, on p“*” except within the triangle 
^ Tracing the polygon pe from a point on the polygon p, let Q, be the first 
ud reached on 5;. ‘Then we obtain a sequence |Q; Qi} of finite broken lines 
forming an infinite broken line such that there are only a finite number of its- 
segments exterior to any. triangle of the sequence {f}, while there are segments 
of the sequence within every such triangle. Hence A is accessible from points - 
| on both 5, and 5, by means of two distinct broken lines. We. now observe that ' 
- one of these broken lines lies entirely in [8]; and the other in [S], If then a, 
` lies in [S'],, A is accessible by means of the broken:line lying in [S]  . , 
6. Turorem. There is an interior point zi j on which all its points are 
accessible with respect to j. l uo r 
Proor. By (3) there exists an interior point J of j, and hence an interior: 
‘segment with its end-points Q, and Q,, one on a, and the other on ap. Connect 
points on b; and b, with Qı and Q,, respectively, by means of broken lines con- 
taining no‘ points of j except Q, and Q,. Denote by aj and a; the arcs into 
_ which Q, and Q, separate j. Then, by (17), §2, we have two polygons p and p 
one of which contains the are a! and the other the arc af» Then, by (5), every 
point of aj and also of a; is accessible from Z. | 
7. TumongM. A Jordan curve separates all the remaining points T the 
plane into two connected sets. i 
Proor. The uniqueness of the exterior and interior sets as defined on p. 317 
is established in (4). That no two points, one interior and the other exterior, 
are mutually accessible with respect to j is a direct consequence of the definition. 
of these sets. That any. two exterior points are mutually accessible follows from 
the fact that both are accessible from points ‘On p. | 
Let J, and I, be any two interior points. , Through 4 pass a ion ling 
meeting j in only two points, as in the proof of (6), and producing them, to reach - 
p. Then we have two polygons pand p, within each of which lie of points of j. 
. Connect Z, with a-point-of that polygon within which Z does not lie, say pi. 
' This connecting broken line must meet p; in an interior point whence I, on this 
. broken line is accessible from h, which completes the proof of the theorém. 


-, 


~ 
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4 


$ T. Concerning a bet of Simple:Continuous Arcs H aving a Simple Continuous 
Arc as a Limit. i 


Denote by E a closed Pounded set of points ` in which two poinís Á and B 
are connected by an infinite set [a] of simple continuoüs arcs, A and B being 
the end-points of each arc of [a].* | 4 “nt 

The ares of the set. [a] are assumed: to satisfy the following condition, which 
we call uniform continuity of the arcs with respect to the set. | 

If P is any point of R and.t, is any triangle containing-P as an interior 
point, there exists a triangle ta within f. containing P as an interior point, such 
that no arc of [a] contains a point of t, between points of te. T 

Let [A] denote the set of points consisting of all points of the arcs of [a], 
together with their limit-points. Let j[7]? be a sequence cf sets of triangles 
enclosing triangular regions which close down uniformly upon the set [A4]. 
Denote generically by m, the sui of the number of triangles of the sets [¢],, 
[t]o, ---+, Eh of {[¢],{. Then the number cf different pe of Iu within 
which lie points of any arc of [d] is lesa than m,. 

We now proceed to describe a set of points on a ms subset of dë arcs 
[a] which bear a special relation to the set of triangles [t]; for a definite fixed. 
value of i. On each are of [2] select 1 m; points forming a set et Pray e having, the 
following properties: | 

(a) On each are at least one point lies within every triangle of Hd within | 
which that arc contains points. 

(b) On each arc the order of the ae is indicated’ by the subscript j; ` viZ., 
the: points are in.the order E MN. 


A= Pus Playa + c5) Puy mo Paw B. 
For a fixed value of j J there i is then. an.infinitude of points of P4,,;, one on each 


arc of [a] which has.one or more limit-poirts. Consider this set for f = 2. Let 
.A,. be a limit- -point of the set P4, ?, and let p laji. 2 be a subset of Puy; .9.8Such 





* Obviously there are closed and "'eonneóted sets which contain no continuous a ares connecting carat DH 
of their points. This discussion does not apply to such sets and such pairs of points. In case there is only 
one arc in Æ connecting A and B, or in case all such arcs partly coincide, then the arcs of [a] coincide wholly: 
or in part. l 

ł This condition is the non-metrical equivalent of a condition stated by G. Ascoli in the usual metric 
terms- [G. Ascoli: t: Accademia die Lincei,” (1884). The theorem of Ascoli, which seems to have been 
neglected, is capeble of extension and important applications. This subject will be treated in a forthcoming 
paper by the writer. The present paper was written without my being aware of the work of Ascoli. 
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that A, xis the only limit-point of the set, Let [a]; be-the set of arcs of [a] on 
which lie the points P’i, 2. For j= 3 we now select an infinite subset P' [2], 68 
of Pia, 3 Which has only one limit-point 4, 3, and all of whose points lie on a 
subset [a], of the set [a],,..* We note that 4,, isa pee of that subset 
of Pia, 2 which lies on arcs of [a]; s. 

In general, for any fixed value of 7 we select an infinite subset P'ar of 
Py,,; Which has only one limit- -point 4,;, and which liés on ares of [a], 1. 
That subset of [a], ;.; on which lie points of P'i,,,, ; we denote by [a]; ; js 

Finally we denote by [a], the set of arcs of [a] which are arcs of all the sets 
[a]; (= 2, ...., m, —1). The points of P'a, (J = 2, ...., m, — 1) which 
lie on ares of [a], we denote by P, ;. — A, , 188 "e of Pu. ; 
for all admitted values of J. 


Then on each arc, aS Q,,, of [a], * we have a set of m, points P, , ; in the 


i, 1:J 
order 


A= P. 


0411 


| Pane) Pa; 3,83 «215 P, 


ts 


m = B. 


The m, sets of points Py. ; (i fixed; Mni s goes) have the limit-points 4, , 
and no others. 

. In a similar. manner for the same fixed ? we now obtain a set of m,,, sets of 
points Py, ,; (J ndi = 1, ...., My) and a'set of ares [a]; having the following 

properties: 

(a) The set of arcs [a]; is a subset of [a],. 

(b) Py, ,,.; contains all those points of Piaya which lie on arcs of [alae 

(c) Piaggia consists of. m,y, points. on each are of [a], and contains on 
each arc a-point within each triangle of [¢],,, within which are points of the arc. 

(d) For any fixed j, Py, ,, ; has only one limit-point A,,, ;. 

(e) The set of points 4,,, ; contains all points of the set 4, ;;. 

"The notion order may now be associated as follows with the set of points i 
A,; (= 1, ...., 03 and for each value of ¢, J = 1, ...., mj). Let A and A® 
"be any two such points, each distinct from A and from B. Then there is a 
value of 2, as è — ^, such that for certain values of J, as j= k and 7=1, A” is 


* We note that a subset may contain all the elements of the original set; that is, the word subset does not 
necessarily mean proper subset. We also note that for fixed j the points Pia] j may all coincide. In that 


‘case Ai, ; coincides with these points. 
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the limit-point of the Py, , and A® is the limit-point of Pij,,,. Then the 
points A, AU, A9, B are said to be in the same order as A; Pian; Piopi 
B on the various ares of [a],. : | 

Derinition. We now consider a set of points [A] consisting of all points 
A,; (t=1,...., ©; and for each "ue ür x deb i pus m) together with 
their limit gainik, 


1. Turorsm. The set [A] is a simple continuous arc connecting the points 
A and B. 


Proor. (a) The set [A] is closed by definition. 

(b) The set [A] is connected. 

Suppose that [A] contains two complementary aibei neither of which 
contains a limit-point of tbe other. Denote these sets together with their non- 
contained limit-points by [A], and [A], respectively. By the Heine-Borel 
Theorem we obtain two finite sets of triangles [7], and [t], such that every 
triangle of either set is entirely exterior to. every triangle of the other set, and 
such that all points of [4]; lie within triangles of [¢], and all points of [A], 
within triangles of [t]. 

Since points of A, , must lie within each triangle of [t], and of [7];, and since 
for all values of è equal to or greater than a certain fixed number & only a 
finite number of arcs of [a], can fail to contain points within a triangle 
‘which contains points of A,;;, and since, further, an arc which contains points 
within triangles of [i], and also within [f], must contain points exterior 
io every triangle of both sets, it follows that only a finite number of the 
set [a], (15%) can fail to contain points exterior to both sets of triangles. 
Denote by [Q] the set of all points of [a]; (é— E) which are exterior to the 
triangles of both sets, together with the limit-points of such points. Then [A], 
[A], and [Q] are closed sets, no one containing a limit-point of the others. 
Hence we can place a finite set of triangles about the set [Q] without enclosing | 
any point of [A], or [A],. Since an infinitude of ares of every set [a];, (45: 5) 
: contains points of Q, it follows by the definition of P,y,,, that for some value 
of i, as i= h, there will be a point of Pian. j cn every are of [a]; which contains 
a point in [Q], and hence there will be a limit-point of such points, that is, a 
point of A; ; which does not lie within a triangle of either of the sets [7]; and [7],,- 
which is contrary to the assumption that all points of [A] are points of one or 
the other of the sets [A], and [A]; ' 

(c) The set [A] contains no connected subset containing A and B. 
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We show first. that if a point Ao of A,, other than A or B is removed from 
[4] the remaining set is not connected. This is done by showing that the set of 
points of 4, ; between A and A? have no limit-point other than A in common 
with the points of:4,; between AU and B. Suppose there is such common 
. limit-point Q. About Q set a triangle ¢, of which A® is an exterior point, and 
about A” set a triangle & of which no point of ¢, is an interior point. About Q 
set another triangle f such that by the.uniform continuity of the curves of [a] 
with respect to the set no curve contains a point of ¢, between points of t. Since 
A® is a limit-point of a certain set of points Pu, ; (for fixed 7), it follows that 
there must be some arc which contains interior points of ¢, between points of tz, 
and which therefore contains points of t between points of t, which contradicts 
the properties assumed for ¢; and ¢;. Hence the subset remaining when a point 
of A, ; is removed from [A] is not connected. Consider now any point A of [A] 
but not of 4,,. By the preceding, the point A distinguishes the points of A, , 
into two classes [AF and [.A]" such that A is a limit-point of points of Á,; be- | 
tween any point of [A] and the point B, and also-of such points between any 
point of [4] and A. Now if.possible let Q be a common limit-poiit of [A]! 
and [A]" other than A. As above, set triangles about A and Q, neither con- 
taining as interior point a point of the other, when the argument to show that 
Q is not a limit-point of both [A] and [4] is like that given above. 

2. TmEoREM. For every entirely open set R containing all points of [A] 
there is a value of i, 4 — k, such that for all values of isk only a i is number of 
arcs of [a]: fail to le entirely within B. 

Pnoor. Set about the points of [ 4] a finite number of triangles [t]; every 
‘interior point of which is a point of &. About a point A, of [A], within a. 
triangle /, of [f],, set a triangle /? within ¢, such that no are of [a] contains | 
points on /, between points on ; and similarly for every point of [A]. Then we 
obtain a finite subset [7]' of m of these triangles enclosing all points of [4]. These 
triangles may be ordered so that A lies within ¿® and B lies within ¢™, and such 
that ¢ has interior. points in common with both ¢“- and H+? (¢=2,....,m—1). 
Let A9 be a point of 4,; within both ¢ and i, and in general. A? a point of 
A, ; within both 79 and ¢“). | Then there is a value of i, ?, for which all points 
A (i21, ...., m) are limit-points of Py. ;. Then only a finite number of . 
arcs of the set [a]; contain points exterior to [],. | 

DEFINITION. The are specified in the preceding theorem is said- to be a 
limit-arc of the set, and the ee of approach specified. in (2) is called uniform 
approach. 
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We now summarize the preceding in the following Hum 

3. THEOREM. Jf [a] is a set of simple continuous arcs connecting two pods 
‘A and B and lying in a closed region R, and if the arcs are uniformly continuous 
with respect to the whole sst, then there is a continuous arc in R connecting A and. 
B which is a limit-arc of the set [a] and which is approached uniformly by a cer- 
tain subset of [a]. 


. §8. Concerning the Existence of Minimizing Curves. 

(We now use the usual metric hypotheses of geometry and the Cartesian 
correspondence between points in a plane and the pairs of real numbers.) 
Consider a function f(a, w) defined over a closed region R, and continuous and 
positive in that region. Let a, be an arc of finite length lying in & and con- 
necting two of its points d and B. Let A, Bj, ...., Pi, ...., Pa ™=B be a set 
of n points on a, lying in order on it from A to. B, as indicated by the notation. 
Denote by [c;] the length of the set of chords .A P,, P, Pas ...., P, Pa; and 
let £; be the values of f(x, y) at the points P,. Denote by A the ad of the . 
longest segment of [c;]. Then 


"X i f(m y) = LE ob (mi, +--+, 2). 


This limit will necessarily exist and be finite if a, is continuous and of finite 
length and f(z, y) is continuous. E a 

In this manner a definite positive number (a) is associated with every 
arc a of finite length lying in R and connecting A and B. Consider now the 
set [a] of all continuous arcs of finite length lying in E and connecting Aand B. 
. The lower bound B of the set of numbers [.N(a)] is greater than zero; 4. e. it is 
greater than or equal to the distance from A io B multiplied by the minimum 
of f(x,y) in R. Select an infinite sequence of ares 1a] such that the sequence 
of numbers | N(a,)} is non-oscillating decreasing with the limit B. 

1. TuEozEM. The arcs of the sequence {ait satisfy the condition of uni- 


form continuity with respect to the set era arcs {ai} (see (3), §7),and hence have 
at least one limit-curve. 

_Proor. Consider any point P of R. If there E a neighborhood of P ` 
within which are points of only a finite number of arcs of.{a,;, then the condition 
is. a direct consequence of the continuity of each arc. If there is an infinitude 
of arcs of {a} containing points within every neighborhood of P, set any 
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triangle 4, about P. Let the shortest distance from P to f, be d,, and let Mand 
m be the maximum and minimum respectively of f(a, y) in E. Set about P - 


a triangle £, with shortest distance d, from P to t, such that d, M < m. 
Since L {N(a,)| = B, it follows that for some value of 2, as ù ' every arc 
4: : ; 


Ape (b — 0, ...., 0) must fail to contain points of ¢, between points of £j. 
Any triangle £j within 4, and enclosing P which satisfies the condition for the 
finite set of arcs a4, ...., a, must therefore satisfy the condition for the whole 
sequence {a,}. Hence, by (3), $7, there is a limit-arc à of the sequence {a,}.. 
2. TumongM. The lengths of the arcs {ai} have a finite upper bound, and 
their limit-arc a is finite in length. | | 
` Proor. If the lengths of the ares formed an unbounded set, the integrals 
would be an unbounded set, inasmuch as the integral of each curve is equal 
to or greater than its length multiplied by m. Let B be the upper bound of the 
lengths of the ares of la,]. Ifa is of infinite length, we can find a set of points 


P. Py ...., P, on it such that = c, shall be greater than B + d, where d 
is any — number. About each point P, set a circle c, of radius 7, 
^ where r< —— = (n being the number of points Pj) or 2nr«z d. By (3), $7, there 


is an arc a? of {a} which contains points within every circle 6. Hence the 
arc a? can not be less than Xo; by more than 2nr. That is, it is greater than 
B, which is contrary to the definition of B. | 

Derinition. Any number of a set such that there is no number of the set less 
than it, is called an “absolute minimum" of the set. A curve à of a set [a], such 
that N(a) is an absolute minimum of the set of numbers [N(a)], is called a mini- 
mizing curve of the set. 

3. 'TEgEoREM. Jf f(x,y) is a continuous positive function defined over a 
closed, bounded set of points R, and if there exists an arc of finite length lying 
in R and connecting A and B, then there exists at least one such arc am R for 
which N (a) is an absolute minimum. — 

PRoor. Suppose 4 is not a minimizing curve. Then there is some fixed 
positive number d such that, within every entirely open set containing a, there 
is an arc a such that N(a) — N(a?) >d. Let A= BP parting dpe Bue ee 
be a set of points P, on a, and c; the "- of the corresponding dali eich that 


Iza: &- NOI, 
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By a well-known property of continuous curves, there exists a positive 
number r, such that, if circles c, of radius 7 are described about P, as centers, 
there are no points of the ares A P, and P,,,A within the circle ¢,, and, 
further, such that each circle is entirely exterior to every other. . Within each 


T 


circle e, place a concentric circle o; with radius From F, trace the are a 


(2 
towards A until first meeting c; ina point P/. Similarly trace a from P; towards 
B until first meeting e; in Pi’. Consider the resulting set of arcs A P1, ...., 


Pil, Pj, Pi Pisa, ..-- (leaving out the arc P; Pj). Between any two of these 
arcs there is a minimum distance. Let d; be the smallest of these distances. 


Using a circle whose radius 7, is less than a , trace a neighborhood of g by letting 


the center of the circle pass over à from A to B. Denote this neighborhood of & 
by R®, The circles c; divide that part of E, which is exterior to them into a 
set of n regions E, lying in order about æ from Ato B. In any one of these 
regions R, there is a definite difference between the maximum and minimum 
values of f(x, y) Denote by v, the difference between the maximum and 
minimum values of f (x, y) in E, ;, E, and R,,, and the two circles c, and 
c,,,, and let V be the greatest of these values of v;. Denote by / the length 
of à and by J, the length of the arcs P, Pi- mE , 

Let a? be any arc of {a,} within R®, Then a? must contain points within 
each circle œ. Constructa broken line [of?] with vertices on a”, having the 
following ‘properties: d 


(a) |o» - EP — W(a™)| <$, 


(b) There is a vertex P(? of o® within each circle c. 
Denote by /f? the length of the broken line of of connecting P®, and P™. 

We note that oZ 4. Then c, can not exceed i? by more than 4r, and hence 
0, * & can not exceed of - P taken from P®, to Pl by more than l; V+ 4rM, 
where M is the maximum of f (æ, y) in R. Hence Eo, - £, can not exceed 
Sof . & by more than | : 


VS l + Anv M or VYi--4nrM. - 
In this expression / and M are fixed. "V and n are fixed simultaneously and r - 


is fixed independently of V and n. The processes are as follows: First impose on 
the points P, of « the further condition that the maximum of the differences 
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between the maximum and minimum of f(x,y), on an arc-consisting of any 


— three of thia cohseentive arcs into which: P, divides à d, shall be Vie ra Then `` 


we can impose upon 7, (the. radius of the circle which traces out the region EK) 
the additional condition that the — V described above sháll not be 


greater than 2 V', whence aA or Vi zs We now impose ` upon 7 the 





d 
16 n M 
determined) or 4nr M e. Then 


further condition that T (note that n is fixed when the points P, are 


Vi + 4 n M a - 
Since, therefore, Xo, - 3 can not aiei Z of . EP by A and since 
| of , g^ —N (a) <$ a 


|20- —x() <4, 


P" 


it follows that V (3) o can not exceed N (a?) by d, which proves our theorem," - 

This theorem covers a special case o? the general problem of existénce of 
-solutions in the calculus of variations. There the problem is to minimize the 
integral ff (x, y, y) da, whereas in the, present theorem $' is not present. 
However, all cases where the expression to be minimized can be written in the 
form f f (e, y) VI+ y? d». come under the cage. treated here; 4. e., where the y’ 
enter simply to involve the length of arc asa mule oboe facto Thus the 
existence of a shortest distance between any two points in a closed connected 
region (if any arc of finite length in the region connects them) and the existence 
. of a minimum surface of revolution follow from this theorem. It Should be 
noted that no assumption, other than that of finite length, as to the character - 
of the curves-is made. The theorem says that among all curves there is a curve 
which has the required property. Further, there is no assumption as to the 
character of the boundary of the region in which the curves lie. For. the pur- 
pose of this discussion region may be any connected set whatever. | 
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The Involutortial birational Transformation of .the 
Plane, of Order 17. 


By VIRGIL SNYDER. 


$1. Introduction. 


1. It has been shown by Bertini* that there are four distinct types of 
birational (Cremona) transformations in the plane that can not be transformed 
. into simpler types, that are involutorial. From considerations of the Cremona 
net, the images of the lines of the plane, these are found to be: 


(a) Harmonic homology. 

(b) Jonquiéres’s (perspective) transformation. 
(c) Geiser’s transformation. 

(d) A transformation of order 17. 


Of these four types the first three were known before, but type (d) was new. 
No equations are given, and but few of its properties are enumerated. In a 
foot-note a method of making the transformation geometrically is described f and 
attributed to Cremona. The contents of the note have been amplified by 
Sturm, T and a summary of the above results are given by Doehlemann without 
further discussion.§ This transformation is closely connected with that of the 
locus of the ninth double point of a net of sextics having eight fixed double 
points. || "n | 

It is the purpose of this paper to derive the equations of the transformation - 
of order 17, and to discuss some of its properties. 


* « Ricerche sulle trasformazioni univoche involutorie nel piano," Ann. di Mat., Ser. II, Vol. VIII (1877), 
pp. 244-286. 

tL e, p. 278. 

| Lehre von den geometrvischen Verwandtschaften, Vol. IV (1908), pp. 105—107 (No. 829). 

§ Geometrische Transformationen, Vol. II (1908), pp. 165-174. 

| Halphen: ‘‘Sur les courbes planes du sixième degré à neuf points doubles," Bulletin Soc. Math. de France, 
Vol. X (1882), pp. 1062-172. ) 
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$2. Analytic Discussion. 


2. A rational curve of order 6 has 10 double points, but they can not be 
assigned arbitrarily. Indeed, if nine double points be chosen arbitrarily, the 
sextic through them will consist of the cubic determined by them counted twice, 
hence not more than eight double points can be chosen arbitrarily. Since these 
conditions are all linear when the positions of the double points are given, it 
‘follows that the sextics having eight given double points form a triply infinite 
linear system. The ninth double point must belong to some locus. A pencil 
of cubics pass through the eight given points, and they have one residual basis- 
point, which can not be a double point on the sextic, for a cubic of the pencil 
can pass through any tenth point, If this tenth point be chosen on the sextic, 
the cubic determined by it would have 19 points of intersection with the sextic, 
hence would be a factor of it. 

3. Let f be a sextic having nine double points, and c a cubic passing 
through them. Every sextic of the pencil 

c? 4- Af =0 
will have these same nine points for double points. Hence: Jf nine poinis are 
double poinis on a proper sextic curve, through them can be passed a pencil of seatics | 
euch having ihe nine points for double points. The pencil of sextics can not be 
transformed into a simpler one by any Cremona transformation. 

4. Let the eight given points be denoted by P,, P,,...., Pa, and $, y 
denote two cubics passing through them, and f denote a sextic having them all 
for double points. The system | 

ap? + Bex tyt 4- 3e — 0 (1) 
represents a triply infinite linear system of sextics having P, for double points. 
From the fact that any sextic of the set 1s completely fixed by three additional 
points, it follows that the above equation comprises every sextic having P; for 
double points. 


Let P' be any point in the plane. The curves of (1) which pass through P’ 
‘form a net, the equation of which may be written 


a (Q? f! — ef) + 8 Qf — V? f) + y (ev f! — ev f) — 0, 
wherein $9! etc. denote the result of substituting tke coordinates of P' in $ etc. 
By equating to zero the coefficients of a, Q, y, we obtain 


w-—— è —— m e—a —-—- 000 ——À 
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from which we see that all the curves of the net pass through all the inter- 


sections of die-a d eg ^ T 
Qvf'—42Jf-— 0. ` . 

The two curves of (2) intersect in 18 points, of which 16 are in P, and one 
at P'. The residual. P" is fixed when P’ is given. Hence: 

In a triply infinite linear system of sexite curves having eight common fixed 
double points, the curves of the net determined by a UE basis-point P! will ail 
pass through another fixed point P". 

Since the coordinates of P' and of P" enter the equations in exactly the 
X same way, the birational transformation defined by them must be involutorial. 
The equations can be found from (2) by solviag for the residual point of inter- 
section. The image of a straight line / is obtained by eliminating the coordinates 
x; from its equation and from (2). From the resultant of order 24, @/q)’ divides 
out as a factor, and the linear expression involving P'. Hence: 

By our involutorial transformation straight lines go into rational curves af 
order 17. 

The equations of the transformation are believed to be new; the order 17 
was determined by Bertini from the relations connecting fundamental curves of 
a Cremona net and by Cremona by means of the depiction of a cubic surface on 
a plane. From the method of elimination it follows immediately that P, is a 
sixfold point on ez, the image of an arbitrary line. The fundamental curves 
are therefore sextics. Since each must be rational and since any two can inter- 
sect only in fundamental points, each has a triple point at the fundamental point 
to which it corresponds, and double points at the remaining basis-points. These 
curves uniquely determine the transformation. 


§3. Geometric Interpretation. 


5 We may obtain the same result by considering the sextic having a 
triple point at P, and double points at each of the other basis-points, for which 


the symbol f, (18 2? 3? 4? 5? g? 77 82) 


will be used. If for P' we take any point on this curve, the curve of the pencil 
oy f—4'4 f — 0 remains fixed while the associated cubic has one parameter. 
Thus any cubic intersects f; in 17 fixed points, and the image of any point P 
on f; is therefore P, or 1. Since all points P, enter symmetrically, the Jacobian 
of the system is of order 48; hence the order of the transformation is 17. 
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6. The ninth basis-point of the pencil of cubics is not a fundamental point 
of the transformation, nor are the two residual intersections of $ with.f or of ẹ 
with f, since 4, 4/ divide out of the equations of the transformation. This fact 
illustrates a general prineiple which can be applied i in a number of similar cases. 
Consider the pencil of lines / 4- 4m —0 and of conics c + uk=0. Any point P' 
will uniquely determine a line Im — //m — 0 and a conie ck/ — c k= 0. The 
line and conic intersect in P! and in one other point P" uniquely fixed by P'.- 
The pairs of points P’, P" determine an involution and define a birational trans- 
formation. Evidently the lines passing through (7, m) and any basis-point of the 
pencil of conics are simple fundamental lines belonging to the fundamental point 

through which they pass, respectively. In the same way we may consider the 
fundamental curve. belonging to the point (/, m). The result is the conic of the 
. pencil determined by (/, m). The configuration of fundamental curves being of 
order 6, the transformation is the Jonquiéres transformation of order 3, and may 
be defined by a cubic curve and a point P upon it. Any line through P euts 
the curve in two points 4,, 4,. The image of any point P’ is thé harmonic 
conjugate of P' as to A,, A, on the line PP’. The fundamental curve of. P is its 
polar conic as to the cubic, and ne fundamental lines are the tangents to the 
cubic from P. 

7. Now suppose one conic of the pencil to be composite, one factor passing 
through (J, m). This requires that two basis-points lie on a straight line con- 
taining (l, m). This line now divides out as a factor. The fundamental conic 
-is replaced by a straight line and the transformation becomes quadratic inversion. 

8. Ifthe pencil of conics is of the form 


e+ uim —0, 


both 1 m divide out as factors and no fundamental curves remain. The trans- 
formation is now harmonic homology with (l, m) as center and its polar as to c 
aS axis. | | 

The second case can be derived from the third by transforming through an 
inversion having one vertex at the center of the homology, and neither of the 
— on the axis. . | 

. Another illustration is farmishted by the pencil of conics and a pencil of 

We the latter having double points at three of the basis-points of the conics, 
but not passing through the fourth. The transformation is now of order 8, but 
reduces to 4 when the pencil of quartics is of the form c, k, + uc, — 0, when 
the pencil of conics is c, + Ak, — 0. The residual basis-point of the pons of 
conies is not a fundamental point of the transformation. 
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10. Every involutorial birational transformation in the, plane can.be defined 

by two pencils of curves having a sufficient number of common basis-points to 
account for all but two intersections of a curve of one pencil and one of the other. 
By associating those curves of the two pencils which. pass through a point 7", 
the residual intersection P" can be found by rational operations.. Since every 


curve has a series gj, it follows thai such systems must always be hyperelliptic, 


elliptic or rational. From known theorems regarding the canonical form of 
hyperelliptic curves we again arrive at Bertini’s theorem that all involutorial ` 
birational transformations can be transformed into one of the four types men- 
tioned above. Interesting particular cases can be obtained by choosing the 
fundamental points of the transforming OPETE in special positions. 


84. Curve of Invariant Points. 


“11. Every Cremona transformation possesses a number of invariant points; 
when the transformation is involutorial these forma locus. This locus of in- 
variant points must be distinguished from an invariant curve which has its points 
exchanged in pairs by the transformation. The former points will appear when- 


_ ever P'zz P". In our case this will occur when a cubic touches the associated 


sextic. Since a net of sextics pass through P,, P', P", it follows that at least 
one curve of the system has a double point at P’, and is therefore a factor of the 
Jacobian of the net. After a few reductions this is found to be 
Ma lf 2 Ol f) _ 
| 1 (ov —94y 4 com a) 
Since f is a fixed curve and P! can be chosen at will, the factors f, py — $4 
may be rejected; hence the proper locus is 
O (25, tp, Zig) 

Any point of -J can be a ninth double point on a proper’ sextic of the system 
except the critical centers of the pencil @ + 4 ~~ = 0. These points are double 
points on curves of the pencil of cubics; for them P! = P" and J=0; but if X 
is a critical center the sextic having this peint as a double point will meet, the 


~ associated cubic in 20 points, that is, the sextic must degenerate. 


The coordinates of these points satisfy the relations 


Ge He o$ 
l api We bs” 


wherein $; denotes differentiation of $ as to.x;. 


~~ 
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19. The Jacobian J 4s of order 9; it evidently passes iout P, since f 
has a double point at each basis-point. Tt will now be shown that J T a triple 
point at each basis-point of the system. If we differentiate J as to z;, we obtain: 


$a A Jh y A | [ohh 
Pai > to | + | 2 tei fo | + | de s foi 
Par Us fa Ps Va; fa Da Va Sei 


The first two determinants vanish at P} since f,=0. In the third determinant, 
multiply the first row by æ, the second by a,, and the third by a4, and add the 
products for a new third row. The result is: 


& 


$i | V4 hu D 
tJ, = Q» V» for | = 9, 
| 3$ 34 5], 


— 


which shows that P;is a double point on J. 


Now compute the second derivatives as to a,, v, and retain only those 
' determinants. which do not vanish for the reasons mentioned above. We may 
write :. i 


Jin = (Pui vi fix) + ($i vii fa + " Ji fu) (Pix d, fx) E: ($1 di, m 


By performing the same operations as before, we have: 

















| fir $i hx Pi an Hes ad 
uo: c9 208) 4 9 9 
nes P Vs fox " Po Jar pam ubi be foi | v. B: foi l 
which may be written in the form ie i o 
$i fir | 6: 4 fu 
2 Po We for + 2 Po iz fs 
$i bs fix i Di 9 fir 


When ¿= 1 or i = 2, we have two identical rows; when i= 3, we can make 
the elements of the third row zero by performing the same operations as before. 
We now have the theorem:* 

The locus of coincident points in the involutorial transformation of order 17 
. isa curve of order 9, having a triple point at each basis-point. It 4s the locus of the 
ninth double point of a sextie curve having double points at eight given points. 


* E. C. Valentiner: “Nogle, TURO on visse algebraiske Kurven," Zeuthen's en Ser. IV, Vol. V 
(1881) pp. dii 


H 
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13. A curve of order 9, having triple points at eight given points belongs 
to a linear system having six degrees of freedom. It may therefore be defined 
by an equation of the form | E 
A ] ($, )s T (>, V). f EUR kJ -= 0, * 7 

wherein (, i), is a binary form of order ¢, and k is a constant. In general, the 
curves of this system which pass through a point P! will define a system of five 
degrees of freedom and having no further point in common. If, however, the 
P! be chosen so that the curves defined by the equations | | 
oV—gy=0, PFPE PITE 
“meet in a point, then all the curves of the system of order 9 will also pass through 
another point P”. The locus of P' is a curve of order 18, having sixfold points 
at the basis-points P,. The point P" lies on the same curve, and the system of 
curves defines an involutorial transformation which leaves the curve as a whole 
invariant. Among the curves of order 9 having threefold points at P, are those 
having a ninth triple point. This can not be chosen arbitrarily, for the con- 
ditions are all linear and one such curve is the cubic determined by the nine 
points, taken three times. After a ninth point has been found which is a triple 
point of a proper curve of the system, then every curve of the pencil 
P+ AG=O  7- 

will have nine triple points. This pencil can not be reduced to a simpler one 
by birational transformations. In this way a general elliptic system of curves 
of order 37 having nine r-fold points can be found. Of these, eight points may 
be chosen, arbitrarily, and the ninth liés on a definite locus. If.this point lies 
on J, every curve of the system remains invariant under our transformation Ty. 

- 14. An arbitrary straight line e, goes into cy by Tw. Since c, cuts J, in 
nine points through which the image c, must pass, ¢, cuts ej, in eight other 
points, which must be arranged in pairs, since the-transformation is involutorial. 
Caporali* has suggested the word class to define the number of pairs of points 
on an arbitrary straight line. The involutorial transformation of order 17 ds of 
class 4. Apart from the basis-points, cy and J, have only these nine points in 
common. Conversely, given any. cy having sixfold points at all the basis-points 
P;. . It will intersect J, in nine points which always lie on a straight line, the 
image of Cy, in Ay. - 


* «Sulle trasformazioni univoche piane involutorie," Memorie di-Geometria, Naples, 1888, pp. 116-125. 
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85. Transformation through Quadratic Inversions, 

15. If Ty be transformed through a quadratie:inversion having all its 
vertices at basis-points, it will go into one of similar form, but if one of the 
vertices be an arbitrary point P}, a new form will result. Let Je denote an 
inversion having vertices at P,, Pa, Py. It will be convenient to indicate the 
basis-points by their subscripts. Let 9 be the jns of 9 under 7, and £ be 
the image of 9 under 44. By using the notation c, 75,0,(129) to indicate that 
ihe image of a straight line in J is a conie through the vertices 1, 2,9, we 
may write 

c; (129) Ty os, (17 27 35 45 55 68 d g8 5) In Cap (15 238 38 4°58 65 78 88 98 £1) 
and 
Ta Ti Dz = cus Tao- 
The configuration of fandamental curves becomes : 
1: Cø (18 27 3t 4t 5t gt 74 81 gà EL), 
2: oy (17 25 3+ 44 Bt 6t 74 84 9+ £1), 
3: 6 Qaa 4 oF 6°78 8° 9%), 
pud ane Gal end ok ec ETT 
9: 6 (139 3? 4 9? 6P T 82 95), 
£: c (12). 


The invariant curve J, becomes Jig (19 25 33... . 9%). | If, however, the point 9 be 


chosen on Jy, the new transformation is of TM 29, obtained from the preceding . 


case by removing the factor ¢,(12) from cy, each c and c,, as well as sup- 
pressing £ in the preceding form. Jis now of order 11. 

The class of Ty is 9, and so is T4. T. ie class of an involution i is ‘not invariant 
under birational transformation. 

16. ‘Geometrically, 75 can,be obtained as follows: Let d,, X4 be two quartic 
| curves having double points at 1, 2, and passing simply through 3,..:.,9. Let 
f. be an octic having fourfold points at 1, 2 and double points at 3,...., 9. 
Every quartic of the pencil $, + A4, = 0 will have the same property as those 
described, as will also every octic of the pencil ıh, + uf; = 0. A quartic and 
an octic will intersect in two variable points, either of which uniquely deter- 
mines the other. In addition to the basis- -points, the images of the lines of the 
plane have one other point in common, in order-to have two degrees of freedom _ 
and have only one variable point of intersection. The whole configuration can 
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be obtained from the preceding one by transforming the two systems of curves 
through the quadratic inversion. The necessary and sufficient condition that 
Tj, results is that all nine basis- -points can be double points on a proper 
sextic curve. 

$86. Particular Cases. 


17. Ifthree of the basis-points, say 1,2, 3, lie on a straight fino it must be 
a factor of é4 and of the fundamental curves of 1,2,3. The configuration becomes: 
C4 Ty . es (15 25:35 4° 58 65 78 86), 
(1: 6; (1? 21 314? 5? 6? 7* g?), 
2: es (12? 3! 4? 5? 6? 7? 8%), 
3: os (1 2) 3? 4? 5? 6? 77 8%), 
and the others as in the general case. The proper curve of invariant points 
ie DOW: J (12 2? 8? 43 58 6? 73 83), | 
These same results can be derived directly from the equations. Let c, denote 
the line joining 1, 2, 3 and e, the conic containing the other five basis-points. 
For $, we may now write cc, and for f; we can take c,c;, wherein c; is defined 
by the symbol c; (1! 2! 3! 4* 5? 6? 7? 8), | ! 
The pencils analogous to (2) are now: | | 2 
Vs C1 65 — Cf C3 -Ys = 0, 
Ca Wa Cs — 0p. Cog = 9. 

To determine the fundamental curves, consider c; (1? 2! 3! 4” 5? 6? 7? 8°). If p! 
be chosen anywhere on this curve, P" is evidently at 1, hence c; is the funda- 
mental curve corresponding to 1. Similarly for the points 2 and 3. To deter- 
mine the fundamental curve of 4, associate curves of the two pencils which touch 
éach other at 4. The locus of the residual intersection is the required funda- 
mental eurve. It will have.a fourfold point at 4, a double point at 1, 2 and 3 and 
triple points at 5, 6, 7, 8; itis of order 8. The locus must also pass through the 
residual intersection of c,(4, 5, 6, 7, 8) and 44. As the former has 17 points 
on c, it must be a factor; the other component is c, (1? 2? 3? 49 5? 6? 7? 8?), as in 
the general case. By performing the operations indicated in the definition of J, 
c; (12 B appears as a factor, leaving J, as defined above. 

.If 1, 2, 8 lie on c, and 4,5, 6 on 4, then both lines Appear twice in cg. 
The iene is now of order 13 and has the symbol 


€, Tig cy (1* 2 3* 4* 5* 6* 77 89). 


ES 


^R 


44 
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The fondamental curves become 
© 1: e(1'283 4 5'6! 7? 8%), 
and y for 9, , 6; those for 7, 8 are as in the general ease. Since 
Qa = =¢,4,4, J= 4 Es Cy, ihe: equations of the ERSTE peneils may be written 


in the form 
JA . Snc M i =, 
bys. — 01. Abs = 0. 
The locus of coincident points has the symbol 
J (1? 9? 92 42 5? g2 78 8°). 
The transformation is now of class 3. | 
19. Incase two of the basis-points approach coincidence, forming a tacnode, 
the transformation can be reduced to that having three collinear basis-points by 
transforming through a quadratic inversion whose vertices are the tacnode and 
any other two basis-points. Conversely, from the three collinear points we can 
obtain the tacnode. Thus, if 1, 2,8 are collinear, we may write | 
€ Dung Cp (12 4) Tis cig (15 25 39 45 59 6979 89) Do, Cig (19 298 45 55 65 75 85), 
- in which 8, 4 form a tacnode. 
If in the same case we transform through b we have 
Ci Das Ca (4 5 6) Tie Cry (15 2* 85 45 55 65 75 89) Tss yg (14 24 35 4* 54 Gt 79 85), 
the general Geiser transformation results. | 
in which the points 1, ...., 6 lie on a conie. A particular case was met with 
before when 1, 2,3 lie on e, and 4,5,6 on &,. The configuration of fundamental 
‘curves is the same as given for the two lines. | 
If finally 7j, be transformed through Jeg, thus: 
Ci ders Co (6 1 8) Tis + Cio (19 2? 39 4° 5? 6? 77 89) Ting Ce (19 29 39 49 59 73 88). 
the general Geiser transformation results. 

"90. Thus the three cases of a tacnode, three collinear points, and six points 
on a conic ear all be transformed into each other 5y proper quadratic inversions, 
and each is equivalent to the general Geiser transformation (c) Further par- 
ticularizations of the basis-points in 75; will therefore reduce to particular ‘Gases 
of the Geiser 7;. As the latter have already been treated at longi they need 
not be considered here. 

CORNELL UNIVERSITY, August, 1910. 


* Snyder: t Conjugate Line Congruences Contained in a Bundle of Quadric Surfaces,” Transactions Amer. 
Math. Soc., Vol. XI (1910), pp. 371—387. 


On the Problem of Two Fixed Centres and C ONLANN of 
Its Generalizations. 


By Avail MILLER HILTEBEITEL. 


The classic problem of two fixed céntres may be stated thus: To determine 
the motion of a body attracted by two fixed Newtonian centres of force. It was 
first solved by Euler and since Euler generalizations of the problem have been 
made. In this paper are given the resolution of the most general two-centre 
problem of which the variables are separable and a discussion of the mace 
of a less general form of the problem. 

PRoBLEM: To study the motion of a material body M acted upon by five 
centres of force, Ki, Kz, Kz, Ka, Ks, which are the two real foci, the centre, and 
the two imaginary foci, respectively, of a system of confocal conics, by forces 


I4 = — mg5, 


m im - M,—tm 
rim R; = — m r, — i 


R, = — mrn — 
" EN. í 


3 


respectively, and by an additional force always parallel to the line X, K; and 
varying inversely as the cube of the distance of the moving body M from the 
fixed plane perpendicular to K, K; ai K}, the centres K}, K,, K; being fixed, 
while the real foci K,, K, are always in the meridian plane K, M K;. 

, Let x, y,, 2, be the coordinates of the moving body M referred to a fixed 
system of rectangular axes whose origin is at Af, and whose a-axis coincides with 
the line passing through the imaginary foci X,, Kz, as in Fig. 1. Imagine a — 
plane through the z-axis and the moving body M, and let the intersection of this 
moving plane with the fixed y;z;i-plane be YY’. This line will always lie in the 
meridian plane K, M K; and, as. this plane rotates about the z-axis, Y Y! will 
rotate about the origin. Every poirt, in this line will describe a circle in the 
2 z,-plane, whose centre is Æ}, and v pon it the two real foci are taken. Of the 
five centres of force, therefore, Ky, Ki, Ko are fixed, while the other two move 
on a circle whose centre is K;. 
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The motion of the meridian plane, and thérefcre that of the centres K,, Ko, 
is due to that element of the initial velocity of M which is perpendicular to the 
initial position of the meridian plane. But this element of the initial velocity 
not only causes the rotation of the meridian plane, but also influences the nature . 
of the path described'/by the moving body in this plane. By the aid of the 
principle of areas the motion of M in the rotating plane can be completely 
separated from the motion of rotation about the a-axis, as Jacobi* has done 
for the simp:er problem. 

The. perpendicular distances of M from the c-axis and the line YY! are 
designated by y and æ respectively. Regarding XX’ and Y Y! as a system of 
rectangular axes in the meridian plane, then v, y are the rectangular coordinates 
of M defining its position in this plane. If at the beginning of motion the plane 
K, M K; coincides with the fixed plane X K; Y,, and during the time ¢ describes 
the angle $, as indicated in Fig. 1, then 


Yı = y COS È, zg-ysn$, +A (1). 
ES a 
i^ 5 
Y 
rf y,, 74! 
A L M (x y) 
i 
" 
(4 
f Fi 4 
y [^4 A 
3 


Let 2v denote the distance K, K, and 24e the distance K, K,. Let the 

rectangular coordinates of K,, X, in the Y, Z,-plane be (— a, — b), (a, b), 

respectively, and the distances K, M, K, M, Ka 4, K, M, K; M be respectively 
Tis Tey 79, Tay T5 We now have: 

: + =e, by,—az -— 0, ) | (2) 

i = + (y ay + (z + bF, T —a*- (9, —ay-c-(g—by, ` .(3) 

=t ti T-—(e-c)oy-c yb, gi lli yb (4) 


* Vorlesungen über Dynamik, No. 29. Werke, Supplement, pp. 221-281. 





— 


mn 
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^. The form of the forces R,, E,, R,, R; is accounted for by supposing that 

there are two masses at each of.the corresponding centres, one acting inversely 
as the square of the distance and the other directly as the distance: At X, K, 
the masses acting inversely as the squares o? the distances, denoted by m,, m, 
respectively, may be any real quantities whatever, while the masses acting 
directly as the distances must be real and equal to each other. These laiter 
masses are denoted by m. But at K,, K; the masses acting inversely as the 
squares of the distances will be denoted by tke-conjagate complex quantities, 
m, + im, m,—tm,, it being the imaginary unit, and the masses acting as the 
direct distances may be any real quantity, as m’. -Under these hypotheses as to 
the masses, the potential function will be real and the separation of the variables 
in the Hamilton-Jacobi partial differential equation can be effected by the aid 
of elliptic coordinates. ' l 

This problem includes, as busted cases, all the various forms of the two- . 
centre problem. - The form of the potential function given by Darboux* may be 
obtained by setting m =m = 0, or by compounding the two forces — mr, 
— mr, into the single force —2 m rg and suppressing the forces — m'r,, —m' ry. 

These four forces together with the force — mgr, give rise to the following 
terms in the potential funetion : 


2 12 2. 

— FMT — FMT — mri — m ri — am ri; 

and it can easily be shown that this expression is equivalent to 
— (m+ $M, + m') 73 — e (m — m’). 


Hence, even on retaining these forces, the potential function of this problem . 
differs from that of Darboux’s problem only by a constant term. "Velde'sT 
problem is obtained from the present problem by omitting the forces A, R; 
as well as that parallel to the z-axis, and by regarding the motion as in a fixed 
plane through the centres K, K,, which are also supposed fixed. By simply 
- omitting the forces R,, #;, we have the most general form of the two-centre 


_* Archives Néerlandaises des Sciences, Ser. 2, Vol. Vi, pp. 871-316. 
+ Programm der ersten höheren Bürgerachule zu Berlin, 1889. 
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problem as formulated by Liouville.* Retaining only the forces R,, E, and 

regarding the corresponding centres as fixed; we have the problem as extended 

by Lágrange;t and if, in addition, we suppress the terms — mri, — m,, in 

R, B, respectively, we have the original two-centre problem of Euler. f 
Differentiating equations (2), (3), (4), we have 


ada+bdb=0, tdy, + y, db — dz, — zda — 0, (5) 


ri P EA a qub aae Pd a ub Pd (6) | 
T, dr = v dz + (yı — a) dy, — (yj — a)da + (zı — b) dz, — (2, — b) db, | 


Ta dr; = x da + gi dy, + 2, dz,, 
dr, = (x + ie) de + y dy, + 2 dz, | (7) 
T; dr, = (æ — ic) dz + y, dy, + 2, da. 


But 
(yy +a)da + (m -- b)db = 3 (ada + bdb) + ada + bdb = 0, 


— (y; — a) da — (z, — b) db = — (ada + bdb) + ada + bdb = 0; 


and therefore the equations (6) become 


ri dr, = «do + (y; + a) dy + (4 + b) da, } (8) 
- To dr, = ada + (y, — a) dy, + (4 — b) dz. 


It will now be necessary to express the distances in terms of the variables 
x,y. This can be done without difficulty by aid of the relations (1) and (2), 
| and we have | 


i= tyto), R=, d-a y, 1 (9 
ri = (æ + icy +y’, rë = (x — ief + y’. 


* Journ. de Math., Vol. XI, pp. 345-378; Vol. XII, PP. 410-444; Vol. XIII, pp. 34-37. Connaissance de 


` Temps pour 1849, pp. 255-256, 
+ Miscellanea Taurinensia, Vol. IV, pp. 118-243: GBuvres, Vol. IF, pp. 67-121; Mécanique Analytique, 1st Ed., 
pp. 262-286 ; 2nd Ed., Vol. II, pp. 108-121; Guares, Vol. XII, pp. 101-114. 
t Nov. Comm, Acad, Imp. Petropolitanae, Vol. X, pp. 207-242; Vol. XI, pp. 152-184. Mémoires de U Acad. 


de Berlin, Vol. XI, pp. 228-249. 
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Taking the mass M as the unit mass, the differential equations of. motion 
may now be written as follows: 








| 
= = — mz — mx — mss — m! (e + ic) — m! (x — ic) — "L2 — M2 
d i? ři Ye 
— nci). (a + ic) Uu — ims) (a: — ic) 8 
TP g^ 
d? 4, 





is = — m(y + 2) m (y; — a) — Ms Yı — m'y — m'y, 


DI IUECODG P: I) 10: (s se ag CRI CES eS 


m (yta) __ m (y —a)_ (m+ ims) Yi (m, — ims) Yi 


TE — —m(ad b) — m (n — E) — ms — m'a — m'a 


m (z tb)  m,(—5) (m+ ims) z — (mM,— m) 


dpud: ee gee MMCÉ OM CEU Ic CD MM ÉL IL QU MM x 


rè rë | T Ty 


Multiplying equations (10) respectively by dx, dy,, dz, adding and inte- 
grating, we obtain the vis viva integral: 


d dz 
HOD =) ZI = — imri— imri—imrj—i4mirj 


| (11) 

M, , m,, m,-d- img , m—im 

dei Ph etri 
T1 To T4 rs d 


Now multiplying the second equation of (10) by z, and the third by y,, 
and then subtracting, we obtain 


fda" d, 
y: ot) a en (D eae (by, — az) + m (by, — az) 
(12) 
E m; (by, — azı) 4 ms (by, — az), 
ri Tr 7 
and therefore, since by, — az, — 0, we have 
d?z d? (7 
gg Ta e c uc 
Integrating this equation, we have 
dz, — , dy} 
uu uc h (14) | 


.where a is the constant of integration. This integral equation shows that the 
areas described by y, as the meridian plane rotates about the x-axis, are pro- 
portional to the times. 
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By the aid of (1) we find | 
a) + (a8 = (HY + (BY (18) 
^o da 0, dy, us dà | » 
| i a VY gr (16) 

Substituting these values in (11) and (14), we have 


, [( do (2) |= j a sect 2 lm,r? — łm'r?— imr? 
3 —— T e = — F MIT — FMT? — y Wa T3 — 5 m ?, — 5 T5 


17 
pma ma mim p mins y B — PER e 
Baa, | (18) 


in which the variables 34, 2,, a, b no longer appear. . 
—— the equation y =v y? + 2? twice with regard to t, we get 


d*yi 2 G di, dz, = dy - l 
diy _ Hx a etn dt? " (yi + 21) 28 D) (v. + A4 dt (19) 
di? ^ y ' 
The second term of the right-hand member of ii equation reduces to 
| 1 d a? 
ICE jx T; 3 MAY a 
and the first term — 
— m (y + e) — m (y — e) — my —m'y —m'y 
m, mE + e) __m(y—e)_ (m +im)y_ (m — im) y 
— 2 





R ee a a pe a ee ro UE ee 
* 


Ta T? . Tg 
Substituting these values i in (19), we find that the orginal equations of motion 
may be replaced by the following system: 


EE = — ma — ma — mye — m! (w + ie) — m! (s — ic) 
| mga me (m+ im) (e@+ic) (m—im)(a—t) B 
r? : re T2 rè x3 t. 
d'y _. j m ; 
ge = — my + e) — m (y — c) — my — m y — m y |. f (20) 
; J : 
mly te) mí(y—o (m -rtmyg. (mí —imy a 
EU MM EL E xm xxxn bw T 
; 7 T3 T? T5 y . 
de & 
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The first two of these equations involve only the variables x and y and 
define the position of the moving body in the meridian plane. The third 
equation gives the motion of rotation about the z-axis. 

If we set 


U = — imri—imri— 1 mar? — Lim rë — tm rÊ 
mi,m m, + im m, — im 
+ «T me. (nct im ES ) (m, — im; uL 5). 
T5 X y 
the equations (20) may be velit in the form (7 | 


Pas. QU dy dU de . OU 
di ox? d?  0Oy' dt Qa 


On introducing elliptic coordinates 2, u defined by the equations 
a=) =ar) o (21) 


the. functions T and U become 


P=3(8—w) lon 2a aC y 


B z| np peus qot a my) 






VE er + p e EI: ; 5 (mi mg + m') u* 





| e 
— P (m, + 2m!) ie — (m, — My) u — 9 ms V c — uP .-u 1 at "E 


| by virtue of the relations : | | 

Sate ^-A—a nav ae, 

r, 25 A/ A3 — c? J- A/ u* — onm VE sep: NAP Poe a, 
' c? y? — A? u*, e? on” — (A? — c?) (c? — u’). 


Both T and U have the form required for the separation of the variables 
in the Hamilton-Jacobi equation. U, however, is an irrational function of the 
coordinates à and u, but it is‘real for all real values of A > c and for all values 
of u numerically less than c. It is a real function, therefore, for all values of 
A and u consistent with their definition. | 

45 
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Setting H= T — U, the differential equations defining the motion in the 
meridian plane assume the canonical form 
Gl 0H dp OH 
~ Op! dt ~~ an’ 
a un dp, —_ .O0H 


where the conjugate variables p, and p, are given by the relations 
_ oT _ OL 
B c QA 7 Qu ul 


The Hamilton-Jacobi equation, 


IER ee] re^ 


becomes, on inserting the value of U in ks and arranging, 


ae — o (SY UE aiiai 





c? - ge? 
+ (m + mj) +2 m, VASE tipp 2? | 


| oW 
— i (u* — 0 (20 ae) [ei mg + m) ut — (3 myc? + 2m! c? + h) u? 
Jc? a? c? 
— (m, — m) u — 2 m, v e? — uP LU mem n 3 7. i 
In this equation the variables are separated. Hence by se tting each member 
equal to the same constant and putting for short 





A — K() (mt mam ANRE mta Be 


— (mm + m) es, 
M = $ (u) + (mı — ma) u pcm ame? ut eae c? — yu* 
— (m,— M) c’ u 


EEE ETE a mente + Ie 
— (3 ma c* + 2 m! c+ he’ — k) s* — (k + $1 a* — 3 8) c?s? + 1 a? c*, 
we obtain the two equations M ae 4 
~ OW_ 42 — oW | 328 — | 
Baa A Secus y o 0 


to determine tlie function W. 
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Multiplying equations (23) by da, du respeoti ely and integrating, we find 


Wa) = VBS os VÀ, W(u)- 3$ itg 
W = W(2) + W(u). 


Two integrals of the equations of motion then are 


1 A dA l^ dg 








thas foe "a JM! (28) 
1 Ada udu 
1 Tad WA Fe M (24) 


` 


the first-of which defines the time corresponding to any position of the moving 
body in its path and the second the path described in the meridian plane. l 

The intermediary integrals (22) define the velocities, and Hey may -be 
written as follows: 


du A/ 2 E 


aan) m —cNbex, Gumi. ^0 (m) 
From (23) and (24), we. find by differentiation 
a dA 3d 

Vrae MEE t. — x. $4 

ada, udu .. i | 

"es. (27) 


and with the aid of e aad (27) we derive from the third of the uude (20) 


the relation 
' ac? y 


e TI umm | (28) 


and after integration | 
du } | 
He ker ! 29 


which defines Q, the angle of rotation of the nod plane. "With this integral 
the solution of the problem by quadratures is complete. The three final integrals 
are (23), (24), (29), and the six arbitrary constants of integration are h, 4, hy, kis 
a, a, their values depending upon the initial conditions of the motion, 
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_By their definition (21), the coordinates A, u must always satisfy the in- 
equalities "E 
o A206,  —oc2u2c, l 
. „and in order that there may be real motion, they must also satisfy the conditions 

A20, M20, 

not only at the beginning of motion but also throughout the motion. Further, 
2 can never take the value +c nor approach +c indefinitely, for in this case 
the potential function U becomes infinite. For the same reason, p can never 
take the values +c nor zero, nor approach these values indefinitely. Therefore 
^ must have a minimum value, say ar, greater than +c, and u must have a 


~ 





Fie, 2. - 


maximum and a minimum value in each of the intervals (0, +), (— e, 0). Let 
the maximum and minimum values in the interval (0, +c) be respectively 
b, and b, and in the interval (— c, 0), 8, and B, respectively. Again, if we 
suppose all the masses to be essentially positive, then for increasing values of 2, 
the function A finally becomes negative and remains negative. Hence A can not 
increase indefinitely and the maximum value of à for which A is positive or zero 
we shall denote by a,. Hence A and u must satisfy the following conditions: 
: a> A> a, bó 2 2 by, 612 4 2 Bs. | 
. The path described by the moving body M in the meridian plane, therefore, - 
must always remain within one of the four trapezoidal regions of this plane 
bounded by ellipses 4, =a, 4 = a, and by the hyperbolas u = b, u = b}, or by 
the hyperbolas u = f), u = f, as indicated in Fig, 2. | | 
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Tf; at the beginning of motion, M is in one of these four regions, say I, 
it must always remain within this region. As the meridian plane describes 
the angle $, the region I will generate a tube-like region in‘space and within 
this space the motion of M must take place. Whatever the nature of the 
trajectory within this space may be, it can never extend beyond it. 

If b, = 8,, ba = 8, numerically, then as the meridian plane rotates about 
its axis, the spaces generated by the regions I and II will be the same as those 
generated by IV and III respectively, but if b Æ bz, ba E 6, numerically, 
this will not be the case. It may happen, however, that the spaces generated 
by I and IV, or II and III, overlap; then, supposing, M to be in I at the 
beginning of motion, the trajectory is limited i the combined spaces generated 
by I and IV after a semi-revolution of the meridian plane. 

Let a, and b, be multiple roots of the equations A=0 and M=0 respect- 
ively. Then, if at the beginning and throughou: the motion we have à = a, 
the motion will be upon an arc of the ellipse à == a); and, as the meridian plane 
rotates about the a-axis, this ellipse will generate an ellipsoid, upon a certain 
portion of which the body M must move. Likewise, if we have u= b at the 
beginning and throughout the motion, the body M will move upon an arc of the 
$ hyperbola u = b in the meridian plane, and in space, upon a certain portion of 
the hyperboloid of revolution generated by the hyperbola branch u = bọ. If we 
have at the same time‘ A == æ and u =b, nc motion will be possible in the 


-~ meridian plane and the orbit in space will be a circle whose axis is the x-axis. 
A further discussion. of the conditions for the kinds of motion just mentioned 


will be given later. ux Sage 


When the motion is supposed to take place i in a fixed plane passing: meena S 


the five centres of force, that i is, eo a= 0, we have 


U eG (m + pm ml) ab (4 ig + PRI mut (m, + m) a 


pam VBP}. S P7). (—(m + bm em) ut + mp2 metn 
= em — m) a — 3m FHF — 4 115 3) f; 
A — f (2) + (m, + m,) H 8m, VE, 
M = f (u) + (m, — m) u? — 2 my V c — pL’, 0008 | 
f(s) = — (m + £m, +m’) s? -- (mc? + mac? + 2 m'c? + h)s* + ke? + 2 Bc? —ke’, 
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When u oecomes zero, U becomes infinite. When either à or u becomes 
numerically equal to c, U remains finite, but again becomes infinite when 
A-yu-o; that is, when there is a collision of. M with the real focus, Æ, 
or K,. Hence the trajectory may cross the y-axis but not the x-axis, and it can 
not pass through the real foci K,, Kp. | 

: For sufficiently large values of A, the function A becomes and remains 
negative as 2, continues to increase. If we represent the greatest value of A 
for which A changes from. positive to negative values by /, then A must satisfy 


. the inequality 
+esasil 
in all cases of real motion, ) 





Fra. 3. 


Since U becomes infinite when uw becomes zero, u can not approach zero 
indefinitely. Representing the lower limit of the positive values and the upper 
limit of the negative values which u may take by 7, and E respectively, ù must 
always satisfy the inequalities | 

+er>url, íL2uÉz—c 


in all cases of real motion. | 
From these limitations on 4 and u, it follows that the trajectory must lie 
wholly within one or the other of the two domains of the fixed plane, bounded 
by the ellipse 4 =Z and the hyperbola branches u =h, w=, as in Fig. 3. 
For A= e the ellipse degenerates into the straight line segment A, Kz; for 
— ce the hyperbola degenerates into the straight line K, K, beyond K,, and for 
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u = — e into the straight line K, K, beyond K,. Hence, if at the beginning - 
and throughout the motion we have 2,— c, the body M must move on the line 
. K, K,, either on the segment B, K, or the segment B, K,, not including the 
limiting positions K,, K,. On the other hand, if at the beginning and through- | 
out the motion we have u = +c, the body M must move upon the line segment 
K, A,, excluding K,; and similarly for u = — o, the motion takes place on the 
straight line segment K, A, excluding K. 

If we have at the beginning. and throughout the motion à = a,, where a, 
is a multiple root of A = 0, the motion will be upon an are of the ellipse 2, = ap. 
Likewise, if we have w=, at the beginning and throughout the motion, the ` 
motion will be upon an arc of the hyperbola u = bọ. 

For a fixed system of values of the masses involved, the existence of multiple 
roots of the equations A —0, M — 0 depends upon the arbitrary constants A and £ 
that is, upon the initial conditions of the motion. From this it is evident that 
the same conie which can be described by all the forces acting. at the same time 
. ean also be described when any one of the forces Jt, Fs, Hs; acts alone or when 
the two forces Æ, R; alone act. Thisfact Lagrange considered most remarkable 
and called attention to it in his work on the problem of two fixed centres in the - 
Mécanique Analytique. Legendre * also noticed it. The-above result and the 
theorems of Lagrange and Legendre are coro‘laries of the following general 
theorem due to Bonnet: T | | i 

- Bi plusieurs masses m, m', m", ...., respectivement soumises à l'action des 
forces F, F', F", ...., et partant toutes d'un point A avec des vitesses v, v, vy, 

, de nibo différente mais de méme direction, decrivent la même courbe 
AC B, .la masse quelconque M, soumise à l'action de là résultante des forces F, 
F', P", ...., et partant du point A avec une vitesse V, ayant la méme direction 
que les vitesses vo, 9), Ui, «i++, déerira encore la courbe ACB, pourvu que les 
forces F, F', F", ...., indépendantes du temps et que la force vive initiale MV 
de la masse M soit égale à la somme . | "F & 


PR T vy + mv, "9 


des forces vives initiales des masses m, m, m^, ..... 


* Traité de fonctions elliptiques, Vol. I, .p. 426. 
t Journ. de Math., Vol. IX, pp, 118-115; Œuvres de Lagrange, Vol. XII, Note IV, pp. 358-855. 
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We shall now consider the motion of a particular case of the preceding 
problem by the method employed by Charlier * in the discussion of the motion 
of the original problem of two fixed centres when the motion is in a plane 


through the line of centres. The problem is as follows: 
To determine the motion of a free E: M in space mn toward two 


isad centres K, K, by forces k= =— mr, — E , R= — mr — yj respectively, 
! z 


and by.a third force R; = -£ parallel to-the line &, Æ. 
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In this case E. K, are fixed. The plane K, MK, is suppose to rotate 
about the line K, K, as axis, coinciding with the fixed plane XA; Y, at the | 


beginning of motion and describing the angle $ in the time ¢, as indicated in 
Fig. 4. AM, or x, is the distance of the moving body M from the fixed plane 


Y, K; Ly = 
of M from the fixed plane Y, K, Z,. 


* Mechanik des Himmels, Vol. I, pp. 117-1638: 


, M 
Hence the third force, Fs, varies inversely as the cube of the distance 
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If we take the mass M as the unit mass, the equations of motion are 





d? x mie+e) m(ex—c) B 
= = — m (x +c) —m(x— e) — ———34— — >? — 
d t? ( + ) n ( c) rë r2 mo? 
d? y Mi Yı LET 
Jl —= 5 my,— m: ee m 
dt? Yi Yı rë re 3 
dz mig, — fs. 
—— = .— mg — mz, — — et — —555. 
dt? * Do p r? 


3851 


The further details of the solution are altogether analogous to those of the 
general problem already solved, so that we content ourselves with the results 


24/? 12 
= iiu 




















gens ae 
Uca La mM + (m+ my - BES S BE 
2 gg 
cti + (m, — mj) u — it )p 
do. n | 
gy”? 
W= f oy aaa vA + faa VM, 
a p 
d. us C n 
A (A — u’) Ti = E 
u (2? ae = — J M, 
2d» udu 
PA XM! 
AGA d 
Wk tv T 
m A dA udu 
—: — — 
ds udi CERTI s ie e) D 
_ fÀ AA a urdu 
ea oat res aa I 


add ad 
A= Ae fe 


B Ad2 | udu 
| pHa =- di se f og c?) v ES (u? aa 
46 


(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
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The integration constants are A, k, a, hı, ki, aj. The symbols A and M 
stand for the following expressions: | | 
= — 92m 25 -- 2 (me? + hy 25 + 2 (m, + m,) 25 — 2 (he? — k) 34 
— 8 (m, + m,) c* 3? — (25 + a? + 8) c* AP 4+ Bet, mE 
M-c—2my4- 2 (me? + &) u? + ma — 2 (hc? — k) u* 
— 2 (m, — mj) c° u° — (2h + a? + B)? uh +. Bet; 
or, setting for short - | 
"n — 92m, B= 2 mc? + h, Gn Es 0i qm t mg, O, = 2(m,— m), 
= 2 (he — k), E, =2(m + m), E, = 2 (m — m,) cè, 
E E G = cf: uu 
A = — AX + B3 4- Ga'— Dat— E, — F3? + G, 
M = —Aujg+ Bu’ + Gu5 — Du*— É u’ — Fu? + G. 
It was shown by Serret* that under certain conditions. 
AM =0 
is a singular solution of the problem of Euler or of that of Lagrange, and as his - 
- reasoning is directly applicable'to the above problem we may conclude that this 
equation is also a singular solution of the problem in hand. In the original 
problem of Euler A and M :are of the fourth degree in % and u respectively, in 
Lagrange's problem they are of the sixth, and in this i they are of the 
eighth. 

The condition for such singular solution is that A—A,, A, being the initial 
value of A, be a multiple factor of A of order m, m 72; or similarly, that u — us, | 
us being the initial value of x, be a multiple factor of M of.order n, n2 2; that is, 
Av must be at least a double root of the equation A =0; or Ho at least a double 
root of M=0. | 

The trajectory in the meridian plane will therefore be the ellipse à = ^ 
or the hyperbola u = uo, according as | 


Age) quldem. 
B oM 
M,—0, Ou TT 


‘where A, and t3 are the values of A and its derivative with regard to 2 
0 : 


^ 3"Queres de Lagrange, Vol. XII, Note II, pp. 346-849. 


- ^ 


- 
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when à = 2p, and likewise M, and (om 2; 23] are the values of M and its derivative 


with regard to u when u = us. 

Às the meridian plane rotates about the line of centres, the ellipse 4 —A, 
will generate an ellipsoid of revolution and the hyperbola u = u, will generate 
an hyperboloid of revolution. Upon one of these surfaces the motion takes place. 

But if 2, — 2% and u = w at the same time: where A, and u occur at least 
twice as roots of the equations A — 0 and M —0 respectively, then no motion 
is possible in the meridian plane, for in this case 


dA — ^ Qu in. 
di 9 qe E 
in space, however, the trajectory will be a circle whose axis is the axis of revo- 
lution and whose centre is Kj. This kind of motion was first remarked by 
Legendre,* and later by Andrade. t 
With regard to equations of the form 


daN? 
di = F(o. 


Charlier ]. established certain theorems which are immediately available for our 
discussion. The equation is supposed to be one capable of interpretation in a 
mechanical problem, and therefore œ as well as its first derivative with regard to t 
may be regarded as real, finite, and continuous for all finite values of t. 

In the first place let a be any real root whatever of F(x) =0 of order m, 
m being a positive integer.. Let «=a, at the beginning of motion and let a 
be so:taken that no zero value of F (x) lies between a and a. During the motion 
let x approach a continuously by increasing or decreasing values according as a 
is less than or greater than a. Under these assumpticns, Charlier succeeded in 
establishing the following results: . 

First, for.m>2, « can not reach the value a in à finite interval of time, 
and being real and continuous, it can not therefore pass the value a. 

Second, for m= 1, æ will reach the value a within a finite time; but it can 

not pass this value, for then the derivative will change sign, which is not. 
admissible. 


* Traité de fonctions elliptiques, Vol. II, p. 529. 
t Journal d? École Polytechnique, Cahier 60, 1890. 
t Mechanik des Himmels, Vol. I, pp. 117-163. 


~~ 
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. In other words, æ can never pass a zero value of F(a). | 

In the second place, let a and b be two consecutive roots of F(x)-—0 of 
orders m and n respectively, let a< b and let a lie between a and b at the . 
beginning of motion. Then it follows immediately from the above theorem 
that if x = «y at the beginning of motion, it must always remain within the 
interval (a,b). If m==-n=1 and if æ starts from ay toward a, it will continue 
to decrease until it reaches the value a; then it turns and continues to increase 
until it takes the value b, when it changes its direction again toward a, and so on 
indefinitely. The motion in this case is one of oscillation, or what Charlier calls 
libration motion. The limits a and b are called the libration limits. 

If m>2 and n=1, and if x starts from «s, x being in the interval (a, b) 
at the beginning of motion, toward a, it will continue to decrease but will never 
reach the value a; it approaches a as a limit and can not attain this limit in a 
finite interval of time. If æ starts from æ toward b, it- will reach b in a finite 
interval of time; it will then change its direction and continue to decrease 
toward a as before. If m>2 and n>2, then, in whichever direction œ moves 
-at the beginning of motion, it will continue to move indefinitely, approaching 
either a or b as a limit. Charlier calls this kind of motion limitation motion and 
the limits, limitation limite. | 

These theorems will now be applied to equations (30) and (31). 

- The coordinates A and u have been introduced by the equations 


A= a(n tr); =bn r), 


where A and u are the parameters of a system of confocal conies having their 
real foci at the fixed centres of force, K,, K,.. If we denote the distance K, K, 
by 2e, then the least value of A is 4- c, while the greatest and least values of uw . 
are -+c and — c respectively. Since A is the semi-major axis of the ellipse, 
the semi-minor axis is / A^ —c?; of the hyperbola the semi-transverse axis is ų, 
and the semi-conjugate axis is //o?— u”. Hence the equations of the ellipses 
and hyperbolas are respectively l | 





and therefore 
c? a? = Mu, c? y? = (4? — c?) (c? — u’). 
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From ibas defining equations of à and by it follows that à and u must 
satisfy the inequalities . - 


on +e>u>—c. 


. In order that the quantities under the radicals in the integrals may be 
positive, that is, in order that there may be real motion, X and u must also 
satisfy the conditions i | 

A20, M20, 


E 


dde: All of the above conditions 4 and u must satisfy throughout 
the motion. 
The potential function .U can be written. 


203 — p) vr e?) C303 9) - (arg 35-200 8) 


.It is evident that, of the possible values. ?, and u, U becomes infinite for 
=c and for u= +c or zero. Therefore A and u can not be allowed to take 
these values nor to approach them indefinitely, if we wish to avoid infinite dis- 
continuities in U. . Hence there must be a lower limit to the possible values 
of A, as 1 >c; likewise, an upper and a lower limit to the possible positive 
values of u which we denote by /, and !| respectively, and an upper and lower 
limit to the possible negative values of u which will be denoted by 5 and J, 
respectively. The following inequalities must therefore be fulfilled by à and u 
respectively : 


U = 


»A2l,  h2a2Éü, K2 2h: 


-For any value of 4 >c for which A vanishes, the function U will be finite, 
however litile this value of 4 may differ from c. Hence the least value of the 
possible values of A will always be less than or at most equal to the least value 
of A for which A vanishes. In other words, all the positive roots of the equation 
A =0 which are greater than +€ are also greater than or equal to J. . Similarly, 
all the positive values of u in the interval (0, +c) for which M vanishes lie in 
the interval (4, 4), and all the negative values of u in the interval (— c, 0) for - 
which M vanishes lie in the interval (4, B). 

When u becomes zero, not only U but also du/dt becomes infinite. But for 
this value of u, no discontinuities occur in the three final integrals of the solution; 
that is, the time ¢ as well as the trajectory in the meridian plane and in space 
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is finite and continuous, as one can easily determine. Hence in a discussion of 
the trajectories no further attention need be given to these discontinuities in U 
and du/dt and it will be sufficient that % and u satisfy the conditions 


Pe ea ee re 


Without loss of generality we may take m, œ> m,. Then, since c? and a? 
are always positive, if we regard m, m,, m, and @ as essentially positive, no 
change of sign can take place in any of the coefficients of A and M which are 
independent of the arbitrary constants A and k. Hence A, G, G, E,, &, G 
are all positive, while B, D, F may be positive or negative, depending for their 
sign upon the values of A and k. a 

When 2,— 0, the expression A is positive, and when A— - c, A is negative. 
A must therefore have one real rcot between 0 and +c, and one between —c 
and 0. By the aid of Descartes’ Rule of Signs, we find also that A can not have 
more than three positive, and it can not have mcre than five negative roots. 
A = 0 must therefore have at least one positive root, but may have three; and it 
must have at least one negative root, but may have three or five. The same is 
true relative to the roots of the equation M — 0. 


Further, for a certain value of A, the funetion A becomes negative and 
remains negative for all greater values of A. Hence there must be a greatest 
value of à for which A is positive or zero; that is, thare must be a greatest value 
for which A changes from positive to negative. This value, which we shall 
denote by a,, must be a root of A — 0. Let us suppose a, >c. Since A is 
negative for A= +c and positive for values of A less than a,, A must also 
change sign for some value of à between --c and a,; there must be a positive 
root of A —0 in the interval (+c, aj). It is evideat then, that A is positive 
for all values of A in the interval (a,, æ) and for no other values of à greater 
than +c. Since a, and a, are both greater than /, 4 may take all values in the 
interval (a, @,) including the limits a, and a. 

We have seen that one positive root of A zz0 lies between 0 and 4-c. If 
a, be this root, then there can be but one positive zeal root; if a, be different 
from this root but less than +c, then a, will also be less than +c. In neither 
of these cases is motion possible. In all cases of real motion, therefore, we must 
have both a, and a, greater than +c, and. à must satisfy the inequality 
012225. | 
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As to the roots of M'— 0 we have remarked that those only can have any 
influence upon the motion which satisfy the inequality L> u> 4, and that M —0 
must have one positive root but may have three, and one negative root but may 
have three or five. We denote the positive roots by 5,, bz, 6; and the negative 
roots by £,, 83, Bs, Ba, Qs. By b, we shall always mean the single positive 
root, or, if there be three positive roots, the greatest of the positive roots in the 
interval (0, 4) for which M changes from positive to negative values. Similarly, 
by Bı we mean the negative root which must always exist, or, if there be more 
than one negative root, the greatest numerically of the negative roots in the 
interval (5, 0) which causes M to change from negative to positive values for 
increasing values of u. | 





Fig. 5. 


Hence it is clear that the trajectory of the moving body M in the meridian ` 


, plane must remain wholly within one of two regions enclosed by A= di; À = Qg 


and by the hyperbola branches u= 0,1, u = b,, as shown in Fig. 5. As the - 


meridian plane rotates about the line of centres, these regions will generate a 
tube-like portion of space within which the trajectory must always remain. | 
Considering the definitions and restrictions with regard to the values of u 


for which M vanishes as determined above, it is found that there are 105 different’ 


combinations of the roots of the equation M = 0 which must be taken into 


account in a complete discussion of the motion, and each of these combinations 


must be associated with each of the two combinations of the roots of the equation 

A = 0, which are | P | | 
A3 P Ay: T, A: ai = Ay, 

thus making in all 210 different combinations of the roots in question, which 

may influence the motion. | | 


- 


358 


\ 


HILTEBEITEL: On the Problem of Two Fixed 


The positive iouis of M — 0 may occur in any one of the following Ways: 


b, , ds. imaginary, or real and greater than 4, 

b,, b; real, unequal and less than 5, 

b, , bs real, equal and less than 5, 

b,, b, real, equal, greater than 5, and less than l, 


A NE b; real and equal to b. 


| The ways in which the negative roots may occur relative to 6, and /, are 
. accounted for in the following manner: 


i 


First, any two of them, as Bo, Bs: 


B2, Bs imaginary, or.real and less than Lh. 

G2, Bs real, unequal and greater than £,, 

Bz, Bs real, equal and greater than £,, - 

Bz, Bs real, equal, less than 6, and greater than l, 
Bz, Bs real and equal to @,. 


Second, the remaining two, £,, Bs: 


. Dy: 


Dz: 
D: 
Dir 
Ds: 


Bı; Bs imaginary, or real and less than 5, | 

Bi, By real, unequal and greater than 9,, 

Bı, Bs real, equal and greater than (9,, 

G,, Bs real, equal, less than 9j and Sieger than 4, 
Bı, B, real and equal to @,. 


We must also take certain of the C's with. certain of the D’s in order 
to obtain relations between the negative Foote which are not given above. 


These are: 


63 D, : 


Cy Ds 


Cy D: 
Cz Dy : 
C Dy : 
C Da: 
C3 Dg : 
C, Dy i 
C, Dy: 


Bi, Bs 
B, Bs 
B Bs 
Bi, Bs 
B, 8; 


. Bis Bs 
Ba, Bs 


Bas Bs 
Bi, 8; 


real, unequal, greater than 6,, and 8, = 8; 7 2; > PA 

real, unequal, greater than 6,, and B; > B, = (5 > Ba, 

real, unequal, greater than 8,, and 8,7 8,7» b= 8, 7» ba, 
real, unequal, greater than 8,, and 8, = 8,5 — b: > Bi, 

real, unequal, greater than 8, and 8,7» B, b = b, 

real, equal, greater than 6,, and 8, = 8, = Bi = by, 
real, equal, greater than Bi , and Bs "m B, > Bs = Bs 2 Bi ? 
real, equal, less than (j;, greater than J, and ,— B, = 6,= b, : 
real, equal, less than f, greater than J, and 9,— 857 B, — B. 
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All the combinations of the roots of A= = 0 and M= 0, which are actually 
different and which can have any influence on the motion, can now be formed. 
They are given by the following formule: 


Py; = A, B; Or Di, Piso.) = A; B; C D, x; 

Pisms = A, B; Or D,, Piipipt = A, B,C, Di, 

Pijns = 44 B; C, D3, Pis, =A; B GD 
where | | | 
i = 1,2; gui, 2, 3, 4, 5; kk = 1, 2, 3, 4, 5; 
|—1,2; `m = 2,4, 5; n = 4,5; p=3,4. 


These different combinations, 210 in all, give rise to numerous possibilities of 
motion, depending. upon the initial values of à and u; but, as one can easily 
“determine, all the possible cases of motion so arising will fall into one of the 
following six general classes: 


I. .Libration in A and libration in y, 
IL. Libration in A and limitation in uj - 
II. libration in à and u = constant, 
IV. à= constant and libration in y, 
V. à= constant and limitation in p, 
VI. A=constant and u = constant. 


To give a clear idea of the nature of the mction in the various possible cases 
it will be sufficient to discuss a few of them so as to illustrate each of the above 
six general classes. To this end we shall conaider further ónly the combinations 
Paso, and. Ps33 (5 - 

In the first of these combinations we have 


4, > d, | by == by < Oy, Bs = Bs > Bs > Bi, 


and therefore the following possibilities of motion are presented : 


i (1) ay > Ag > ds: b, > to > b = bz; 
e: (2) Ay > Ay > 03: lig = 0$ = bz; | 
(3) AOA dg: b = bs > ue > — Bo; 
- (4) 00229205: w= P= p; 
l (5) | «2292 ay: MA DONT 
(69 422.24: £7 uo bi; 
Ay and uy being the initiat values of à and u LA In each of the six 
(AT. 
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. cases there is libration in A. In (6) there is also litration in u and therefore (6) 
belongs to class I. In (1), (3), (5) there is limitation in u as in class II, and 
(2) and (4) belong to class ITI. 

If at the beginning of the motion the conditions (6) are satisfied, the trajec- 
tory of the moving point in the meridian plane must always remain within one 
of the two trapezoidal regions bounded by the ellipses à = a,, A = ag and by the 
hyperbola branches u = 9,, u = Bı. Since there is libration in both 4 and y, 
these variables will take the values a,, a, and ĝi, B, respectively an indefinite 
number of times and the trajectory will meet the bounding arcs an indefinite 
number of times. As the meridian plane rotates about its axis, this region of 
the meridian plane will generate a tube-like portion of space, bounded by the 
surfaces of the ellipsoids of revolution à = a, à =a, and the hyperboloids of 
revolution u = 6,, u — 0,. Within this tube the trajectory must always remain, 
meeting the limiting surfaces an indefinite number of times. The trajectory 
will be a coil-like curve. - | 

If conditions (1) are satisfied at the beginning of motion, the trajectory 
in the meridian plane must always remain within the region bounded by the 
ellipses A= a, 4 = a, and the hyperbolas u = bı, u = b. The variable 4 will 
take the values a}, a, an indefinite number of times while u may take the 
value b, once, if at all, and must then.approach b, as a limit, not reaching it in a 
finite interval of time. Hence the trajectory will meet the bounding arcs of the 
ellipses an indefinite number of times and approach the bounding arc of the 
hyperbola u = b, in an asymptotic manner. In space the trajectory will be a 
wave-like, spiral-like curve meeting the surfaces of the ellipsoids of revolution 
A=, À =a, an indefinite number of times while it continues to approach 
asymptotically the surface of the hyperboloid of revolution u — b,, which is 
intercepted between the ellipsoids A =a, A= ap. | 

When conditions (3) or (5) hold at the beginning of motion, the trajectory 
will be of the same general character as that corresponding to conditions (1). 

When (2) and (4) are satisfied at the beginning of motion, we have libration 
in A and u = constant throughout the motion. In the meridian plane the trajec- 
tory consists of the are of the hyperbola intercepted between the ellipses A = a, 
A =a, and the motion is one of oscillation upon this arc. In space the trajectory 
must remain upon the surface of the hyperboloid u = b, intercepted between the 
ellipsoids generated by à =a, A=a,. It is therefore a wave-like curve crossing 
this surface and meeting the bouncing circles an indefinite number of times, 
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In the second combination selected for further discussion, P,554, 5, we have 
d, = a, bs = by < by, B= Ba > Bs > 0 > Bi, 


and therefore we have the following possibilities depending upon the initial 
values A, and wy of A and u respectively : 


À (1) Ay = A = d: b, > Uo > b = bz; 
| (2) Ag = a; = 0s: lo = b = b; 
(3) Aq = d, = d: b, = b; > us > Ds = Bs; 
(4) Ag = Q = 03: ilo = Bs = 63; 
(5) Ay = Q = ay: "^ Bs > to > Bs; 
(6) Ay = ay = ay: bs > Ho > Pi» 


Of these different cases (6) SPORE to class IV; (1), (3), (5) to class V 
and (2), (4) to class VI. i 

If conditions (6) are satisfied at the beginning of motion, the trajectory will 
consist of the arc of the ellipse à —a,, between the hyperbolas u = @;, u = f. 
In space it will be upon the surface of the ellipsoid of revolution bounded by the 
circles of intersection of this surface with the two hyperboloids of revolution 

u = 85, u = Q4. The trajectory will be a wave-like- curve upon the ellipsoid 
crossing its surface and meeting the bounding circles an indefinite number of 
times. 

If at the beginning of motion conditions (1) are fulfilled, the trajectory in 
the meridian plane will be the arc of the elliose A =a, interzepted between the 
hyperbolas u = 6,, u = b}, but the motion will not be one of oscillation as in the 
preceding case. If the variable u move initially in the direction of 6,, it will 
reach that value in a finite time, then change its direction toward 6,, which it 
approaches as a limit, not reaching it in a finite interval of time, As the meridian 
plane rotates about its axis, the motion will be upon the surface of the ellipsoid 
of revolution à, —a,, between the hyperboloids of revolution u=6,, u = b,- 
The trajectory will be a curve winding about the ellipsoid and approaching 
asymptotically the circle of intersection of this surface with the hyperboloid 
u=b,. In cases (3) and (5) the trajectory is of the same nature as that just 
described. | 
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In cases (2) and (4) no motion is possible in the rotating plane, but in space 
" the trajectory is a circle whose axis is the line A, K,. In (2), for example, 
the trajectory is the circle of intersection of the ellipsoid of revolution A= a, 
and the hyperboloid u = 6. | | 

By giving particular values to the masses and the arbitrary constants, 
interesting particular cases of motion may be discovered. If we take a —0 
and make the necessary changes throughout, the cases of motion in a fixed plane 
passing through the line of centres will be obtained. Then, if we take à =c 
throughout the motion, the trajectory will consist of the straight line segment 
Ki &; or, if we take u= +c throughout the motion, the trajectory will 
consist of the segments of the line A, K, beyond the fixed centres A, and Æ, 
respectively. - | | 


PRINCETON, N. d. 


Abstract Definitions of all the Substitution Groups 
whose Degrees do not exceed Seven. 


By a. A. MILLER. 


$1. INTRODUCTION. 


Abstract group theory does not only owe its birth to the substitution groups 
of low degrees but many abstract group properties may be studied most advan- 
tageously by means of these substitution groups. The bond between these two 
kinds of groups of finite order is becoming more and more evident, and the 
difference between them is frequently only a matter of language. This is 
especially true as regards the transitive substitution groups and the abstract 
groups. In view of these facts it may be desirable to have a table by means of 
which one may readily obtain abstract definitions for all the substitution groups 
whose degrees do not exceed seven. _ | 

The fact that the same substitution group may frequently be defined 
abstractly in a large number of different ways constitutes an element of difficulty 
in the preparation of such a table. While we have tried to give one of the sim- 
plest definitions in each case, it must be admitted that in such matters simplicity 
is largely dependent upon the point of view. The definition which involves the 
smallest number of symbols does not always exhibit the properties of a group 
most clearly. Notwithstanding this obstacle it will doubtless often be helpful 
to have on hand at least one abstract definition of each one of the substitution 
groups in question. To increase the usefulness of the table we have added some 
details under the heading of Explanations. These are given just after the table 
and are especially extensive as regards the groups of the first few degrees. 

As the cyclic group of order n may be represented .by the n nth roots of 
unity, we shall défine this group by the equation s" = 1. The dihedral group of 
order 2m may be conveniently defined by sî = 1, s— 1, (5,5,)"— 1; since it is 
generated by any two operators of order 2 whose product is of order m. This 
group is a special case of the one which may be obtained by extending any 
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abelian group (H) by means of an operator of order 2 which transforms 
every operator of H into its inverse. The order of the group (K) obtained in 
this way is evidently twice the order of H, and K involves only operators of 
order 2 in addition to those found in H. We proceed to i ig an abstract 
definition of K. 

Consider the group generated by n operators of order 2 which are such tbat 
the product of any three of them is also of order 2. That is, we are considering 
(Si, 8, --- +, 8&,) when these generators satisfy the conditions: 


| j= 3g 8 — ennt = Sh = (5,558, = 1; a, B. y =l, 2, (rry P 
It is easy to see that each of these operators transforms into its inverse the 
product of any two of them. This fact follows directly from the equations: 
$,8,858, — 8, » 8,858, — 858, = (8,58) ^.- 

Since each of the given n operators transforms the produet of any two of them 
into its inverse, it results that the product of any two must be commutative 
with the product of any other two. That is, the operators which are the 
products of an even number of the operators s,, &,..-.,6, are commutative 
with each other, and hence they generate an abelian group H. 

The operators s,, 5, ...., Sn can clearly be so selected that the n — 1 cyclic 
groups generated by 5,5,, 8,55, 854, + «+ ., &8, respectively are independent, and 
hence H may have »-— 1 invariants. Since any product involving an even 
number of factors from 5,, Sg; ...., s, may be formed by means of the given 

n — 1 products, it results that H can not involve more than n — 1 invariants 
. when these invariants are so selected that each of them is divisible by all those 
which follow it. Hence we have proved the theorem: 

Jf n operators of order 2 are such that the product of any three of them is 
also of order 2, they generate a group which involves an abelian subgroup composed 
of half the operators of the group, and each of the remaining operators is of 
order 2 and transforms each operator of ihis abelian subgroup into tts inverse. 
Moreover, if this abelian group involves no more than n— 1 invariants, the given 
group of tivice its order can always be generated by n such operators of order 2. ! 

If.H is any subgroup of index p under G, all the operators of G may be 
uniquely represented in either of the following two ways: 


G = H+ Hs, + Hs, +.. 4 Hs,, 

-— H-4-sH-rFsH-4-....-4- 5,H. 
The sets Hs., 5, H (a= 2, 3, ...., p) are known respectively as the right and 
the left co-sets of G as pondo H, and the sets obtained bv adding Æ to these 
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co-sets are known as the augmented right and left co-sets respectively. That is, 
the augmented co-sets always include the subgroup with respect to which the ` 
sets are formed. These definitions are useful for the purpose of formulating a 
theorem which is very fundamental in finding suitable abstract definitions of 
known groups. This theorem may be stated as follows: Two necessary and 
sufficient conditions that the augmented right co-sets 


H 4- Hs, + Hs, +-....-+ Hs, 


constitute a group are that they inelude the prcduct of any two of the operators 
Bee D s, and that they also include the inverse of each operator in these co-sets.* 

The fact that the conditions expressed in this theorem are necessary follows 
directly from the definition of a group. The fact that they are also sufficient 
may be established as follows. When these conditions are satisfied, the given 
right co-sets must include the following left co-sets: 


e HU e HM cest E 


"2 "p 
Since no two operators of these co-sets are identical, the total number of operators 
in the given right co-sets are identical with those in these left co-sets. The prod- 
uct of any two operators in these right co-sets may be represented by Hs, Hs,. 
As s,H is contained in Hor in a right co-set and hence also in the given aug- 
mented right co-sets, it results that these co-sets constitute a group. Asa very 
special case of the given theorem we may state the fact that if we obtain only 
products of order 2 by multiplying all the overators of a group by a given 
. operator this group and these products of order 2 must constitute a group 
whose order is twice the order of the original group. 

Suppose now that 4, k, ...., & is a set of generators of H and that 
H+ Hs,+ Hs; + .... -- Hs, includes the inverses of each of the operators 


-l. l — e fEl oL 
by S Bi 5 a = 1, 2, 2200, A; D = 2, 3, ety Po 


a 


It is also assumed that 85, 835 +- ++, 8, Satisfy tae condition imposed on them 
in the preceding theorem. Any operator in the product Hs, Hs, may be written 


in the form 
| He tpi... dot eee. 


By successive reduction this assumes the form Hs,, and hence the given aug- 
mented right co-sets constitute a group also in this case. To illustrate this 


* In the definition of co-sets it is implied that sg is not contained in any of the sets H, Hs,,...., Hea (a <8); 
it is however not assumed that the augmented co-sets as regards a grcup (H) necessarily constitute a group, 


j 
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corollary we shall employ it for the purpose of finding a simple abstract defi- 
“nition of the m group of degree n as follows: 
gi tea E. BERN IRE) SEE) OI. ET See 

$,3, k 7 1, 2, +--+, 7 — l. 


That these equations define a group whose order is at least equal to that of 
` the symmetrie group of degree n results directly from the fact that they are satis- 
fied when si, Sg, .... s 5-1 are replaced respectively by the JL Mns 
Aan, O30, >» . y niir 

Let é, &, ....,t, be the transforms as regards s, , Of 8), 54, ...., 8, 5, in 
order. It is evident that the ?'s satisfy the conditions imposed on the s’s, if the 
latter satisfy these conditions, except that ?, j, k = 1, 2, ...., n —2. Hence - 
we may assume that these 7’s generate the symmetric group of degree n — 1, 
and if we ean prove that this assumption implies that the s's generate the sym- 
metric group of degree n our theorem is clearly established. It is therefore only 
necessary to prove that if H — (4, ^s o, bag) Is the symmetric group of. 
degree n — 1 then must 


H + Hs, + Hs,-- .... + Hs, 4 


. be the symmetric group of degree n. That these operators constitute a group 
whose order is n times that of H results directly from the IOLDIVIDE equations 
together with the corollary noted above : 


886 = tatgta Sa (o, Cn — 1), 6s a5, = 5. a, 88a = 65, 
Spla = 84585.15,65.1 — bsg (D «n — 1, a = 8); Sal, ei C= RA; 
Sale. — 684. 18.) & = D. = 


As the s's generate a group whose order is n times that of H, whenever 
these s’s satisfy the given conditions it results by induction that they generate 
the symmetric group of degree n. -It should be observed that a somewhat differ- 
ent general abstract definition for the symmetric group of degree n as well as 
. & general definition of the alternating group has been given by Moore* and 
- others, and that the present definition has been given mainly for the purpose of 
illustrating the theorem in question, From the following list it will become 
‘apparent that it is frequently possible to give much briefer definitions in special 
cases. 

In a similar manner we can obtain an abstract definition of" the dicia 


* Proceedings of the London Mathematical Society, Vol, XXVIII (1897); p. 863. 
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group of degree n as a special case of the given theorem. To do this we may 
start with the following n — 1 operators: ! 

$—4—4—... —6&,— (55 = (555,5)? = 1; tJ EK; 

i,j, k = 1, 2, .... n—2. 

That these n—2 operators generate a group whose order is at least as large 
as that of the alternating group of degree n becomes evident if we observe that 
Siy 85, 8, --.., Sn- May be replaced by the following substitutions, in order, in 
the given defining relations: Ayan, a,05 . Agn, lo . (404, - +++, Aly 0 go 

If we transform s, SI}, 6, $5, ...., 5, 5 by the last one of these operators 
and represent the resulting operators, in order, by 4,153, b, ts, ...., &, s, it is 
evident that these fs satisfy the conditions imposed on the s’s. .Hence we have 
only to prove that the latter generate the alternating group of degree n if the 
former generate this group of degree n—1. That the latter have this property 
follows directly from the equations: 


Easg —— blat, (1 < a, e < n -— 2), $189 = itetist , 8185, o = LUN LCS 
819g == deles, 8185.9 == 181, $581 = tytaliSe, 85.984 = Spyz, 
S851 se Ute ies 3 Sn—251 = CCP §n-83 — bg8n —23 8g85—9 — bop P 
Spt, = 1,8, (1 <a, B<n—2;0 E 8), | Sn—gba = 8.85.9; 
Sib, — 835.284; l Syl, "S AP ` sit, = AE 81 -— Sne, 
sit, = dis, sti = tsi, Siti = 68, s, St, = Csa, 
8 ali = 58, ) $5, 9l = tisi, En = 58 : | 


The similarity between the present abstract definition of the alternating 
group and the given abstract definition of the symmetric group should be noted. 

The number of the different abstract groups which can be represented as 
substitution groups on seven or a smaller number of letters is 54.* Some of 
these groups can be represented in more than one way as substitution groups on 
seven or a smaller number of letters. In what follows we shall use only one 
such representation; that is, we.shall consider only one of a set of simply 
isomorphic groups, and we shall represent this on the smallest possible number 
of letters. If this is done, the numbers of different abstract groups which may 
be represented as substitution groups of the various degrees from 2 to 7 are 
respectively 1, 2, 5, 7, 13, 26. The notation employed is practically the same 
as was used in the list published in the AMERICAN JOURNAL OF MATHEMATICS to 
which we have referred. The only change is the omission of the abbreviation 


* AMERICAN JOURNAL OF MATHEMATICS, Vol. XXI (1899), p. 326. 
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cyce after the parenthesis enclosing the generator of a cyclic group. This | 
omission seems to be a step towards simplicity and uniformity in substitution 


notation. 
$2. List or Groups. 


Degree Two. 
Order. No. Notation. l . Abstract Definition. 
2 1 (ab) "e 
Degree Three. 
1 (abc) sem] 
6 1 (abc) all ai —8$$-(55)-1 
| Degree Four. 
4 1 (ab)(cd) gm sias ss 
2 (abcd) , s—1 
.8 1 (abcd), sj = 83 = (s) = 1 
12 1 (abed) pos qa (ns) 1 
24 1 (abcd) all | a ra a 
. . Degree Hive. 
5 1 (abcde) $6 —1 
6 1 (abc)(de) — gol 
10 1 (abede),» si = sj = (e8) = 1 
12 1 (abc) all (de) e555, mg 
20 1 (abcde) qc sé 
60 1 (abede)pos a] = (a5) = 1 | 
120 1 (abcde)all 8r cu ness s 
| Degree Six. | 
8 1 (ab)(ed)(ef) B si = si = s$ = (8152) = (5,55)? = (983) = 1 
2 (abcd)(ef) 8 6, 6 6s. c | 
9 1 (abc)(def) a, = 8, cce psc 
16 1 (abcd),(ef) se = 5, sus (us) = 1 
18 1 (abc) all (def) 54-5 a = 8 858 Se SS 8,658.55 — 1 
2 (abe) all (def) all} pos = sf = s} = s$ = (618283) = (5155)? = (5155) = 1 
24 1 (abcd) pos (ef) 8? = 3 = (6,898)5))° = 1 
36. 1 (abc) all (def) all. sê = sÊ = (s,5,)* = «5525,52 = sDslo,s? = 1 
2 (abedef )as si = s3 = (818) = (si82) = (8,52)? = 1 
48 1 (abcd) all (ef) f=. (ee ess 1 . 
72 1 (abedef)s si = 5$ = (8182)? = (81828182) = 1 
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1 
1 


i 
hi = ke be e O O e k e e xe O A OOD M m BR i Q2 NM) o jl M 


. (abedefg) all 


(abcilef) pos 
(abcdef) all 


i= (ns) = (sali = 1 
of = of = (eis)! = (doble 


= 818381 ( 8152) es (5152) 5; =1 


Degree Seven. 


(abedefg) 

(abcde)(fg) 

(a5 (ed)(efg) 

(abed)(efg) 

| (abed)(efg) all} pos. 
(abedefg) 1. 

(abede),(fg) 

(abcdefg)s 

(ab)(ed Y(efg) all 
(abed)(efg) all 
(abcd),(ef7) 

| (abed), com (efg) all} dim 
| (abed)g cyc (efg) all {dim 
(abed) pos (efg) 


_ (abede)oo( fg) 


(abedefg )us 

(abed),(efg) all | 

(abed) all (efg) . 

(abed) pos (efg) all 

| (abcd) all (efg) all} pos 
(abcde) pos (ef) 

(abed) all (efg) all 
(abcdefg 165 

(abcde) all (fg) 
(abedefg) pos ` 


, S3. 


apes] 
ares 


si == af = s,05,0, — 1 
arm 

e cap esq II 
si = 83 = (55) —1 


diese (s) e 


ell 8, = 97530, 60 = tS 

4 — 4 — 8 = (ss) = (ns) = (6) = 1 
Saa == 685 6 = 1 

Si = 87 — sS,8,0,55 = 1 

Si = 8$ = 81838192 = 51595,8551 = 1 

si = 53 = (8182) = 

fo = (ola duit = 1 


E C 0. 


C EE 

81 — 8$ — 81558159 = 1 

Sh E c] 

$ a RM MN RUN UE Taa mem 
Bj = Sj = 8$ = (S182)! = 61838183 == 85555555 — 1 
s} = sP— (8,53)? — sissies, — 1 

8 — 48 —— {624843 — (q8,2 8 — (8 08\2— eoe Eod. — 
61 — 85 — (sis3) — (sis? = (sês? — 81858182 = 1 
si = s; == 83 = (s48)? = (6953)” — 5945,55 — 1 

3 


dod (sd (sd = 


6 — 12 2 08\2 — (Boe E eed od eB 3,3,8,9-— 
Sy = sg = (sis?) — (8182) — 61515152 — 61535152 — 


si = $$ = (818) = (s81) = 1 
f = s (sti! — (ost = dide = 1 
st = 63 = 5§ = si= s§= (ss; = (eepe =E 1; 


EJE k; i j, k=, 2, we 5 


.. 8s} = (s8,)° = (siiis), = 1, TEJ E ke, 


t, J, £21, 2, ....,6 


EXPLANATIONS. 


Groups of Degrees Three and Four. 

The two groups of degree 3 are respectively cyclic and dihedral, while those 
of degree 4 are cyclic, dihedral, or of genus zero. Hence all of these groups be- 
long to well-known categories of abstract groups. The symmetric group of 
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degree 3 is the smallest non-abelian dihedral group. It may also be defined as 
the only non-abelian group involving only two complete sets of conjugates 
besides the identity, as the holomorph of the group of order 3, as the only non- ` 
abelian group that involves only three operators of order 2 and is generated by 
them, as the only non-abelian group that has the symmetric group of order 6 for - 
its group of isomorphisms,* as the group of movements of the equilateral tri- - 
angle, as the group generated by subtracting from a given number a, and by 
dividing a1, or by multiplying by 2 and by adding unity, if we start with 
a given parameter and reduce the results modulo 3, as the only non-abelian group 
in which the number of complete sets of conjugate operators (excluding the 
identity) is exactly equal to the number of distinct prime factors in the order 
of the group. 

The non-cyclie group of order 4 is known under a number of different 
names. Among these are the following: the quadratic group, the anharmonic 
ratio group, the rectangle group, the axial group, the four-group. It is the non- 
cyclic group of lowest order, and it presents itself in various parts of mathe- 
matics as these different names imply. For instance, in the ordinary complex 
plane it is the group generated by the operations of inversion and reflection on 
the «-axis; on a line it is the group of the permutation of four points such that 
the anharmonic ratio of these points is left unchanged; in number theory it is 
the group formed by multiplying the numbers which are prime to 8 and reducing 
them and their products modulo 3; ete. the cyclic group of order 4 is perhaps 
best known as the one which is generated by 4/ — 1. 

The substitution group of degree 4 and of order 8 is dihedral and is com- 
monly called the octic group. It is the holomorph of the cyclic group of order 4 
as well as the group of movements of a square. It is the only group of order 2” 
which contains exactly five operators of order 2 and is generated by them. It is 
also generated by the two operations of starting with a given angle and taking 
the supplement and the complement as well as by the two operations of sub- 
tracting from a, and of dividing vj/2. The alternating group of degree 4 is 
commonly known as the tetrahedral group, since it is the group of movements of 
the regular tetrahedron. It does not contain any subgroup of order 6 and is the. 
group of lowest order that does not contain a subgroup whose order is an arbi- 
trary divisor of the order of the group. The symmetric group of degree 4 is 


* Transactions of the American Mathematicol Society, Vol. I (1900), p. 399. 
| Ibid., Vol. V (1904), p. 505. l . 
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called the octahedral group, since it is the group of movements of the regular 
octahedron. The following are some of its characteristic properties: It is the 
holomorph of the axial group; it is the group of movements of the cube; it 
contains exactly nine operators of order 2 which generate it and are such that 
the order of the product of at- least two of them is 4, while no two of them 
have a product whose order exceeds 4; it is the smallest group that has a non- 
abelian commutator subgroup and is generated by two operators of orders 2 and 3 
respectively having a commutator of order 3;* it is generated by three cyclic 
subgroups of order 4 which are non-invariant and do not involve a common sub- 
group of order 2 nor generate other cyclic subgroups of order 4. 


Groups of Degrees Fi ive and Siz. 

As all the substitution groups of degree 5, with the exception of the 
alternating and the symmetric group, are cyclic, dihedral or metacyclic, their 
properties may have been sufficiently explained in what precedes. Moreover, 
the icosahedral group is so well known that it seems unnecessary to enter into a 
discussion of its properties. The given abstract definition of the symmetric 
group may, however, deserve a word of explanation. It is clear that sj, s; satisfy 
the ordinary conditions of generators of the icosahedral group and that this group 
is transformed into itself by sı, since the last relation implies that sy'sgs, = ssi. 
It therefore results that (s,, 8.) is of order 120. Since s, 5, may be replaced 
respectively by the substitutions aceb and abcde, it must be the symmetric group 
of this order. 

The given abstract definition of the substitution group of degree 6 and 
order 24 is in accord with the theorem, { 77 an operator of order 2 and an operator 
of order 3 have a commutator of order 2, they generate either.the tetrahedral group 
or the direct product of this group and a group of order 2. To verify the given 
abstract definition of the second g of order 36 we may proceed as follows: 
The two conjugate operators $252, 5,525, are commutative, since their commutator 
is (ss)! — 1. Hence they generate a group of order 9. This is evidently in- 
variant under (s;, s£) and each of its operators is transformed into its inverse by 
each of the two operators sf, sg. The group of order 18 generated by sł, $252, sise 
is also invariant under (sı, 5,), since s$5]s,— 5,525,. 52. Hence it results that 
(s1, 8353, s,535,) is of order 36. It must inclüde s,, since (s,5)® — 1 == 5,5253525,53. 
If we omit the condition (ss? = 1, the remaining conditions define the direct 
product of this group of order 36 and the grou» of order 2. 

* Transactions of the American Mathematical Society, Vol. IX (1908), p. 76. | 


t Mathematische Annalen, Vol. LXIV (1907), p. 344. 
t Transactions of the American Mathematical Society, Vol. IX (1908), p. 68. 


372 Minter: Abstract Definitions of all the Substitution, Ete. 


The given abstract definition of the group of order 48- results immediately 
. from the fact that it is the direct product of the octahedral group and the group 
of order 2. The group of order 72 is evidently generated by the substitutions 
ab and afcd . be, and these two substitutions satisfy the given abstract definitions. 
It is therefore only necessary to prove that if s,, s, satisfy these defining rela- 
tions they can not generate a group whose order exceeds 72. Let t = (s,s,)’, 
and observe that ¢, and 5,45, are commutative. The group of order 9- (4, s,,5) 
is evidently invariant under (s,, s). It is also easy to verify that the sub- 
group of order 18 (é, s45,, $,525,5,) is invariant, and that this is identieal with 
(6, 8:¢15,, 52). As a final step we may observe that (4, s;¢,5,, 52, sj) is an invariant 
subgroup of order 36, since 525,5, = 528,5,5,. $,. The given abstract definition for 
the alternating group of degree 6. is the one discussed by Dickson in the Bulletin 
of the American Mathematical Society, Vol. IX (1903); p. 303... The abstract 
definition of the symmetric group of degree 6 can be directly obtained from 
this definition of the alternating group. 
Groups of Degree Seven. 

The given abstract definition of the group of order 36 results gon the 
ordinary definition of the tetrahedral group and the fact that this group of order 
36 is the direct product of the tetrahedral group and the group of order 3. The 
definition of the group of order 48 may be illustrated by means of the substitu- 
tions sı = de, $, = ac, 54 = abcd . efg. The definition of the first group of order 
72 results directly from that of the octahedral group, while that of the second 
becomes evident if we observe that (s?, s). is the tetrahedral group and that 
(s, 83) is the symmetric group of order 6. In the definition of the third group 
of order 72 it may be observed that (s;, s) is the octahedral group, in accord with 
the common definition of this group. The definition of ihe group of order 120 
results immediately from that of the icosahedral group. | 

The given abstract definition of the group of order 144 may be verified by 
observing that (s?, s3)is the octahedral group, while (sł, sj) is the symmetric 
group of order 6, and each operator of one of these groups is commutative with 
every operator of the other. The defining relations cf the simple group of order 
168 agree with those given by Dyck in the Mathematische Annalen, Vol. XX 
(1882), p. 41. The definition of the group of order 240 results directly from 
that of the symmetrie group of degree 5, while the definitions of the alter- 
“nating and the symmetric group are illustrations of the general definitions of 


: A A . . . 
these groups to which we referred in the Introductior. 
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The Attraction of a Homogeneous Spherical Segment. 


By G. GREENHILL. 


Mr. G. W. Hill has arrived at the unexpected result that the attraction of 
the homogeneous segment of a sphere (a flat lens) can be made to depend on the 
complete elliptic integral, first, second, and third, and thence is expressible 
. by the function F$ and E$ of Legendre's Table IX (AMERICAN JOURNAL OF 

‘Martuemarics, Vol. XXIX, No. 4). 

The result is unexpected, as the ordinary methed of dissection udi to an 
integral of intractable nature, where elements of the jntegral are symmetrical 
with respect ‘to the axis CO of the segment in Fig. 1. 

But by cutting the segment up into slices by planes perpendicular to CP, 
drawn from C, the centre of the sphere, to the attracted point P, each slice QE Q' 
(Fig. 2) is the segment of a circle of which CP-.is the axis (the line through the 
centre of a circle perpendicular to its plane) and the components of attraction 
perpendicular and parallel to CP, as well as the potential of the segment at F; 
are given by simple functions. 

This is the dissection employed by Mr. G. W. Hill; and a final integration 
by parts enables him to reduce the components of abaton of the spherical 
segment to an algebraical quadrature, which proves to be of elliptic character: 

The object of this memoir is to resume the consideration of this: elliptic 
integral and to show that the result-can be made to depend on the complete 
elliptic integral of the first and second kind, and on two complete integrals 
of the third kind, Fe S by — integrals of the first and second 
kind. 

Interpreted geometrically these two third elliptic integrals can be taken to 
represent the apparent area, or magnetic potential, of the base AQB (Fig. 3). 
“of the segment, as seen from P, and another point P' on the radius CP whieh i is 
inverse to P with respect to the spherical surface. - 


x 
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The analytical reduction is thus similar to that employed in the “Elliptic 
Integral in Electromagnetic Theory,” Transactions American Mathematical Society, 
October, 1907, referred to in the sequel as Trans. A. M. $.; and to facilitate 
. the identification: of results the same notation will be employed, taken from 
. Maxwell’s Æ. and M. (Electricity and: Magnetism). | 

Used in conjunction with Mr. G. W. Hill's notation, this will require a 
change of his a into c to represent the radius. of the sphere, retaining Max- 
well's a to represent the radius of the base cf the segment. ' 

As we shall not require Mr. Hill's b, no change need be made to avoid con- 
fusion with Maxwell’s b, repr esenting MP, the distance of P from the plane of 
the base AB. 

The other symbols, æ, y, $, are retained, as employed by Mr. Hill; but we. 
have found it convenient to change his 2 into r, although we shall have occasion 
to use r to denote PQ. | 

There are so many quantities to be distinguished that the same letter must 
be used occasionally, with due warning, for more than one meaning, if the con- 
ventional notation is to be preserved. ] 

Following Mr. Hill, we begin by the calculation of Y, the component of the 
attraction perpendicular to CP, by slieing the spherical segment into segments 
of a circle on the same axis CP, made by. planes perpendicular to CP; the com- 
ponent attraction of the circular segment perpendicular to CP then represents 

| 1 dY EN ow 
Gp dz 
In the ahersi P p denoting the density and G the constant of gravitation. 





Attraction of the Circular. Segment QRQ' at a Point P on its Axis OP 


(Fig. 2 and 4. 
1. The attraction at P in the direction Pn of the line element q4' is: 
ru dz . ("* 2Pndz __ mr Ji = _ ang . (1) 
-ng Pr’ Pr?” Jo (Pn? +2*)t ^ Pr. Paden PQ.Pn’ 


so that the component attraction of the segment QRQ. in the direction LE 
perpendieular to CP is: 


f Ln angdy _ NEL y dy 
iw Pn’ PQ.Pn P I an in 


- PO fiy PI FN T y? 2) dot 5 


^. E iNQ | , NQ MA NQ 2 
| 2th PO PI dg PB (2) 
49 . 
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where | mE 
"T NQ.. PQ QN | | 
., —MÀ ~l — at pee - 
| (00 4-0 R$ = ch py = sh By | (3) 
or | l 
PQO+N 1+P 
A= blog Fe ye = blogs, (4) 
in Mr. Hil’ notation for P; and 07 NE , | 
th J, = E P= sin QPY, | (5) 


and the angle QPN is the hyperbolic amplitude of Jj. 
2. The notation, representing the various lines on the figures, is taken to 
agree as closely as possible with Maxwell and Mr, Hill: 
OA=a, OM=A, .MP-b 
OCP =4, OCA=y,: BAe, 
O À — c sin y =a, O C — c cos y =a cot y, 
C P =r (or a), CL-a, LP-r-— m, 
MP-ceosy—rcospb,.....- 


Supposing £ sio range between 
% = a = e cos ($ — Y) and zy = b = c cos (94 9» (1) 
Ly — 9. £ — ay = — 2? + $0 cos $ cosy — c? cos? + c? sin? y. (2) 
To pass from a, the variable employed by Mr. Hill, to Maxwell’s 6, repre- 
senting the angle 40Q in the plane of the base in Fig. 3, 
s» = CD — O N sin @ = è cos $ cos y — a sin $ cos 6, . (8) 
PQ? — 7? + c? — Ara = A? -- 2 Àa cos 0 + a’ + D, (4) _ 
3 (PA? + PB’) =r’ — 2er cos à cosy + e? = A? + a? + 07, (5) 
LN = MN cos + PM sin = (A+ a cos0) coso +b sino, - (6) 
PL = MN sing — PM cos = (A + a cos0) sin — b cos 9, (1) 


PN? = (A + a cos 6)? + 59, ..... (8) 
Then 
1 dY a sin 0. 


zg; gg ~ Ae sin sin 0 — a Sin $ sin 0 


2Gp d 





PQ | 
= —a sing T (J, cos 6) + a sing cos $ a —sin g Sm. (9) 
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a sh QN _ — QN (isa p A+ acoso E 0 a sin 6) 
ON? A--a cos0 














PO be | PQ’ (10) 
1 dY.. a? cos? 0 | 
19; Jy = — a sin qs O 0088) + sing 5 PO 
rari IR - s o or. — (11) 
apt OF we | | 
. 2Gpsinó AME 


a*cos*Ü QN? (A + a cos 0)a cos - Qn? 








— as, (10080) +- L^ -P + Dye PQ. ae 

m E 4 + + pe SE frac) gT 

B | ME " 4 = md —- (435... MNA 
=— 4 (A + a cos ) J, + ne (12) 


_ the star representing a term repeated. mE 
| Now J, vanishes at the limits, A and 2, so that 

Y _ add nae QU ae QN? bdo 
Gp sinQ « o PQ T -| m PN? PQ’ (18) 
- consisting: of complete sets b of the first and second kind, and fie 
last term of the third kind, representing geometrically the apparent area Q of 
the base AB as seen from P; as is proved by a dissection in Fig. 3'into line 
elements QV Q' of length 2a sin 0 and breadth a sin 0d 0; the apparent area d KY 
at P of the element being 














_ 2a sinÓ (b a sin 0 a6 QN? b> 
49 ——pQ PN PN TIPE POO (14) 
Thus | De | 
| | gg 7 (Pa — 94— 8— Q1) sin 9, (15) 
a na ux 
re em fot, sug 
0 l 
: . 6). 
| - "1 ru (16) 
=J PN PQ’ UE 


and on reference to the Trans. A. M. S., P is the potential of the circumference | 
of the circular base AB, and. 2 x QA. is Maxwell's M of $701, E. and M. 
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3. ‘The attraction at P of the line element QQ’ of the circular base AB in 
Fig. 3 is along PN, and by (1), $1, is equal to ` 


QQ.Plt a QQUN 


having components PNI PO PO ° PN?. PQ? (1) 


_ QQ' 
PN. PQ’ 

E E and parallel to the base ; so that, W euge the dem at P 
of the dd AB, covered- with superficial — c, 


1 AW (*QQ'.P pia Lt 








— G5 di > PEN Par pgemneaen DNI: P =Q, (2) 
II E NM E Asam LL 
(caf (82 d J, = 2 95) qe = Q, | (a), 
‘since J, vanishes at both limits, A and B; also | | 
dh 09 


‘the potential of the om orie of the circle AB. 
Then, since W is a homogeneous function of the first degree i in a, A, b, 


= Ga) aa tab: (5) 
W __ p: | 
22 gz = Pa— Q4 —91, m . (6) 
and we can write | 
Y. / WwW , i - 
7 i Gp -= (as — 9) sin @, | | (7) 


and it is shown in the sequel, (13), (14), § 13, that 


PA. PR dO _y pg yg 4 tate 
PA . PB! "ig t. 


mop E 


(8) 

Interpreted in electromagnetism, Q is the magnetic bate] of the base AB 
magnetized normally, or of unit current circulating round the rim, while Q is 
the potential when the circle is magnetized parallel to AB; and 27 QA is the 
» vector potential on Stokes current function of Q (E. and M., § 708). 
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Along the axis CO, p =0, A= 0, PQ — PÀ: 





PO s 
Ep TPE) | : | (9) 
Ta ddh |o | Á a cos 0 dé 
iene = PA PA 
B a fpr a8 Poļi -59 
— 2na PO (PAs POP 
PA ME; PO + iav =r url. (10) 


Thus a smooth particle ‘on the surface will make n/27 ~/sec., about the - 
position of equilibrium, at the vertex K or at O, where 


(KA — KOF 
 KA.KO 


OA 


XE. n= Gon , or CoE OU M 


4, The component attraction of the orn QRQ' in the direction PCi is 
PL angdy _» pL 409 39s 





Pn PQ.Pn PL? + y? 

| MMC E PL f_ dy — 

(PL? +4") / (LQ?—y’) “PO ie ee y^) 

PL 
where | 
aLNO0Qquqa2 QN a4 QN 
J,— cost = sin? 7 = tan P5 (2) 
ape POLN c aq PLOINO XQ, — m 255 


and J, is QLN, the angle between the planes PLQ, PLA; while J, i8. the 

complement of the angle between the planes PQ.N, PQL. 

Then, in Mr. Hill's notation, 

. = l EN 4 

1 dX PL 7 ( 4) 
2Gp dæ P PO” 

and X’ will represent X, the component attraction along PC, provided PC does 
not cut the.base AB; otherwise a modification is required which is given in the | 
sequel. We divide x into two parts, X, and X,, where 


= h— 


sede) a =h 7 0 
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and then  — 
| a aX 
2Gosing d0 
and, with LQ? = c? — a”, 

dJ, | d PL. NQ 

do — dô PN.LQ 


= assin 0 =— fy (dcos) oon . (6) 


sin 








| | | oo 
|. PL.NQ —asinOsing | (A+acosé)asind | cos, “dd 
~ PQ.LN | PL PN? sin 0 rj í 

in prie with : 
= (A + a cos6) sin $.— b.cos 9, LN —(A-rFacos0) cos + b sine, (8) 
—asinpsinü , (4 -+acosé)a sing _ —__ 1, LN.asind (9) 

PL PN* PEL. PN? ts | 
da 


C= 


(7) 





cos ô . 


— LN [a cos $ + (4 cos $ + b unge cos 6] 
sin 6 


Q sin 0 LQ? 
— LN (e cos $—« cos y) | (10) 
siny sind LQ? ? 








+- 





so that- | 
dJ, .  asn0 b a PL (ecos — «æ cosy) 


dó LN: PỌ siny LỌ. PO 


| = 499 reU UD (un) 


a sin @ cos 0 == e cos $ cos y — q, | (12) 





and, with 
1 dX, | 
2Gp dð 


— sing 4. (aJ, eos6) + a sing cos 0| — en pott rr ru ! 


a ab cos: dQ 
ED: + sino (— b + PQ 4+. 3 Ag) 
ee ae 6 co8.— & cosy 

e? — w? i P 








d QR Ld peli soe eos yi (r+) cond zes 
* T k— PQ T o+ x | PQ 
— 3e(1— 059 cosy) (re) ccosp—ecosy | (18) 
e— g PQ | | 


so that three elliptic integrals of the third kind appear in this expression for X,. 
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But if P! is the point on CP inverse to P with respect to the spherical surface 











oP =Ý, PL a, T a E T 
and with 2 
Y= 008" p TQ = sin Brg) | (15) 
ag VaorL ur emo em 
dO 2 d6 LO P'O 
To 1 Cee ee, (16) 


where ©! denotes the apparent area of the base AB at P'; and then 








2 vi Q 4 Ji +40) MS UU T, (17) 
7g (at 32-40) = Tk CORP ey, (8) 
1 aX, 
2G p ao | 
m O dd, ab cosh  ccos@ — x cosy 
sin @ f (a Js 0086) bsing $ dé + sing PO Spor 
d Jj 
4-4 (b cose +7) 22 46 "REO + e cos à cosy EE dé (19) 
For the calculation of X}, i 
1 dX, - PL | 
2G da pg" (20) 
and | l 
r—g T2 —27? -+ c? 
Rem Fo ees — m BU =) 
so that | 
1 dX, da frgzs—2v*-- c? rz—2r +e p gtd, 
2G) dð X d0 3 7? PQ.A) 3 7? egg: CP 
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where E 
AERIAL - asin @- 
eee Ty c n (a cos 0 + A) cos $ + b sing? (23) 
dJ, — 4, VÀ cos 0 + c) cos + b cossin _ p C COS È — € COBY 
ao. — IQ O —— —IQ^  - 
1 dX, | d (rz—27*-r-c* z 
3p dd ^ do 8r PO 
t 2 S ee ie A A + c°) 6. cosh — g cosy 
^ e? — g? PQ. 
= w + fo ; | (2r—o)(r--c)? (2r4-c)(r—cy eee ne; 
7 37? 2c(e+ x) 2e(e— x) PQ 
= x PCI. PP e Qr oC EO Ds OIL 40) 
2 (2 fe E d (J; + -410—J/— 10) 
>- = á x + X -rL t} Q) — (e— 2) 2 01-49), (24) 
the star replacing a term repeated. | | 
Then, by addition, 
|. 1 dX! dd; Tg -—92y?--c? xe a | 
isi = bane) CERTES roa) durs 
nt rp HE 
iD tar X eam + SF 0-40) c 0 (m) 


So long as $ >Y, X' = X, and h, J; vanish at both limits, as well as J; ; 
and 


= ciae [7 23 i a cnp assine) f — eroe 
+ QboosQ -- 427+ 4.01% 
— ~ qe cos + $ Pa cos —$Q ‘A cos@ + b sing). 


$4Ord 4S, (26) 
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5. But when $ «7, CP cuts the base AB, and the attraction X” must be 
added of the spherical segment cut off by the plane BB’ perpendicular to CP; 
and X" is obtained by replacing J, and Jz by x in (4), $4, and integrating from a, 
toc; then 


1 dX" PL | | 
ur cia(i-— cus | (1) 


Gp d 
F T—0 
22 f |1- o]? 


mM ^ 9p? 2 ; 
= an (e— n) + on C | apra En, (2) 
At the upper limit we must now take J; = c, Jj = — 7t, and then 
! HU. ` 
8; = a= — same value as in (26), § 4, (3) 


so that there is no discontinuity in X as P crosses the line CB. 
As a verification for X, consider the case where P is at K or O, when $ = 0: 


x ia 





8;7— £05 40r4 4.01%. (4) 
At K, we must take 
r—o, bz —c(1— cosy), E (5) 
Q' 4m 4- O, O+ O/ — Az sin y, 
KO 
ds = fnerit by — nost hy = 22, KO(1—355). | (6) 


agreeing with the result:of a direct integration, as for X” in (2). 
At O, we take 
r=%=ecoy, b=0, Q-—2m, Q =— 2n(1—siny), (7) - 


e? 


e et — $74 +4ar— 4T 


Gp 


agreeing, when the sign is changed, with the value obtained by integration. 


(c — a) = $ae(— gin y 4- 0087 — Fy nr). (8) 


For a hemisphere, y = à, 


g; = 2ne(1— $3), at K, = —mo, at O. (9) 
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In the plane of the base of the hemisphere, $ = i, 


l 3 
FETAH rs (10) 
X 2n. 
| TI 0-0, (Y-2m, Go Br’ (11) 
` i i X u 
r0, Qe an, Q! =0, Gp” (12) 


a verification. 
6. If V denotes the gravitation potential of the segment or flat lens, 


^e tien et lies 2 Pacos » 





Gp dr Gp. 
3 
+ $Q(AcosQ + bsing) —4Or—f O'S, (1) 
1 a4V_ /— T de 2 A? +a? + 2? 
8rde^ a> = sind + 3 Pa sing — pq A tet Being, (2) 
1 dV PY Y 
Gp dA Gp"? Gr? | 
3 
=—4Orsing—$Q'Ssing - 3 Q(5 + 9) 
-—4(04—95-—4*(04—Qu) - (3) 
(an accent referring to the point P^), 
1dV X Y 
Gp db — Gp 9? Go sin $ 


=F _ 401089 EO cosg- E QUE 4) — Pa 
ua — 4 (Qr cos — QA) — EAM (4) 


We shall find in the sequel, $8, that these components are derivable from 
a potential V, where 


—_ ıı d 
as 2 


E are 
8; g? HOGA 1r) H3 


E T T (5) 
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The cyclic constant 47 in Q and Q! will give rise to the terms | 
Ame — in) and daT, 0c (6) 
in 7 , corresponding to the potential, inside and outside, of a solid sphere. 


The Attraction of a Spherical Bowl. 


7. The bowl is supposed constituted of a superficial density c over the 
spherical surface of the segment; and a similar.dissection by planes perpendic- 
ular to CP will show that X,, Y;, the components of attraction, will be given by 


dE. 














Go component attraction perpendicular to OP of the arc QRQ' 
in Fig. 2, allowing for the slanting section, | 
— 2¢.QN | E | 
1 dý, ; . ,asing . | 
Gea ee PO! | 
2ac . a sin 0 acosQ > : 
= 242 ne d. (arn qon po p (2) 
E =e —acos 0 d 0 € | 
gy Torino SU X ul. (3) 
3 dX 2e. PL. dy _ cdd 
Go dz PQ? ^ (rc —92rzy 
_ 2cd vu c* — rr dd, 
_ we de hh) + pg qu 4) 
.1 dX; 2c d TM ; 
Ga dà ab PO d) 83 read). (5) 
Then, if $ >y, .X| = X,, and A, Jj are both zero at B, so that 
Xi _ Xa 
Go ehe | (6) 


But if $ < y, Xj i must be added to Xj, where X" is shined by putting | 
J, = =x in ®, : 


ds cU E n " 


T—296. _ Ine (ce? — r2, 
peu. (r? (+ P — 2ra) idm a PB +e), | (8) 
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and with J, = — 7 at B, 


as before in (6), so that there is no discontinuity in X, as P crosses CB. 
At the vertex K, where $ —0, A — 0, 








PQ? — AP pa? + B+ 24d cos = KAP (1 + 75% cost), (10) 
2 
a= a hc I Me (— cd. A890... Jag oe ina, (11) 





so that the small oscillation of a smooth particle on the surface of the bowl 
near K is given by 


d? oY ? | 
TS T ^»! sing — 0, where n= ing = xe 07 (12) 
and the number of oscillations for secotid is n+ 2 7t. | 
The Potential of the Bowl and the Spherical Segment, a Flat Lens. 
8. With the same dissection, denoting the potential of the bowl by JU, 








ae potential at P of the are QRQ x sec CRL 
..9e.4,:. 2ed ds 
TTE PNE A) +52 PQS, | " 
1 dU |. acd 2c* * ecosg —a cosy 
eo ag 7 qo Pe - A) += ae EE PQ 
. E 2c*[ (r--cY ou emo eer 
EM FI sets: PQ >à 
= x cet S 44045440) 
! pons Ud gi 70) 
= d We s 
— x ed. (244-0) - 5. . (291 +0). 7 (2) 
With $ >y, U= U', and J, J, Jj are zero at B; 
T MCN 
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But gi <y, U" must be added to U’ to obtain J, where, replacing 
J, by z in (1), 
I dU". 27e U" e dz — 27-6, yy. 
Gc dr PQ’ Gc a PQ r K PRO (4) 
and now J; becomes zt at B, and J! becomes — 7t; and then 
U es Ge tke i (5) 
| Gc r? 
so that there is no discontinuity in U as P crosses CB. 
Expressed by its mass M = 220c. OK, 


U I "a age 
GM 734.0x (9 * 92): | © 
We can now determine the potential V of the segment in a simple manner 
by considering it as a homogeneous function jn the second degree of the dimen- 


sions, and by calculating the variation,when the figure swells by variation of r 
and e, y and $ remaining constant; and then 


2Verr E pot Sr e | (7) 





Now the variation d V, due to the change dc in c, is equivalent to the 
addition of the potential of a spherical bowl on the surface, of thickness dc and 
superficial density pdc, less the potential of a circular dise of radius a = c sin y, 
thickness de cosy, and superficial density pde cosy; so that, from (6), $3, 
and (3), $8, | 


1 dV e? W | 
a à | (8) 


T cos $ — 2 Par cos o P 2Qr(A cos Q + 5 sing) 
—$ Qr — por + Oc hiii (9) 
which is equivalent to the statement in (5), § 6. | 
9. The potential Y may be calculated directly, bs the method employed 
for X and Y, from the relation 
a e — potential of the circular segment QRQ | (1) 
P at a point P on its axis CP. 
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The potential at P of the line element qq! is 


Md. f dt yy PITT — oth ^9 
rU Pn J JS (Pn*®+2) log Pg-—nq — ath PQ’ (2) 

since Pg = PQ round the periphery of the circle in Fig. 2. 

. The potential then at P of the segment QRQ’ is 


ov Og 2) ang ydy. PQ 
S Qd dy=2y tr me | 2 fy. VPUXLE FYI (LO 
=e 7 Hl | PQ.PLP'dy — 
— .9LNth-! p6:P0f uot -— fer LOI : 


apo GIN -1 PQ LN | 
= —92LNch* xv t2 P cos “TQ 2 PL cos PN.LQ' — (3) 
or, in the maus notation, l 
Gp Te = PENA + IPQ. —2PL. dy (4) 


Thence Y was found by an integration by parts similar to those above; 
this was the method employed at first, but the work was very heavy, and it is 
omitted here, as the result obtained by the short method in (7), $8, was sun l 
to be in agreement. 

10. The well-known expression for the — V of the homogeneous 
ellipsoid : " | 

- sta @ 

may be interpreted in the same way, by treating V as a homogeneous function 
of the second degree in the linear scale of the ellipsoid, and in c, y, z, the 
coordinates of the point P; so that 


E 
27 at taf ty yTy Yee 
ee n 
—a75——gX-—yY-—zZ. 2 
| as ao X. — y Y — zZ | o (2) 
' Taking the components of attraction, X, Y, Z, as known, 
E 254À,, 2yB,, 22€, POS (3) 


P | 
vo f? 27zabc d? P 
Aes Bs € — f, Ea A, BEA. VP " 


P=4.a pa. apoape A+B +a =t ^ C (gp) 





f 
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the variation dV due to the change da may be considered the potential of a film 
in electrical equilibrium, of superficial density p? da, where p is the perpen- 
dicular from the centre on the tangent plane; and the theorem 


aia fo in paie ds, | ^ (8 


being taken as known, then 


wat O-ro- rio r 2naboedà y 
A F a apo ate /P 
i8 the result in consequence. 


The Stokes Current Function. 


11. In these investigations of the attraction of a body symmetrical about 
an axis Oz, the current function is useful, invented by Stokes (Cambridge Phil. 
Soc. Trans. 1842). Denoting it by N, for a potential V, it satisfies the relations 





dN _ dV aN _. dV 
pit s ag Yaa? ; (1) 
1d idN i 
is G Ge tis y dy) "UM | | (2) 
while 
d dy 
iz iba End ay) =o, or — 4n Gp. (3) 


Thus in Maxwell's E. and M., $703, M-—2a QA is zhe current function 
of the magnetic potential Q. | 


. 1f the ellipsoid in (1), 3 10, i8 of revolution about Oz, jy ESO. 








a; (1 —a-Lib)uirm n 4) 
| Ata A+) (A455 Aa)! (4 
and we find 
N — a2 nab? x? 
anGp —— B.—5 ray | 
= igyhA, Tab xy anaba? | 
z wy? A, AHO (A ta’) o3 (A. + a?ji : (5) 
1 dN oppa ak 1 dN av. 
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Thus the velocity function for motion of ns ellipsoid along Ow with 
" velocity U being 








_ UzA, _ Ua A, = | 
$ = EFO or 2B” when By, =Q,, (7) 
the current function is | | 
Uy’? B 
p = — "rn (8): 
and when the ellipsoid is reduced to rest, and the fluid streams part, 
— A, na | 2 B, & 
$ = — Ux 3:3] y = 3} Uy G=) (9) 





making qj — 0 over the surface. 
In the magnetic analogue, the spheroid, of soft iron of magnetic perme- 
ability u, held with its axis parallel to a uniform magnetic field of strength x, 


will have 


p= Xe|—1 US|, Xy! [1+ SR | ! - 


Ay + 2 B, ]" 
in the exterior field, and in the interior l 
Az Xam 27tu X y? 
Exc e Ld adiu HE 11 
cA, 25^ T2 oe, eH) 


reducing for u — 0 to the hydrodynamical case of (9). 
For an oblate spheroid, putting 


a+ a? = (b? — a?) cot? 0, A -+ b? = (b? — a?) cse 0, (12) 
Js Bre ayn 0 — 0) A, = gm zu ;| V Ga") — a cos =], (13) 
B, = v (20 — sin 20), Bi = or (b — 5 G os! — av (P —e) |. (14) 


If v denotes the potential when the spheroid is insulated and electrified 
by a charge Q to potential v,, with Go, the electric density at A, | 





da t Ta = 4 zt b 0, qu f Bas = ante, (15) 
šo that the — is b/cos 7 
For a dise, with a — 0, 
A,— 275, By — 0, E Kod TT, (16) 
in = 5a pp (17) 


and the capacity is 5/17 (E. and M., § 151). 
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12. If L denotes the current function corresponding to the potential W of 
the circular disc AB, it was found in Trans. A. M. S., pp. 501, 518, 


Tag = —PPab—4040- 3a ten (1) 
giving | 
ings db M =g 44 ^ 
Ta GodA 04 =— g A i 
32g = — Pb-2a, | (2) 


and this last is the current function of P, the potential function of the circum- 
ference of the circle AB. 


On reference to Nine A. M.S., p.513, we notice that —— 22 3x07; wil give the 


coefficient of mutual induction between the helix, employed in the Ampere 
Balance of Ayrton and Viriamu Jones, of piteh p, height b, and radius a, and a 
coaxial circle of radius A in the plane of one end of the helix (PAL 7 


1891, 1907). 
The current function M of the potential. U of the bowl is found to be given by 








re EAS eg g 
=— d e + qo. r cosg, A | a (3) 
gatisfying the eonditions i 
ras Ge = Qesing = a% = pA 7 


If N denotes the current function of V, the potential of the. solid segment, 
treated as a homogeneous function of the third degree, it can be determined, in 
the same manner as V, from 





3N = re 4 of = anYrising-+eS*, (5) 
where in | | | 
do = M— Leosy, | | (6) 
Ww 2 L Me R 
1x0; = a 8) 48 — In Go PY 27 Go’ (7) 
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and this vais of N is found to verify in giving i | 
| A dN. dV i aN _. _4av | | (8) 
| 2m db dA’ aadA db 
We can now write 


- Uc 
Gp ^  *3m Ge? Ge y; (b+ 0095) +3 ae 


— T EON E: et Wee gee S: SUME rd r 
d. Go 3omGo ? Go (9) 


13. In these differentiations it is useful to note that | 


dP ,4Q Q y, ,d4P ,dQ pQ o 
Ceu 7 Guta © tangs uicta 1 
o, P 42 dQ ,dQ = 0, p 
da da da 
making 
1dW |. 1dW .W | p. 2L 02 
Gia Wu, Mere ne 9 


arid other useful differentiations are: 


acr "—a(4A-rFacos0) dO - A ME 


PQ? 3 PQ? , 
P ef Hep ees (8 
(0 PS 7 | 
dQ P = IEEE 
oe c nibii ur ui alee desint etd 
P 3 3 3 
dA Q , PQ (4) 
10 a f laoo + A-4 vut 
PQ 
ab cos d 0 ..dQ 
34 3j So PQ. db T 
— Aa cos 0 — a? _.@Q Q : 
j a =S RT Ee a 
dQ - dQ dQ —— bdh dOQ dP l 
eo da a oe ees? ag age 
ait = 4,2 lP dQ . 44 dQ ,dQ 


seda “ao? WU ec pecu T s X 
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Denoting - | | | 
| PA’. PP — (4* af aAa by D (8) 
we find that, expressed by P and Q, 
dO dQ _. 245 A? + a? +. 0? 
7 oe” | ^UE Fco S os (9) 
dQ dQ Q y,4—a—b. A? — a? + b? 
a” patito p. m 
dP _ A — a? +? A? — gq? — b? : . 
ey ey (11) 
dP [QA gv 2ab > | | 
dp Pb TELE + Ae. (12) 
Also 
D dQ 


SL=} PaL —} QAL HEH S=—3EZ, (13) 


derivable by integration of 








Í (4a sing. PQ) =—3 2 2E SEs wpap pagent, (14) 
152 QAM Ph = (Pe Q4)4 = Te + OAD. (4) 
Again, since 

1 dU _dQ d. æ e? X. c? 

mue a ae se oe S8 

1 dU __dQ_, dle Y; | no 

Gordo "rdg *rd$r Go. Cr! (17) 

it follows that | 
dQ, dO . dQ, aQ 
f. 003.79 Er PES — Qr, (18) 


/ ` f 
roa te gg cQ, ray te c Quae. , (18) 


This collection of formulas is useful for reference in the differentiation of 
the potential and current function. 

14. These expressions for V and N give the potential aa current function 
of a flat lens, and addition or subtraction will give them for a lens, concavo- 
convex in Fig. 5, or double convex as in Fig. 6. 


— 
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Then if C, is the centre and c, the radius of the second spherical surface, 








Y—V, .W Uc — Uic 
Up gg mt uos (1) 
for the concave lens of Fig. 5; and in Fig. 6 for the convex lens 
. V+, wW U c + U, 
po a O 





Fig. 5. Fig. 6. 


For example, with a complete sphere, where CC, 20, e— e — a, 
V+ ,U--U ! 
G p "end Gc a, (3) 
and the cyclic constants of Q and (! must be so adjusted as to make, in the 
exterior space | 





U +U _ a^ (Y Y. aë? > 
3 —4n--j | Xp un (4) 
. But inside the sphere 


U + U 
Go 








= 4na, = 4n (7a — $r’), l (5) 


requiring a careful adjustment of the cyclic constant; herein is the difficulty of 
expressing the single-valued potential by means of the multiple-valued Q and Œ. 
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Similarly for the current function of the concave lens of Fig. 5, 


N—N , L 


Me — Mc, | | 
27 2n Gp 32m Goc (6) 


05 i 2z Go ’ 


as is evident from (7), § 12. 
15. For a thin concave lens, 














1dV_,W a 4-1 1. 2 Uc (1) 

Gpdy  ?Gcsin?y  ?Gc dy ’ 

1 EN ecd L a 42 1 d Me (2) 
2m Gpdy  ?2-Gosin*y . *2x Go dy ` 


Keeping A, b, Q constant, and varying c, r, 9, U', A’, C! with y, we find 





dc _—acosy dr _ —acoso .rd$Q _ asinĝ 

i dy sin'y ' dy sm?y ? dy ^ sn?y' 3 
db! | A? —a? — b? dAd __ 9294A!U (3) 
oe ae 


dO’ adQOl db!’ , ddA 
dy | db dy dA dy 
o A! — a? - v? Al gà y? 
lI J I / 
(Pa IMS D! ) a 








. er Sr ru 4? + a? HDN — 2 A! D 

+ ( EM ds D ) a 

P'a — Q'A | 
ae KC | (4) 
.1 dU... U cosy , W a l | (5) 
Go dy  Gosny | Gorsm*y 
SN AC UNL ANE REEL D NN a (6) 


If. m denotes the mass of the flat lens, 


Spn Cy (a E CORO, Le. pra 
"rovs 3 pra sin? y d dy mn (1 + cos y)?’ (1) 
dor a na (8) 


m — mpm 


ewe 
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Similarly, from (3), $12, 





Lions ON —— — € —— — — Cet eree 
ee 








2n Go dy  anGosiny Go ae 
B M cosy Lii i imi id a " (9) 
^ 2n Gc siny Go sin’ y 
1 dN |, L. a , M 2acosy  , W' cosp —U ac (10) 
27 Gp ay «32m Go siny ?*92mGc simy Go sin^y' \ ' 


and comparing this (10) with (6), we notice that W’ cos — U should be the 
current function of E. , which proves to be the case, by a differentiation in 
verification. 

16. When y 20, e 7 «e, $—1, W=W =U, L=M, 


and E. aN take an indeterminate form: | 
y «vy 


i 


To evaluate them for the lens, which is now a flat disc, in which the thick- 
ness and superficial density at a point Q varies as Q'A. Q'B =a°— y* at a 


radius OG =y, and for mass u the superficial density o = ŽE (a? — y), we 


calculate the potential v directly by the dissection into ring elements; and then 


i dV d ae | » 
or eee Me y (1) 


and, with y — 0, 


Gp dy Qam 4^ | (2) 
Integrating with respect to y, with 


PQ? = y? + 24g cos0 + A? + 8’, (3) 


Jor e) ph =i PO + + 3PO°+ 54a cosh. PQ 
+ (— 2A? cos? 0 + A? + a? + 5’) (PQ — PO) 
+ A cos 9 (A* — a? — $b? — 5 A? sin? 0) J, © (4) 


PE PZ ^  PZ PZ “Pz? 


~ 


T= ody — h ER er? L. satt A cos — 1.4 cos 0 (5) 
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and PZ is the perpendicular on QO, 





PZ? = £’ sintð +45, PO?= A?+68?, (6) 
dI ,  Áacos0-- A+ b? Asino , PO, Asin6 7 
do P Z’ ' PQ PZ* ~ (7) 


Writing o, 
Á cos 0 (A? — a? — 2 b? — 8 A? sin? 0) I 
= f [Asin 6 (4? — a* — $b" — $ A? sin" 0) I] 


— Asin 0 (4? —a? — $0? —§ A sin? 0) $5, (8) 


and integrating again with respect to 0, we find after considerable reduction of 
a previous character that, with y = 0, 


tagt tg Us — 9) SAS O (9) 
and W can also be caleulated in this manner directly, from a dissection of the 


circle AB into concentric rings. 
Thence we infer 





2a dN | L i(42 — on Wage 
DICE I on Gg $4 d as 4 b+ 3S A*S. (10) 
For differentiating, with | 
1 dL | AdW. yy 1-:-dL | AdV 
2m Godb GodA 94, aa Godi gid °A: (11) 
we find ` | 
2a ÆN _ ə W yz, nage 204 dV | 
2m Gpdbdy — “Ge ion = Go dády' |. (12) 
2a d'N | 2LA -g WAb __2a4 d* Y 13 
2n Gpdády ^ ànGco ^ Go ~ Gp didy (18) 


17.^ Going back again to the concave lens of finite thickness, we find . 
1 d(N—N). ,4,4W 4, dU av, | 
2m Gp db =}A ga 0G E AA(ea4 — 34) 








44 (Y — Y, 
apum (1) 


398 GREENHILL: The Attraction of a Homogeneous Spherical Segment. 
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E 
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1 d(N—N)_ 44W po dU, 
. 8uGp dA ~ Agp CAAC d5—^ 35) 


1QA(4— 4) — 3A (Qr Q5) cosg 


3 
+34 (97 + 2%) COS $i 


d(vV — Y. | 
— at, (2) 


giving the components of attraction of the concave lens. 

The difficulty is now to return to the flat lens, where e, = œ, introducing 
the indeterminate form 0 X o; thus the expression for the pnia and current 
function of the flat lens in (7) uid (9), $12, requires. 


Mi 


It (0; — Weosy,) e = £ + W3, eoe A, -(—85)45 (3) 


which are not obvious, and require careful treatment. 


18. From the expression in (6), $15, it should not be impossible now to 
obtain the potential of the thin curved lens from an integration of its ring- 
shaped elements, and so obtain a direct method which employs the dissection 
into elements symmetrical about the axis OC. 


The expressions in (1), (2), § 17, will give the magnetié potential of the lens, 
and its current function of vector potential, when magnetizec uniformly; and by 
analogy with the ellipsoid in $ 11, the same expressions should help towards the 
determination of the velocity function when the lens moves through liquid, like 
the bob of a pendulum cutting the air; but some modification is required still, 
before the requisite conditions are satisfied. 


Take two spheres in Fig. 7, centre C and D, — in the circle AB 
at an angle y — ò = 2a, y and à denoting the angle OCA and ODA; and put 
y + à —2 B, the bisector of the angle DAC making an angle @ with OC. 

Next take the succession of points Z,, Z,,...., Z,,.... on CD which are the 
electric images or inverse points in succession with respect to.the two spherical 
surfaces, denoted by the centre C and D; beginning with ij, at C, and J, the 
image or inverse point of J, in the sphere D, J; the image of J, in the sphere C, 
and so on; and denote the angle OF, A or LZ, Na by yn- 

52 
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Then since | 
D lua DL.— == d and UL. UL. 4 (1) 
OL,A-—OAL,;-— DAL, |... (3) 
n — Yon = Yoni — Ò = Vent — Y, (3) 
Yondi—— Yen = Y — ò = 2a, } (4) 
Yanı — Yi = 2N Q, ` 


- and with y =y =a +, | ! 
T yma = (204a 0. 

yan = N — 2na } (5) 

-3n * 


If f, denotes the distance of J, to the right of O in Fig. 7, and C, denotes 
the distance Cl, € being c, the radius of the sphere C, | 


fan = a cot (n— 2na) = —a cot 2na, Sony =a cot [(2n + 1) a + 8l, (6) | 
Con =A CSC 2NA, Cong — a CEC [(2n + 1) « + 8]. | (7) 
If J,, J5, ...., J4,-.-. denotes the series of images, beginning with J, at D, 
then by a change of sign of a, caused by the interchange of y and à, 
Jan = Q cot 2na, Jany = — a cot [(2n + 1)a— 8], (8) 


. dan = aCsc2na, dny = acse[(2n -- 1) e — 6], (9) 
with f and c changed into g and d. | 


If the spheres cut at an angle 2a = = , Or =, an aliquot part of 7t, the 


number of images is finite and 2m -- 1, analogous to the finite number of images 
seen by reflexion in two plane mirrors at an angle ztr/m. 
. Thus if m is an even number 2p, fy = gp = D, f, 7955; 

and if m is odd, 2p +1, * 
| | Japri = api Paper = op-r- 
(R. A. Herman, “A Problem in Fluid Motion," — Journal of Mathematics, 
Vol. XXII, 1887.) 

Denoting the distance PL, 5 PJ, by fas Sn, consider first the potential 

function 


Ti T. T3 8g 6» ! 61 


Uem opu nm (10) 
/' düe to the series of a finite number of images J, and J,, beginning with 7, at C 
and J, at D, and joining up in the middle. | 
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Over the sphere C, © 


"le, SL dy d. (11) 
aS UP 0107 6 se foy ELE E 
l Ta Ta T» T 
and over the sphere D, 
da ds ° Ca Cy 
, sd, ——,...,-—4j (12) 
2 3 Tz ry 


so that over the surface of the sphere, U — 1, and U will serve for the potential 
in exterior space of an electrical distribution over the outside surface of the 
intersecting spheres. | i 

Change the circular functions into hyperbolic, to obtain zhe electrification of 
two non-intersecting spheres, with images along the line of centres AB, A and B 
being the limiting points of the two spheres, and then Maxwell’s coefficients of 
induction and ie (E. and M., $173) are given by 


Qaa IM Jap = — È Can = — X den, Yop = È dan-s; | (18) 


the images being now infinite in number, but condensed ultimately at A and B. 
Next consider the — function V and its current function N, given by 


V RR c? d hat] — "n—1 ' 
tng 24i z(—1) aa +o (14) 
ix; = ei cos PLO— e cos PLO—... d COS PJ;0 -+ ate cos PJO. 
— 5 (__1\0-1 3 fa — a 3 Jna l 
l =3(—) (qa + dj a= 2: | 208. 


due to & series of spheres, of density ip; centres at J, and J,,, all intersecting 
in the same circle AB, like a series of lenses; a sphere being condensed after- 
wards into a- particle at its centre. 

Then with these particles replaced by magnetic molecules, 


i aN nci 4 ds l . ' 
an Gp dæ MM a (5 + a) l (16) 


reducing, as in (11) and (12), to —y? over the sphere C'and D; so that for a 
velocity u of the two spheres in the direction OC through infinite liquid, the 
current function y and velocity function $ will be given by 


va 1 dN á ọ 1day - Qm 
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The kinetic energy T of the exterior liquid, taken of density c, wil be 
found by iniegrating over the spherical surfaces; and will be given by 


=n (the effective inertia) = 1c f £008 PCOadS 
/ 1 dy " 1 aN 
—dejf a anydy=—to f 1.55 j d 


E c aN , x N 
ee [a5] * J &% de? da em 30| g| -0S erae (8) 


and in passing from the left at H to the right at K of the EDASren N increases 
by 2Gpn (ei —ej— coc di + di); so that 


the effective inertia = on (cd — pies o — dÈ + d?) 
— the uium of liquid. > (19) 


Thus when the spheres coalesce, m — 1, c; — d, =c, and 

the effective inertia — onë — fond — sone | 
l = half the displacement of liquid; (20) . 
a verification. 

For two orthogonal spheres, as in Fig. 8, m —2, and there is only one image 
I, or J, at O, & = d, — a; and V is the potential of three lenses, an interior 
double-convex lens, and two exterior concavo-convex, with two interspaces. 
This is analogous to the case of the squarable meniscus of Antiphon and Hippo- 
crates (Simplicius, F. Rudio, Teubner, 1907). ! 


19. In the reduction in (16), $2, of 


2r QN? E PIRE 
=f B | Q) 


to Legendre's standard form, and its numerical expression by his Table IX, 
the consideration of imaginary parameters is avoided by the substitution 





PN? _ s—a PQR? s—s5 | 
QN* ^ o — 8,’ QN?" g—s,! : (3) 
QN? . g—ss _. a? sin? @ 


- 
eee —Mn — "n0 M MÀ ÓCAR€O————————— 
* 


GREENHILL: The Attraction of a Homogeneous S pherical Segment. 403 


This is equivalent to a quadric transformation of Mr. Hill's reduction; and 
the quadratic for cos 6 i is 


conto 4 24 $—5 A cong yA hae toa 10; 














a’ 8 — 6g 
Ag—s A? +. a? + b? o — s ZU 
us E A 3 
(cos + 4 o— 2) = : a” oo V 8 — 83 (3) 
877841. 68 — 8, 
(s — 83)" 
with NE 
itr Ateet Sı— S3 y 86 — 8 
2a? a? O—s, 0—8 
Ti — T? 0,4 — M (81 — $8.8: — 85) 
= 2 a H a, 
2a’ a € — 83 
Tis T? a A/ (81 — 83) + V (S2— 55) (4) 
a so Mv (0 — 8s) 
Tit 7s 4I TiTa? | 82 — 8 
2a o — 85! 2a 0 — &3 
d O — 8g 
cos ü = — A/ (8$ — 83. 8, — 83) + V (8— &- B=) 
E S8 — &% 
sin 0 = A/ (8a — 83 . end Ra EA s — 8). 
(6 — 83 3 
PR 'Q sing iA — 6, - A/ (55 — 83 - s — s1) + A (& — 53. $—8) 
8 — 83 M (S — 85 - 7 — 85) (5) 
ado [v (82 — 53 - s — si) + A (6 — 83. disi) y 
cO = / 
pa 2 (s — 83)" s (8 — 51 . 8 — 82) 


__ VW (& — 55. 8 — 8) + (5 —5. $e) 


B 2 (s — 83) A/ (8 — $1. 8 — 83) 
ad@_  /(c—s)ds 
PQO — WS l 


As 0 increases from 0 to æ, s diminishes from œ to s, and increases again 
to c, so that, as in Trans. A. M. S., p. 491, 


] e T E = d 
asaf Ning 05.0) € Jg m 3af—4Em( —/) E, (6) 


8$ —0 
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ihe equivalent of Legendre’s formula (m/), Fonctions elliptiques, p. 138, with 1 Q 
be equivalent of the left-hand side of Legendre’s equation, when we put 
Legendre’s 


* 8 — & * f - — 
sin? $ = 23 and his n = — A? (0, k'), nsin?@ = —7—* (7) 
- pn 3 : = Lo = 





8 — ag! 


sin?@ = s*(—/)K 253-9, Ee, 
8| — 85 "HE 81 — 85 


(8) 











— da? - 8,— 88 — T4— r 
anette Kt ER = son 
a —/) 8 — 8g (ri - ny dis $j— ss Titre 
ind then : ! 
is —datf£E 2 . 
napkin arp m SLR LL nt a intg, (9) 


lenoting the angle PEE! by x, so that y — am /.K', and then if PB cuts 
the circle HE’ again in p, am (1 — f) K' = E'Ep. . For 





AE. AE .& OE ndn l OF noh, (10) 
BE BE v! OA” n—v»,.x OA “m+n” 
EE 1. _ Amm _ nm, | 

“a Ck "i= da! | Zac 


E'M =0E'— 0M =a "t" — A a (it 74) tra —A,- 
7T1— Ta 4 ; 
! CETA TY 0c (1?) 
sin?y = : 
X — ER D AT; Ta. f - 
As P moves round the circle E'PE, x and K do not change, but f increases 
rom 0 to 1, and Q from 0 at E' to 2x at E. 
E in terms of E X and P'y of Legendre’ 8. Table Ix, the accent 
lenoting the comodulus x, _ 


fRi=Fy, mfK -—Exy—fH, = (18) 
. zn (1 — f) Kt = AR mf K', (14) 
jo that, employing Legendre's relation, Í 
| zn = KH 4+ KH— KK',. . (15) 
2O= H.P'y — K (Fly — Ey) —Kx" ae ame — (26) 
or, more simply, denoting the angle E'E by 6, 
1Q0-—in--(K—H)F0—KE0, ~ (17) 


18 in Legendre s equation (m/), p. 138. 
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Denoting the angle P'E E' by y! =am/' KX’, 
X = 25 f! — 4 Kzn(1— f!) K'; 


and Q, Q' have a cyclic constant 2 for a circuit of the circle E' P E. 


(18) : 


But as P and P' describe the circle in opposite direction, the cyclic con- 
stants cancel in the expression of V; otherwise, if a cyclic constant could exist — 
in a gravity potential, work could be obtained from a circuit, or in the popular ; 


expression, perpetual motion would be possible. 


The potential and attraction is a single-valued function, but expressed by ' 
Qand X, functions having a cyclic constant 47t for a circuit of the circle HE’; 


and care must be taken to adjust the cyclic constants at any point P, although . 


i 


they cancel when P has made a circuit of the circle HE’ in one direction, and : 


P! in the opposite. 


Thus as P moves in the direction PE, and Q increases from zero at E! | 
XQ may be taken to have gained 47 in passing through #’, and 47% must be i; 


deducted, so that Q should be zero again at Æ' at the end of the circuit. 


So, too, P! moves in the opposite direction, starting from zero at E'; and ` 


O must lose 47t, and have 4x added in passing through £. 


Compare the gain or loss of a day in going round the world, moving east - 


or west. 


20. According to this reduction in §19 of the elliptic integral 














P= peo 7 tN Esp whe es | 
: $1 — s3 
N "TN m A 
| -—A4Kdn(i use ri 
and with 
l1 dn? u 
5 — 8 = (S1 — 83) a, S — & = (84 — 83) au 
2 l IP RT. 
s— s = (n t apr Vi ndo — de, 
cos 0 = —xsn?u-+cnudnu, sinf = (zenu-- dnu)snu; 


and u grows from 0 to 2 K as 0 increases from 0 to zt, so that 


Q = S EE =2 |2 fU emtu—eudnu)du 


N 861 — 83 V0 


gm ODE P6 astu)du 
dp -H-. a UC H) z3* T "(x — p), 





— dn 


(a) | 


(2) 


(3) : 


(4) 


406 GREENHILL: The Attraction of a Homogencous Spherical Segment. 


H denoting the complete elliptic integral of the second kind, to modulus x; 
and then 


INA do — 2a f sins0 Sa" 





PQ PQ | 
= 2a dn (1 — f f)K' [enw + dius udu 


^ 


2 K 
2a f ghi 





= r+ ny o 
oq 3 x^ 
21. In Maxwell’s notation, #. and M., $101, 
M=2nQA=4n(K—A)(n +7), x-—-, (1) 
Ti + 1 


his second expression when corrected; but if a return is made to thé modulus c 
employed. in Maxwell's first transformation, and in Mr. Hill’s reduction, a prep- 
aration is made of the expression of Q by means of the theorems in $47, (1), 
(4), (9), P. 505, Trans. A. M. K., 1907, where with 


], = sin 
— complement of the angle between the planes PQN, PQH, (2) 


a differentiation E 


_ QN? b 4. Aa cos 0 + a’ b 


267 PI PQ MF. ` PQ 
2,40 , 4b i(£)—a) b 
—'4d$ + PQ MQ? Pa’ | 8) 


which exhibits the addition of the imaginary parameters in Mr. Hill’s treatment. 
The reduction to a standard form is made, without any rearrangement of 
the constituents, by the substitution ( Trans. A. M. S., § 26, p. 477): 
PQ? = 7? = £ ++ 2 Aa cos 0 + a? + 5? z m? (t,— t), 
PA? = r? = (A 4 a)? +0? = m? (h — t), 
PB? = r3 = (A— ay 4 bP = m?(t— h), 
rê —r’= 24Aa(1 — cos 6) = m? (t — &), 
r?* — rj = 2 À a (1 + cos 0) = m? (t, — t), 
2 Aasin = m? J/ (5$ —t. t — fa), 2 Aasin dh = m?’ dt, 
d6-— dt. , d6 dt 2 3dt 


(4) 
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r now denoting PQ, and m a homogeneity factor; and then 


ae aa t di aa. 4Fa (5) 


Ti 


J.T 








where F denotes the elliptie quarter period to. the modulus c (not to be soniri 
with the radius of the spherical surface), where 








o — h — ty 4Aa fw 18 
d E "oC i om 8) 
and | ; 
clas zona. "o A Jy 
stam fli sro 2(6—01 5 (7) 
We now put 


t;—t=(4—t)dn’u, t& —tz(&—ü&)en*u, t— ih = (&—t)sn?u, (8) 


-so that | 
0 = 2o -—2am(u,c), co = ABQ, on Fig. 8, (9) 
-- 
M — 2n | (o? —2dn*u)du 
= 237,[(2— c) F—2E], (10) 


agreeing with- Maxwell's first expression for M in E. and M., § 701, when his 
sign is changed; Æ denotes here the complete second elliptic integral to the 
modulus c. ] 


Other useful formulas are: 





"PQd6 —4n [^ Aado =4En, (11) 
4Fa | 8Ka "m = i 
di Men Fo(li+s)K, K=4(1+e)F, (12) 
‘ 
E Po —AKs 2 ETE AF maf. (13) 
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22. When P is close to the circle AB, at B, r, is small and Pi is large; 
writing it 








am TG ir Aado ^ f 4a -L do 4a (1 — my 
P= fi =f “PO T +f eee, () 
the first e. | | 
i" 4g sinodo . 4a PQ ir Aa sino do "n an 
feted ft geri te, grega [aon 
= NEA g nd act NUM) 2. ultimately 2 log ^^, | (2) 
2 
with 7, = 2a, A=a; and | 
ir 4a (1— sing)do 1— sino... C08 O 
f V —PO <= r Em do = J reina ;do or 2log 2, (3) 
so that, when 7, is small, we may take 
P= 2 log 5^ -- small terms, E | (4) 
an 2 
p pn f?*4(1-Fcos0)d0 
poe em | 
_. 8a f'i*cos*odo 8a | _ ŝa- : 
p odo cos f cosa do or PX ©) 
and replacing 7, by 2a, | 
| Q = 2log ža — 4 + small terms = 2 log Au + small terms, | (6) 
2 | Ts 
M = 2n QA = 4na log A -+ small terms. (7) 
A 


23. In this reduction of the third elliptie integral, we put 

MQ? = A4*-4-24acos0-- a? = m*(vz— t) PM? = b = m’ (t — c), } (1) 

fon ud een ee M B? = (A — a} = m? (v — t), | 
ane with | | | 
EUM y, s = am (27 F', c), . (8) 


where «4 denotes the angle PBE', growing from 0 to zt as fi increases from 0 to 1, 
I8 8. bdh — rem T— ty. y—1) dí 
0 MQ’ PQ” T—í. PUE d 
= xf Pen 2f F', (3) 


ETA 
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in accordance with Legendre's equation (m^; thus from (3), § 21, 


_ te 2a (t, — T . T — t . T — ts) i av edt 
Q=2h+ f. a T -J RA 


= 21,4 2n f+ 2 Fm 2f E — 2 Fo sn ied (4) 
agreeing with (6), $19, provided 7, = 0, and 

2 Fod sn 2f P! —2Fzn2f P = 4 Km (1 — K, (5) 

2 .F'o' sn 2/ F 4- 2 Fzn 2f F =4KmfK', (6) 


a theorem of the quadric transformation of the zeta function. 


The result of (2), 812, will represent the current function or lines cf magnetic 
force of the electric current circulating round the circumference AB, or of the 
circular plate AB magnetized normally; and this magnetic plate is equivalent 
to a compound plate composed of the superposition of two thin plates of super- 
ficial density + c. 

When these two plates are drawn apart on the same axis to a distance b, 
the result is equivalent to an integration with respect to b, and L is obtained for 
the pair of end-plates, or for the cylinder magnetized longitudinally; also for the 
equivalent solenoid made by a current sheet of electricity circulating circum- 
ferentially, giving the same magnetic field as the helical current of the Ampére 
balance. 

In the hydrodynamical interpretation, the difference of the two values of L 
for an end of the solenoid will give the lines of flow of liquid, circulating through 
the solenoidal tube. 

Then, with the former method of integration by parts, 


aas -an= ff" ee = = f" 4a oos Oshi brat 


= [Masino shi b ol, S rar ES T 


ES S|: Aa cos 0 —1(A? -- a?) 4- i A lee (7) 


which agrees with (1), § 12, when the result of (3), § 23, is employed. 


410 GREENHILL: The Attraction of a Homogeneous Spherical Segment. — 


24. Denoting the integral in (3), $23, by JI(MQ), then by addition of 
(3), $4, and (2), $21, 


1-4 m — IUG + fy fete ng nup) a (1) 


ce — g 


J, = sin” =~ 





PQ. NQ . CUM (2Acos@-+ bsin$)acos0-1- (A?-- a?) cos -- Absin $ 

LQ.MQ^"*—98 7777 — . LiQ:NMQ 

— the complement of the angle between the planes PQM, PQL. (2) 
Similarly for the point P', and 


(tg) = f rpe po Ema, EOS 


4-4 eu nre + fy as 
+f! c* — ræ) ( gosp zoop) Po (4) 
Thence, by addition and subtraction, 
J, + Ji + Ir ( MQ).+ I (M! Q) 
—4 (o gi /) f Ba d 0 4 (e ee con — ecos), Po 
== [i M. +.) o5] f 5o | 
un Er E d (5) 
C+ 2 PQ’ 
— J! + Q (MQ) — 2 (M'Q) 
= 2(b— P) f $6 dO X otium 
= [4 (b— 9) + d cosy] Sx 
. p [edes is | (6) 
thus showing the addition and subtraction of the parameters of the third elliptic - 
integrals, Q (c) and Q (— c), where i 


(je f *—9 y —9) $5 » 
a(o) = feed Cory eno) 20. | 
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Expressed by the variable r — PQ, or by Ao, with 


R= r? —r’?. Dung | r= nA o= 40, (8) 
and nnie Mr. Hill's 2’, | 
= T E ET dr 
Q (c) -j——ó—- Le o E 
fee ON E 1 do (9) 
= l Aa — (8 — oy n Ao! 
TE SS oa! (a! + c) (cosy + cosg) ar 
Q ))z f (a! + c — r? "VR 
= (2er + 0) (cosy + cos$) | ido | (10) 
mn (a! + ey — ri Ao Un Ao’ 


two elliptic integrals of the third kind, in Legendre's normal form, to a modulus c 
as in $8 21, 23, not to be confused with the radius of the spherical surface. 
The exploration of the field can be carried out for simple aliquot values 


of f, such as f= i, 4, 2, 1, 2, 1, ...., when zn f K' can be expressed as 
an algebraical function, as shown in Trans. 4. M. Š., $60, | p. 521. 
Denoting the angle PAE! by 4/, : 
à; ; tan y/ — 
sin y = pea cosy = dn 2 f F', mnl =i == ¢! sn (1—2f) F"; (11) 
Q = 2mf + 2 Pzn 2f F! — 2 Fsin 4. (12) 


The stereographie coordinates w and v are uséful to employ, such that 


s i : _. sinu, she | 
b+ Ai=atan; (ut vi), d Corr E (13) 


eS = Cc 


= uz APB=)Y—V=xn— 26, V =y, (14) 


since PE bisects APB; and a esc u is the radius of the circle round ABP. 
Thence the formulas of the quadric transformation, 


=in—O+y, sin 4j = cos (9 — y) = (1 +x pinger, (15) 


sn 2f P! = (14x gear. | (16) 
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Thus when f= 34, A=a,~=ja, sin4/ =d, so that APB is the modular — 
angle for c; and from (4), (5), (6), § 23, and (12), $ 21, 
4 Kzn à K! = 2Fd,  zniK-—i(1—z, 
Q-—z—2Fc —n—2K(1— x) 














TS E "m a(1—cosO0)d0 . 4q*b (i sino 
.9mGo pode ab fs | PQ Tt % Aa he" 
Tr eis E), = (F— E)drt; 
= 


and when eso. c0, F= «œ, but Fic=0, m L=0. 
When f=3 de Trans., 1904, p. 261), 


cos) = 5n. cos! = =; mn 2f Fl = es 
sec) — secd/ = 1, equivalent to sin y + cos 0 = 


When f= (Phil. Trans., p. 276), 








1+e’ 
When f= à ( Trans. A. M. KS., p. 522), 


- eos? ap = L—— EE zn 2f P! — $ (1— c), tan sj = sec 4. 





—. , (pti) (—p +8) |a — hes 
ux E sin? 4) = 17 zn 2f EF! = ONTI 
- tan? a) — tan? ji lose tan? y = LL meg sin y — 1 


COS" aj 
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